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Muc tiéu chuang 6

© Dua phuong trinh vi phan, hé phuong trinh vi phan cic cip vé dang phuong
trinh téng quat cap 1.

@ Ap dung céc cbng thiic tim nghiém clia phucng trinh trén mét doan déng.

@ Viét dugc thuat todn va so db khéi cho cic phuong phép.
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© Bai toan Cauchy
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6.1 Bai toan téng quat chp 1

Bai toan Cauchy
Cho I = [z, X] 13 mét doan con déng trong R. Tim ham vector y € C'[I, R¥]

sao cho ;
% = f(z,y), x €l

(1)

y(l“o) =%
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6.1 Bai toan téng quat chp 1

Vi du bai toan 1 chiéu cip 1
Cho I =[1,5] C R. Tim ham vector y € C*[I,R] sao cho:

d
dy __wy g
dr 22+ 12
(2)
y(1) = 1.
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6.1 Bai toan téng quat chp 1

Vi du bai toan 2 chiéu cip 1

Cho I = [1,5] C R. Tim ham vector y € C'[I, R?] sao cho

(dy xYz
de 1+ 22+ 2’

dz  z+y+=z
(de 1+ 22 +y2

zel, y(l)=1,

zel, z(1) = -1.

(3)

Dua bai toén vé dang t(“;ng quat cAp 1 trong khdng gian hai chiéu véi ham véc-to

u(z) = (y(z), 2(z))".
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6.1 Bai toan téng quat chp 1

Vi du bai toan 1 chiéu cip 2

Cho I = [1,5] 1a mét doan con déng trong R. Tim ham vector y € C?[I,R] sao

d*y  wysiny
de? 1+ 22+ 92

y(1) =1, (1) = —0.5.
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6.1 Bai toan téng quat chp 1 5

Dit z =4/, u = (y,2)7. Bai todn dua duoc vé& dang téng quat véi k = 2.

du Yy’ <
%_[/]_ 2y sin z xel,

< SR R (5)
(1) = (1, —0.5)7.
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6.1 Bai toan téng quat chp 1 @

Nghiém so cua bai toan

Nghiém sb clia bai toan 1a ham lui y;,(x) xac dinh trén
Q= {xo, 71, T2y oo,z =X} C T
thda man gid tri cGa nghiém ding clta bai toan:

y(w:) ~ yn(zi)

Ky hiéu: y; = yp(z;)
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© Cac cong thic Euler
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6.2 Cac cong thirc Euler By

Y1) = $(2a) - / £t y(®)dt =y + S (6)

Diing céc cong thiic tinh gan ding tich phan xac dinh S, xdy dung cc cong thic
giai gan dang phuong trinh vi phan.

o
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6.2 Cac cong thirc Euler By

Cong thudc Euler hién

Yntl = Yn + Sn = Yn + hf(l’n, yn) (7)
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6.2 Cac cong thirc Euler By

Vi du 1. Dung c6ng thic Euler hién (7) giai gan diing bai toan (2) véi budc luéi
h = 0.1 trén doan [1, 2]

dy Ty

o T T o o € I7
dr  x?2+ 92 *
y(1) = 1.
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6.2 Cac cong thirc Euler By

Loi giai.
B1. Xac dinh cac yéu td dau vao:
Yy
flz,y) =

a2 4qy?
xo=1, h=0.1, xp = 29+ kh,yp = 1.

B2. Viét cong thiic Euler hién cho bai toan (2):

hapyy
T + Ui

Yk+1 = Yr + R f(xr, ye) =y +
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6.2 Cac cong thirc Euler By

B3. Lap bang tinh toan

k| xp Yk k| xp Yk

0] 1 1 6 | 1.6 | 1.297961916
1]1.1 1.05 71 1.7] 1.346887319
211.211.099945946 | 8 | 1.8 | 1.395562002
311.31]1.149757054 | 9 | 1.9 | 1.443985451
41 1.4 1.19938233 | 10| 2 | 1.492159764
51 1.51.248790198
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6.2 Cac cong thirc Euler By

Cong thitc Euler an

Ynt+1l = Yn T S = Yn + hf($n+1a ’!/n+1) (8)
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6.2 Cac cong thirc Euler By

Céng thiic Euler an (8) 13 cong thiic 4n can gidi phuong trinh d& tim v, 4
Cong thitc Euler an
tno = Yn + hf (T, yn)

tn,k-l—l = UYn + hf(xn—&—la tn,k) (9)
Yn+l = Yn + hf(xn—i-la tn,k+1)

v

Quy udc, néu khdng ndi 16 yéu cAu sai sb, khi gidi phuong trinh (8), chi can l3p 1
|an, tiic 13 dung cbng thiic (9) bd qua cdng thic & giita.
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6.2 Cac cong thirc Euler By

Vi du 2. S& dung cbng thic Euler 4n tim nghiém sb clia bai todn (3) trén doan
[1,2] véi buéc ludi h = 0.1.

(dy Ty
S T T 5 . 9 Ela
dr 1+ 22+ y? *
<dz_ rT+y+z vel,

dr 1+ 22442

y(l)=1, 2(1) = —1.
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6.2 Cac cong thirc Euler By

L&i giai.

B1. Xac dinh cac yéu té dau vao:

o TYyz
f(x7y72)_1+$2—|—y2,
(w,y,2) = — VT2
g 7y7 1+:U2+y27

xro=1, h=0.1, xp =29+ kh, yo=1, 29 = —1.
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6.2 Cac cong thirc Euler By

Loi giai vi du 2.
B2. Céng thiic Euler 4n (9) cho bai toén:

hxryrzk
I
h(xy, + yr + 21)
1+ a3 + 3
hay1uzvy,
1+ x%ﬂ + ui
h(xk—i—l + up + Uk)
1+ I%H +uj,

ug = Yp + Ak, Yk, 21) = Y

v = 2 + hg(xk, yr, 28) = 25 +

Ykt1 = Yi + M (Tps1, up, V) = Yi +

Zk+1 = Rk + hg(ka, U, vk) =z +
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6.2 Cac cong thirc Euler By

Loi giai vi du 2.
B3. Lap bang tinh toan

T Yk <k Up, Vg

1 1 —1 0.966666667 | —0.966666667
1.1 0.967310954 | —0.965017668 | 0.934668856 | —0.92997629
1.21 0.935832743 | —0.928661728 | 0.904380549 | —0.892254911
1.3 ] 0.905928295 | —0.891256896 | 0.876030056 | —0.853809404
1.4 1 0.877835261 | —0.853101353 | 0.849731554 | —0.814910823
1.5 ] 0.851685419 | —0.814460773 | 0.825511829 | —0.775792036

O = W N = O
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6.2 Cac cong thirc Euler By

Loi giai vi du 2.
B3. Lap bang tinh toan

k| x Yk 2, Up Vg

6 | 1.6 | 0.827526794 | —0.77556577 | 0.803335261 | —0.736648488
7 | 1.7 0.80534506 | —0.736612046 | 0.783124773 | —0.697640986
8

9

1.8 ] 0.785082249 | —0.697762401 | 0.764778096 | —0.658899505
1.9 1 0.766651956 | —0.659149835 | 0.74817969 | —0.620527352
10 | 2 | 0.749951059 | —0.620881143
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6.2 Cac cong thirc Euler By

Cong thdc hinh thang

h h
Yn+1 = Yn + Sn = UYn + §f(xn7 yn) + §f($n+17 yn—l—l) (10)
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6.2 Cac cong thirc Euler By

Céng thic hinh thang (10) 13 céng thic 4n can giadi phuong trinh d& tim 4,4
Cong thdc hinh thang
tn,O =Yn + hf(xm yn)
h h
tnk+1 = Yn + if(xna yn) + Ef(an: tn,k) (11)
h
Yntl = Yn + Ef(wna yn) + §f($n+la tn,k-i-l)

Quy uéc, néu khdng ndi 16 yéu cAu sai sd, khi gidi phuong trinh (8), chi can I3p 1
|an, tiic 13 dung cbng thitc (11) bd qua cbng thifc giita.
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6.2 Cac cong thirc Euler By

Vi du 3. Diing cong thic Euler cai bién (cong thic hinh thang) tim nghiém sb
cta bai toadn (4) trén doan [1,2] véi budi lusi h = 0.1.

d*y _ aysiny
de? 1+ 22+ 2’
y(1) =1, (1) = —0.5.

rel,

Loi giai.
X4c dinh cic yéu tb dau vao: .
xysin z
2=y, flx,y,2) =2, g(x,y,2) = ———.
yaf( 7y7) g( Y ) 1+x2+y2

ro=1, h=01, xpy =20+ kh=140.1k, yo =1, zp = —0.5.
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6.2 Cac cong thirc Euler By

Loi giai vi du 3.
Cong thiic Euler cai bién (11) cho bai toan:

Up = yn+hf(xnaynazn) = yn+0-1znv

0.1z,y, sin z,
Ltaf +un

Up = Zn‘i_hg(xn;ymzn) = 2Zp+
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6.2 Cac cong thirc Euler By

Loi giai vi du 3.

h h
Yntl = Yn + §f($n7 Yn, Zn) + §f(l’n+1, Un, Un)

B n 0.1z, n 0.1v,
= Un 5 5
h h
Zptl = Zp T §g(xn7 Yn, Zn) + §g(xn+17 Unp, Un)
0.1z,y, sin z, 0.1z,u, sin v,
g Zn +

20 +a2+92) 201+ +2)
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6.2 Cac cong thirc Euler By

Loi giai vi du 3.
Lap bang tinh toan

k| Yk 2y, (o Vg

1 1 —0.5 0.95 —0.515980851
1.1 1 0.949200957 | —0.516273007 | 0.897573657 | —0.53284084
1.2 1 0.896745265 | —0.532985803 | 0.843446685 | —0.549839863
1.3 1 0.842603982 | —0.549835341 | 0.787620448 | —0.566670435
1.4 1 0.786778693 | —0.566519423 | 0.730126751 | —0.583037017
1.5 1 0.729300871 | —0.582747506 | 0.67102612 | —0.598666134

T = W N = O
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6.2 Cac cong thirc Euler By

Loi giai vi du 3.

Lap bang tinh toan
k T Yk Zk U Vk
6 | 1.6 | 0.670230189 | —0.598250456 | 0.610405143 | —0.613314659
7 | 1.7 1 0.609651933 | —0.61278855 | 0.548373078 | —0.626775798
8 | 1.8 1 0.547673716 | —0.626157312 | 0.485057985 | —0.638882597
9 | 1.9 0.48442172 | —0.638190988 | 0.420602621 | —0.649509069
10| 2 |0.420036717 | —0.648763747
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@ 6.3 Cac cong thirc Runge-Kutta
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6.3 Cac cong thirc Runge-Kutta @

Cong thitc RK3 cho bai toadn 1 chiéu
(
kl,n — hf(xm yn)

h kin
k2,n - hf (xn + Eyyn + %)

k3,n — hf (xn + h: Yn — kl,n + 2k2,n)

1
kyn—&—l = Yn + 6 (kl,n + 4k2,n + k?),n)
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6.3 Cac cong thirc Runge-Kutta @

Cong thi'c RK3 cho bai toan 2 chiéu

kl,n — hf(xm Yn, Zn)
ll,n - hg<xn7 Yn, Zn)

<k Y o)
2n — n 2,yn 27n 9
h kln lln
ln:h n o Yn —,%n —
|2 g<x+2y+2z+2>
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6.3 Cac cong thirc Runge-Kutta @

Cong thitc RK3 cho bai todn 2 chiéu

(
kS,n — hf (xn + h7 Yn — kl,n + 2k2,n7 e ll,n + 2l2,n)
l3,n - hg (xn + ha Yn — kl,n + 2k2,na Zn — ll,n + 212,71)

1
Yn+1 = Yn + = (kl,n + 4k2,n + k3,n)

Zntl = Zp T 6 (ll,n + 4l2,n + l3,n)

\

Khoa Toén - Tin (HUST) MI2010 - CHUGNG 6 GIAI SO PHUGNG TRINH VI PHAN 01/2024



6.3 Cac cong thirc Runge-Kutta @

Cong thic RK4

(

kl,n — hf(xna yn)

h kln
kn:h n ) —
2, f X +2 n T 9
h ko

ks =hf xn+2,yn—|—27 (15)

k4,n — hf (xn + h7 Yn + kS,n)
1
Yntl = Yn T 6 (kl,n + 2k2,n + 2k3,n + k4,n)
\

Bai tap 1. Viét cdng thic RK4 cho bai todn 2 chiéu.
Bai tap 2. Ap dung cong thic RK3, RK4 gii cic bai toan (2), (3), (4).
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