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Muc tiéu chuaong 4

© St dung dugc so db Horner tinh gia tri da thic, phép chia va phép nhan da
thic v6i © — ¢, tinh dao ham cuia da thic.

@ Xay dung dugc da thiic néi suy bang cac cong thic ndi suy Lagrange va
Newton.

@ St dung da thifc ndi suy tinh gan diing gid tri cla f(x) va f'(z) va udc
luong sai sb cho gié tri tinh duoc.

Q Xac dinh dugc ham thuc nghiém véi dang cho truéc phu hgp véi dit liéu dau
vao.

@ Viét dugc thuat todn va so db khbi cho cic phuong phap.
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© Bai toan ndi suy
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4.1 Bai toan néi suy By

Phat biéu bai toan

Cho tap n + 1 diém S = {(zi,y:),i =0,n}. Tim da thic bac khéng qud n di
qua tAt ca cic diém cla S.

Cuthé 13 tim P € Pz], P(x;) = y; Vi = 0,n. Khi d6, P dugc goi 13 da thiic
ndi suy tuong Ung véi S.
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4.1 Bai toan néi suy By

Dinh nghia 1
Cho P 13 da thic néi suy tuong ung vdi tap diém S = {(xz, Yi), 0= 7} . Khi
dé, ta goi:
e S la tép cac diém ndi suy,
o (xi,y;) 13 diém néi suy,
o 1;, y; tuong tng 1 mbc ndi suy va gid tri néi suy,
o a:=min{z;,i=0,n}, b:=max{x;,i =0,n}, (a,b) la khodng néi suy,
o phép xdp xi f(x) ~ P(z), = € (a,b) I3 phép ndi suy,
o phép xdp xi f(x) ~ P(z), = ¢ (a,b) I3 phép ngoai suy.
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4.1 Bai toan néi suy By

Dinh Iy 1

Cho tp diém néi suy S = {(SCZ, y;),1 =0, n} Vdi cdc mbc ndi suy déi mét khdc
nhau

T F TV iF ] (1)

Khi dé, tén tai duy nhat mét da thic néi suy tuong ing véi S.
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4.1 Bai toan néi suy By

Dinh Iy 2

Cho tap diém néi suy S = {(zi,y: = f(z:)),i=0,n} vdi cdc mbc néi suy déi
mét khdc nhau. Gid si ham f(x) tron dén cipn+1 va P 13 da thic néi suy
tuong ting vdi S. Khi dé, véi mbi gia tri x € R, ta cd:

n

i

=0

F@) - Pla) < il

n—l—l

(2)

trong d6, M1 > maxi, ‘f(”+1)(:(:)| :
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© So d6 Horner va iing dung
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4.2 So dd Horner @

Tinh gia tri da thdc va phép chia da thic

P(c) =7 biét P(2) = ag + a1z + agx® + - - - + ap_12™ 1 + apz”

(+) | an Q1 Gno ... ai ag
C b,c b,_1c ... byc bic
by bur bua ... bi by

{b” o 3)

by =bgric+ar, k=n—1,0
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4.2 So dd Horner @

Tinh gia tri da thi'c va phép chia da thdrc
P(c) =? biét P(z) = ag + a1z + aga® 4 - - - + ap_ 12" + apa”

(+) | an Gp-1 Gn—o ... a1 ag

C b,c b,_1c ... byc bic

b, bp_1 by, ... b by

})(C) = bO
P b (4)
(l‘) = bnxn_l + bn—lxn_2 + oo+ box + by + 0
r—c

Vi du: xem |l slide 22
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4.2 So dd Horner @

Phép nhan da thuc
P(z)(z — ¢) =? biét P(x) = ap + a12 + apz® + - - + @p_12" L + a,2"
(=) | an ap-1 apa ... a; ap
C anpCc Qap—1C ... aC ai1C agC
bpiy1 by bur ... by by b

bn—|—1 = ap
by  =-—apct+ap_1, k=n,1 (5)
b() = —QapcC
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4.2 So dd Horner @

Phép nhan da thdc - So dé rit gon
P(z)(z — ¢) =? biét P(z) = ap + @12 + asz® + - - - + 12" + ap2"
(—) yp, Qp_1 Qp_2 ... Q1 Qo
C bn+1 bn bn—l bg 500 bl bg
(
bn+1 = an
N b = —arpc+ag_1, k=n,1
\bo = —QapcC

Vi du: xem slide 21, 35, 43.
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@ Da thdc ndi suy Lagrange
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4.3 Da thic ndi suy Lagrange @

Da thidc Lagrange co ban
Da thiic L; € P[] théa man diéu kién:

Li(w;) {(1) ji (6)

dugc goi 13 da thic Lagrange co ban tuong tng véi mbc ndi suy ;.
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4.3 Da thic ndi suy Lagrange @

Da thidc Lagrange co ban
Cu thé Ia;

1
= B (zi — o) - . - (T — im1)(Ti — Tit1)(Ti — Tn)

Li(z) = DZH(x —z;)

. JFi
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4.3 Da thic ndi suy Lagrange @

Cong thidc noi suy Lagrange
Dang 1.
( 1

(x; — o) .. (m; — xim1)(; — 1) (T — xy)

P(z) =Y oyiLli(z) =3, yz'DiH(u’U — ;)

L JF#i
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4.3 Da thic ndi suy Lagrange @

Cong thid'c noi suy Lagrange
Dang 2
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4.3 Da thic ndi suy Lagrange @

Vi du 1. Xay dung da thic ndi suy Lagrange (dang chinh tic) tuong (ng véi tap
diém ndi suy cho trong bang dudi day va tinh gin ding gid tri ham sb va dao
ham cda n tai x = 2.5.

T; 2.1 2.3 2.4 2.6 2.7
y; | 8.0241 | 10.5346 | 12.0174 | 15.4766 | 17.468
Cach lam.
1. Tinh tich ws(z) = (z — 2.1)(z — 2.3)(z — 2.4)(z — 2.6)(z — 2.7).
D;
2. Xéac dinh cac da thic Lagrange co ban theo cdng thiic L;(z) = w—5(:c)
Tr — I

3. Xéc dinh da thic ndi suy theo cong thic Py(x) = yoLo(z) + - - - + ysLs(x).

Khoa Toén - Tin (HUST) MI2010 - CHUONG 4 XAP Xi HAM SO



4.3 Da thic ndi suy Lagrange 5

Loi giai cho Vi du 1.

Diing so db tich tinh ws(z) = (z — 2.1)(z — 2.3)(z — 2.4)(z — 2.6)(x — 2.7).

Vay ta c6 ws(x) = x° — 12.12% + 58.4523 — 140.8952% + 169.4754x — 81.37584.

Khoa

To

2110 0 0 0 1 —2.1
2310 0 0 1 —4.4 4.83
2410 0 1 —6.8 15.39 —11.592
2610 1 —-9.4 33.07 —51.606 | 30.1392
2,711 ] =121 | 58.45 | —140.895 | 169.4754 | —81.37584

én - Tin (HUST)

Bang |: Bang tinh nhan da thic
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4.3 Da thic ndi suy Lagrange 5

Ldi giai cho Vi du 1.

Dung so d thuong tinh cic thuong ;05(12 )
1] —12.1 | 58.45 | —140.895 | 169.4754 | —81.37584
2111 =10 | 3745 | —62.25 | 38.7504 0
23]1| —9.8 [35.91 | —58.302 | 35.3808 0
24 1| —9.7 | 35.17 | —56.487 | 33.9066 0
26| 1| —9.5 | 33.75 | —53.145 | 31.2984 0
2711| =94 |33.07| —51.606 | 30.1392 0

Bang Il: Bang tinh chia da thic
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4.3 Da thic ndi suy Lagrange E

Loi giadi cho Vi du 1.
T bang thuong ta c6 cdc da thic Lagrange co ban:

Lo(z) = Z Olj“”;f ) _ 0'318 (2! — 1023 + 37.452% — 62.252 + 38.7504) |

— 11 1"_“52’) = _0‘(1)024 (z* — 9.82% + 35.9122 — 58.302z + 35.3808),
Lo(z) = Z Zfﬁ) - 0_0218 (2 — 9.74% + 35.172% — 56.487x + 33.9066) ,
Ly(x) = Z 31359(3‘: ) _ _0‘1003 (2! — 9.52° + 33.7522 — 53.145x + 31.2084) ,
La(z) = i “ﬁ‘”’g ) _ 0.0272 (2 — 9.42% + 33.072% — 51.606 + 30.1392) .

<L1($)
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4.3 Da thic ndi suy Lagrange 5

Ldi giai cho Vi du 1.
Do dé, ta thu dugc da thitc ndi suy Langrange:

P(z) = yoLo(z) + y1L1(x) + yoLo(x) + yoLo(x) + ysLs(x) + ysLa(z)
= —0.055555562* + 1.805555562> — 2.97888889x% 4+ 1.796x + 1.7486.
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4.3 Da thic ndi suy Lagrange 5

Loi giai cho Vi du 1.
Cudi cuing, dung so db Horner tinh gia tri da thic va dao ham tai x = 2.5.

—0.05555556 | 1.80555556 | —2.97888889 1.796 1.7486
2.5 | —0.05555556 | 1.66666667 | 1.18777778 | 4.76544445 | 13.66221111
—0.05555556 | 1.52777778 | 5.00722222 17.2835

T d6, ta b cac gia tri can tim:

f(2.5) ~ P(2.5) = 13.66221111 va f'(2.5) ~ P'(2.5) = 17.2835.
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© Da thdc ndi suy Newton
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4.4 Da thic n6i suy Newton @

Dinh nghia 2

Ty sai phan cta ham sb tai cic mbc néi suy duoc dinh nghia quy nap nhu sau:

o Ty sai phén cip 1

Ye+1 — Yk
flze, Tpia] = Liam s L1 (10)
Tp41 — Tk
o Ty sai phan cip 2
f [$k7$k+17$k+2] = / [xkﬂ’xkﬁ] —J [xk’ka] (11)
Tpi2 — Tk

Vi du: xem slide 34.
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4.4 Da thic n6i suy Newton @

Dinh nghia 2
Ty sai phan cta ham sb tai cac mbc nodi suy dugc dinh nghia quy nap nhu sau:

o Ty sai phan clp s

f [.’L’k, o ,xk+s] _ f [xk-i-l) ©coo 7xk+5] - f [xlﬁ xk—f—l) 000 7xk+5—1] (12)
Tpis — Tk

Vi du: xem slide 34.
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4.4 Da thic n6i suy Newton @

Xay dung céng thifc
Floal = LI s 0) = o+ f o, 0] (@ = 20) = Aola) + Rol@)
Sl = & [m,x(;]: - il[xo,xl]
—> flz,z0] = flzo,z1] + flz, z0,21] (x — 1)
= flx) = Po+ flzo, z1] (& — z0) + f [z, %o, 21] (x — 20) (z — 21)
— Pi(z)+ Ru(x)
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4.4 Da thic n6i suy Newton @

Cong thirc ndi suy Newton méc bat ky
P(x) = Yo + f [0, 21] (x — w0) + f [w0, 21, T3] (¥ — 20) (T — 21)
+ flxo,...,x3)(x —x) (x — x1) (¥ — x2)

(13)
_|_

+ flroe, . x](x—mg) ... (x —zp_q).
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4.4 Da thic n6i suy Newton @

Dinh nghia 3

Khi cdc mbc néi suy duoc sip theo thif tu ting dan
To<T1 < ...<xTy

thi céng thiic néi suy (13) dugc goi I3 cong thiic nbi suy Newton tién.
Khi cdc mbc néi suy duoc sip theo thit tu gidm dan

Tog>T1 > ...> Ty

thi cong thic ndi suy (13) duoc goi la cong thic néi suy Newton lii.
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4.4 Da thic n6i suy Newton @

Dinh nghia 4
Cédc moc néi suy {x;, i = 0,n} dugc goi la cdc mbc cdch déu néu

op = 20+ kh, k=07, h=""1

n
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4.4 Da thic n6i suy Newton @

Vi du 2. Cho ham y = f(x) théa man bang dit liéu dudi day.

k 0 1 2 3 4
Tk 3.2 3.5 3.7 3.8 4.1
yr | 30.3222 | 40.5807 | 48.5752 | 52.9341 | 67.5127

1. Xay dung da thiic ndi suy Newton tién mdc bat ky (dang chinh tic).
2. Tinh gan diing gia tri y(3.6) va y/(3.6).

Khoa
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4.4 Da thic n6i suy Newton @

Loi giai. Lap bang ty sai phan

T; Yi TSP1 TSP2 TSP3 TSP4

3.2 | 30.3222

3.5 | 40.5807 34.195

3.7 | 48.5752 39.9725 11.555

3.8 | 52.9341 43.589 12.055 0.833333333

4.1 1 67.5127 | 48.59533333 | 12.51583333 | 0.768055556 | —0.072530864
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4.4 Da thic n6i suy Newton @

Loi giai vi du 2.
Lap bang tinh tich (z — 3.2)(x — 3.5)(z — 3.7)(x — 3.8)

0 0 0 0 1
3210 0 0 1 —3.2
3510 0 1 —6.7 11.2
3.710 1 —-10.4 35.99 —41.44
3.8 11 =142 | 75.51 | —178.202 | 157.472
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4.4 Da thic n6i suy Newton @

Loi giai vi du 2.
Thiét |ap da thdc ndi suy Newton tién:

P(z) = yo+ f[xo, 21 (x — x0) + f [x0, 21, 22) (x — 20) (. — 1) + - - -
= +flro,x1,...,x4] (x —x0) ... (x — x3)
= 30.3222 + 34.195 (z — 3.2) + 11.555 (x — 3.2) (z — 3.5)
+0.833333333 (x — 3.2) (z — 3.5) (x — 3.7)
— 0.072530864 (z — 3.2) (z — 3.5) (z — 3.7) (z — 3.8)
= —0.0725308642" + 1.8632716052° — 2.5884722222*
— 0.306688271x + 4.359286419.
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4.4 Da thic n6i suy Newton 5

Loi giai vi du 2.
Tinh x4p xi tai = 3.6 ta thu duoc két qui

y(3.6) ~ P(3.6) = 44.45900864

va
y/(3.6) ~ P'(3.6) = 39.96431173.

Khoa Toén - Tin (HUST) MI2010 - CHUONG 4 XAP Xi HAM SO



4.4 Da thic ndi suy Newton mbc cich déu 5

Dinh nghia 5
Sai phan cida ham sb tai cic mbc néi suy duoc dinh nghia quy nap nhu sau:

o Sai phan tién cap 1 tirx), va sai phan Ibi cp 1 tir xj,.q
Ayr = Yes1 — Yk = Vit (14)

o Sai phan tién cap 2 tir xy, va sai phan Iui cip 2 tir xj, o
A?yp = Ay — Ay = Viksa — Vi = Vesa (15)

e Sai phan tién cap s tir x; va sai phan lui cap s tur xy

Aty = Ay — Ay = Vil — Vo o1 = Vs (16)
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4.4 Da thic ndi suy Newton mbc cich déu

Lién hé gitra sai phan va ty sai phan
o Sai phan va ty sai phan cip 1
A \Y
f g, o + 1) = ;jk = y}f“ (17)
o Sai phan va ty sai phan cip s
Ay VoYrys
f [xka © 00 ,$k+5] - SIS - SIS (18)

Khoa Toén - Tin (HUST) MI2010 - CHUONG 4 XAP Xi HAM SO 01/2024



4.4 Da thic n6i suy Newton @

Cong thitc ndi suy Newton tién méc cach déu
A?yq Ay,
P(xo+th) = Yo + Ayot + 5 tt—1)+ a0 tt—1)(t—2)
' ' (19)
A?’L
+ o+ n'yot(t—l)...(t—nJrl).
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4.4 Da thic n6i suy Newton @

Vi du 3. Cho ham y = f(x) théa man bang dit liéu sau.

k 0 1 2 3 4 5
x| 1.2 1.4 1.6 1.8 2 2.2
Y | 2.6158 | 3.1604 | 4.0245 | 5.2754 | 6.9804 | 9.2062

1. Xay dung da thiic ndi suy Newton tién mbc cich déu xubt phat tir zp = 1.2.
2. Tinh gan ding y(1.7) va ¢/(1.7).
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4.4 Da thic n6i suy Newton @

Loi giai vi du 3.
Céc mbc ndi suy cach déu véi busc h = 0.2.
Lap bang sai phan:

T Yk SP1 SP2 SP3 SP4 SP5
1.2 | 2.6158
1.4 | 3.1604 | 0.5446
1.6 | 4.0245 | 0.8641 | 0.3195
1.8 | 5.2754 | 1.2509 | 0.3868 | 0.0673
2 16.9804 | 1.705 | 0.4541 | 0.0673 0
2.219.2062 | 2.2258 | 0.5208 | 0.0667 | —0.0006 | —0.0006
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4.4 Da thic n6i suy Newton 5

Loi giai vi du 3.
Lap bang tinh tich:

0] O 0 0 0 |1
00| O 0 0 110
170 O 0 1 [-11]0
2100 0 11 -3 210
310 1 |—-6] 11 | =610
4111 -10|35|-50|24 1|0
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4.4 Da thic n6i suy Newton @

Loi giai vi du 3.
Da thdc ndi suy Newton tién méc bat ky theo bién t = 5z — 6.
AQ?JO A3yo

P(t) = yo+ Ayt + =52 1(t = 1) + == t(t = 1)(t = 2)
+ A;yot(t -1t -2)(t-3)+ A;yot(t —1)(t—-2)(t—3)(t—4)

= 2.6158 4 0.5446t + 0'321!95t(t —1)+ 0.0;;73t(t —1)(t—2)
+ %t(t —1)(t=2)(t-3) + wt(t —1)(t —2)(t —3)(t —4)

= —5x107%° +5 x 107°t* + 0.011041667t> + 0.12635¢>
+0.407163333¢t + 2.6158
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4.4 Da thic n6i suy Newton 5

Loi giai vi du 3.
Tinh gid tri y va ¢’ tai x = 1.7 tuong tng véi t = 2.5:

y(1.7) &~ P(2.5) = 4.597386719

va

P'(2.5)
h

Y (1.7) ~ — 6.240465104.

Khoa Toén - Tin (HUST) MI2010 - CHUONG 4 XAP Xi HAM SO



4.4 Da thic n6i suy Newton @

Cong thirc ndi suy Newton i mbc cach déu

V3, Vi,
P(z, +th) = yn+vynt+2—;yt (t+1)+ 3;7’ t(t + 1)(t +2)
' ' (20)
V™,

Ht+1)... (t+n—1).

n!
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O Phudng phép binh phuong tbi thiéu
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4.5 Phuang phap binh phudng tbi thiéu

Phat biéu bai toan
Cho hé& ham dbc Iap tuyén tinh trong khéng gian cic ham lién tuc:

{ij(.fl}), ] - 17m} C C[CL, b]
Tim ham thuc nghiém dang y = a1¢1(z) + aspe () + - - - + anm(z) Véi tap dir
litu S = {(z;,u;), i = I,n} sao cho sai sb trung binh phuong I3 nhd nht, tiic 13:

1< |
T\l n Z (a11(xi) + aza(®:) + - - - + amipm(Ti) — yi)° — min (21)
=1
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4.5 Phuang phap binh phudng tbi thiéu

Bai toan cuc tri
Tim (ay,...,a,) sao cho ham tdng S dudi day dat gi4 tri nhd nhit.

n

S(at, .- am) = n0% = 3 (ar1(a:) + aspa(s) + - + Ampm(ai) — )’
=l

(22)

v
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4.5 Phuang phap binh phudng tbi thiéu

S 1a ham da thiic bac hai dbi véi cac bién a; véi céc hé sb clia cac a? duong. Do
d6, S c6 cuc tiéu toan cuc dat tai diém diing duy nhét, tdc 13

08 a
da; ; 2 (arp1(2i) + aspa(wi) + -+ - 4 ampm(@i) — i) ()] = 0
Do dé, ta c6 hé phuong trinh cho phép x4c dinh cic hé sb (ay, ..., an)
a1 Y r() (i) +as Yy oa(w)pi(@) - Ham Y om(@)oi(x:) =Y vip;(x;
i=1 i=1 i=1 i=1
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4.5 Phuang phap binh phudng tbi thiéu

Bai toan hinh chiéu

Dst g, = (g(21), g(x2),...,g(xn))" 13 vector sinh tir ham lién tuc g € C'[a, b]
bat ky, V = span {©1h, P2ns - - - s Pmn} - Xac dinh y;, € V sao cho

S = no® = ||lyn — fu|| nhd nhit
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4.5 Phuang phap binh phudng tbi thiéu

lyn — fnll — min tdc 1a y, = prov fu < (yn — fu, @jn) = 0.
Do dé, ta c6 hé phuong trinh cho phép xac dinh vector hé s6 a = (ay, . .. ,am)T

a1 (P, 9th> + az{pan, Sth> +oeet @m<90mh,90jh> = ([, ‘Pjh% j=1m. (24)
Hé phuong trinh (24) cé thé viét lai dusi dang ma tréan:
®Ldpa = O f, (25)

trong d6 ®;, 1a ma tran (c6t) cta hé vector ;;, i = 1,m.
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4.5 Phuang phap binh phudng tbi thiéu

Vi du 4.

Tim ham thuc nghiém dang y = ax® + bcosz biét bang dif lidu

Khoa

To

L

1.1

1.3

1.5

1.7

1.9

Yk

1.7768

1.7539

1.8608

2.1408

2.6374

T

2.1

2.3

2.5

2.7

2.9

Yk

3.3936

4.4511

5.8497

7.6265

9.8157
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4.5 Phuang phap binh phudng tbi thiéu

Loi giai vi du 4. Thiét lap téng binh phuong sai |éch:

10
2
S = E (aa:i—kbcosa:k—yk)
k=1
Dt
_ (.3 .3 3\T
Y1 = <x17 Loy vy xlo) ’
T
@y = (coszy, cosmy,..., COSTY)

T
y= (Y1, Y2,---, Y10)

Y

g = awi + bys.
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4.5 Phuang phap binh phudng tbi thiéu

Loi giai vi du 4.
Khi d6, S = |lg — y||>. Do dé, S nhd nhAt khi va chi khi g I3 hinh chiéu cia y
trong khong gian V' = span{¢1, ¢2}.

g=projyy <= gLV
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4.5 Phuang phap binh phudng tbi thiéu

Loi giai vi du 4.

a{p1,o1) +0(p2,01) = (y, 1)

—
a (o1, 92) +b(p2,02) = (y, 02)
Zk 1%"‘621@ | T} COS T, Zk 1 TRYk
—
a S adcosap 4+ b3, costry = S, Yk COS Ty
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4.5 Phuang phap binh phudng tbi thiéu

Loi giai vi du 4.

[ 1549.35889 68.1956665] H B !607.5998487]
b

—68.1956665 3.504156479 | —25.51262763

P 0.500000988
< = .
b 2450025585

Vay ham can tim 13 y = 0.52% + 2.45 cos z.
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4.5 Phuang phap binh phudng tbi thiéu

Cha y.

C6 thé st dung cic phép ddi bién ham, bién sb d& dua dang ham cin tim vé dang
ham tuyén tinh theo tham s& d& st dung phuong phép.

Vi du 5.

Dang ham y = ae® + 3 khéng tuyén tinh theo tham sb b.

Nhan xét: y — 3 = aeb” cé dau trung véi dbu cla a.

Néu y; > 3 véi moi kthiy —3 >0 va a > 0.

Néu trai lai, yr < 3 v6i moi k thiy —3 < 0 va a < 0.
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4.5 Phuang phap binh phudng tbi thiéu

L3y logarit 2 v&, ta c6
In|y — 3| =1n|a| + bx.

D&i bién ham:
Y (x) = y(x) — 3 hodc Y (z) = 3 — y(z) d& Y(z) > 0.

Dé&i tham sb:

A = In(%a).
Sau dé, ap dung phuong phép binh phuong tdi thiéu cho dang hamY = A+ bx
tuyén tinh theo 2 tham sb A, b.
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