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Chuong 2: PHUGNG TRINH VI PHAN

Bai 1: MG DAU
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Bai 1: M& dau

Phuong trinh vi phan (PTVP) Ia phucng trinh ¢6 dang
F(x,y,y/,y”, T ’y(n)) = 07

trong dé z 13 bién s& doc lap, y = y(x) 1a ham sb phai tim va 3/, ¢, --- ,y(™ 13 cic dao ham clia
né.

CAp chia phuong trinh vi phan 13 cAp cao nhit cla dao ham clia y c6 mit trong phuong trinh.
Nghiém clia phuong trinh vi phén I3 cic ham sb y théa man phuong trinh trén.

Giai phuong trinh vi phan 13 tim tit ¢ céc nghiém cla né.

Phuong trinh vi phan tuyén tinh 13 phuong trinh c6 dang
v +ar @)y - ansa @)y + an(2)y = b(x),

trong d6 ay (), as(z),- - -, a,(z) va b(z) 13 cdc ham sb cho trudc.

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 1: M& dau

e Phuong trinh vi phan (PTVP) I3 phuong trinh c6 dang

F(x,y7y/,y//a"' ’y(n)) = 07

trong dé z 13 bién s& doc lap, y = y(x) 1a ham sb phai tim va 3/, ¢, --- ,y(™ 13 cic dao ham clia
né.

e CAp clia phuong trinh vi phan 13 cAp cao nhit cta dao ham ciia y c6 mit trong phuong trinh.

e Nghiém cia phuong trinh vi phan 13 cdc ham sb y théa man phuong trinh trén.

e Giai phuong trinh vi phan 13 tim tit c3 cc nghiém ca nd.

e Phuong trinh vi phan tuyén tinh I3 phuong trinh cé dang
Y™ @)y et ana (@)Y F an(2)y = ba),

trong d6 ay (), as(z),- - -, a,(z) va b(z) 13 cdc ham sb cho trudc.

Vi du: Gidi cdc PTVP sau:
a)y —sinz =0 (y=—cosz+C) by’ —ze® =0 (y=uxe®—2e" + Ciax+ Cy).
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Chuong 2: PHUGNG TRINH VI PHAN

Bai 2: PHUGNG TRINH VI PHAN CAP 1
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Bai 2: Phudng trinh vi phan cp 1

I. Dai cuang vé PTVP cp 1

1. Dinh nghia: PTVP c4p 1 I3 phuong trinh ¢6 dang F(z,y,4/) =0 hodc v = f(z,y).
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Bai 2: Phudng trinh vi phan cp 1

I. Dai cuang vé PTVP cp 1

1. Dinh nghia: PTVP c4p 1 I3 phuong trinh ¢6 dang F(z,y,4/) =0 hodc v = f(z,y).

2. Bai toan Cauchy: 13 PTVP cdp 1 c6 dang v/ = f(z,y) théa man y(zo) = 0.
Diéu kién y(zg) = yo dugc goi 1a diéu kién Cauchy hay diéu kién ban diu cla bai toan.
Vi du: Yy = x + cos 2z véi y(m) = 1.
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Bai 2: Phudng trinh vi phan cp 1

I. Dai cuang vé PTVP cp 1

1. Dinh nghia: PTVP c4p 1 13 phuong trinh ¢6 dang F(z,y,4/) =0 hodc y' = f(z,y).

2. Bai toan Cauchy: 13 PTVP cdp 1 c6 dang v/ = f(z,y) théa man y(zo) = 0.
Diéu kién y(zg) = yo dugc goi 1a diéu kién Cauchy hay diéu kién ban diu cla bai toan.
Vi du: Yy = x + cos 2z véi y(m) = 1.

3. Dinh Iy vé sy ton tai va duy nhit nghiém: Cho PTVP cp 1 sau: 3’ = f(z,y). Néu cic gia
thiét sau thda man:
o f(z,y) lién tuc trén mién D C R
® (z9,y0) €D.
Khi dé: Trong mét 1an cin nao dé clia zg, tn tai it nhit mot nghiém y = y(x) cha phuong trinh
trén sao cho yo = y(zo). Hon nita, néu %(Ly) ton tai va lién tuc trén D, thi nghiém dé 13 duy

nhét.
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Bai 2: Phudng trinh vi phan cp 1

Cha y:

o N&u f(x,y) khéng lién tuc trén D, thi bai todn c6 thé vé nghiém. Vi du: 2/ = y véi y(0) = 1.

. 0 , p
e Néu a—f(x,y) khéng lién tuc trén D, thi nghiém c6 thé khong duy nhat. Vi du: ' = 2,/y Véi
)

y(0) = 0.
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Bai 2: Phudng trinh vi phan cp 1

Cha y:

o N&u f(x,y) khéng lién tuc trén D, thi bai todn c6 thé vé nghiém. Vi du: 2/ = y véi y(0) = 1.
. 0 , p
e Néu a—f(x,y) khéng lién tuc trén D, thi nghiém c6 thé khong duy nhat. Vi du: ' = 2,/y Véi
)

y(0) =0.
4. Céc cach goi nghiém ciia bai toan: Cho PTVP clp 1 sau: i = f(z,y). Khi dé:
e Nghiém t8ng quat (TQ) 13 ham sb c6 dang y = g(x, ), trong d6 C 13 mét hing sb bit ki, thda
man:
i) y = g(z,C) thda man phuong trinh véi moi C.
ii) V6i moi (x0,y0) € D, ton tai duy nhit hing s6 C' = C, sao cho 9(x0,Co) = Yo.

22 sin2z

Vi du: Nghiém TQ cla PT ¢/ =2+ cos2z la y = /(x + cos 2z)dx = 5 + > + C.
o Nghiém riéng 13 ham sb c6 dang y = g(x, Cy), trong d6 y = g(z,C) 13 nghiém TQ.

Vi du: Vé6i C' = —2, nghiém riéng la y = %2 + sin22x
e Nghiém ki di I3 nghiém khéng n3m trong ho nghiém TQ.
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Bai 2: Phudng trinh vi phan cp 1

5. Cha y: Cach viét nghiém trén duoc goi 13 dang tudng minh. Ngoai ra, nghiém TQ con duoc viét
duéi dang sau:
e Dang 4n (Tich phan TQ): ¢(z,y,C) = 0.

2 in?2
Vi du: Nghiém TQ 13 % + st e
T = f(t7 C)7
y= g(t,C).

—-y+C=0.

e Dang tham sb: {

Vién Toan (ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 2: Phudng trinh vi phan cp 1

5. Cha y: Cach viét nghiém trén duoc goi 13 dang tudng minh. Ngoai ra, nghiém TQ con duoc viét
duéi dang sau:
e Dang 4n (Tich phan TQ): ¢(z,y,C) = 0.
2 in?2
Vi du: Nghiém TQ 13 % + st e

T = f(t7 C)7

Y= g(tv C)

Vi du: Giai phuong trinh  2y"2 4+ 3y’ — 2 = 0.

Dity =t, PT = 2 =2t> + 3t = f(t). Ta cé:

—-y+C=0.

e Dang tham sb: {

dy = y'dx = t(4t + 3)dt = y, = 4t* + 3t

4
=y = /(4t2 +3t)dt = —t3 + §t2 +C = g(t).

3 2
x = 2t% + 3t,
KL: Nghiém TQ cta PT la 4 3
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Bai 2: Phudng trinh vi phan cp 1

Il. Cac phuong trinh khuyét
1. PT khuyét y: F(z,y') =0

e Néu tim dugc ¢/ = f(z), thi y = /f(a:)dm

x=f(t)
y= /tf’(t)dt.

That vay: dy = y/de = td(f(t)) = tf'(t)dt = y; =tf'(t) =y = /tf’(t)dt.

e Né&u tim ducc z = f(@), thidsty' =t ta cé {
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Bai 2: Phudng trinh vi phan cp 1

Il. Cac phuong trinh khuyét
1. PT khuyét y: F(z,y') =0

e Néu tim dugc ¢/ = f(z), thi y = /f(a:)dm

x=f(t)
y= /tf’(t)dt.

That vay: dy = y/de = td(f(t)) = tf'(t)dt = y; =tf'(t) =y = /tf’(t)dt.

e Né&u tim ducc z = f(@), thidsty' =t ta cé

Vi du: Gidi PTVP cAp 1sau: y? —y/ —x+2=0.
Gidi: Datt =19/, ta c6 © =12 — t + 2. Khi dé:

2 1
dy = y'de =t(2t — 1)dt = (2t> —t)dt = y = /(2t2 —t)dt = §t3 - -t*+C.

2
r=t>—t+2,
KL: Nghiém TQ cta PT la 2 1
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Bai 2: Phudng trinh vi phan cp 1

2. PT khuyét 2: F(y,y/) =0
P dy / 1

e Néu tim duoc ¢/ = tic 1a == = Jthiz = | ——dy.

y' = rf(y) 7 = W) W

dx 1 1
Thétvé:x’:—zijx:/id.
YT T W) fa)™
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Bai 2: Phudng trinh vi phan cp 1

2. PT khuyét 2: F(y,y/) =0

P dy / 1
e Néu tim duoc ¢/ = tic 1a == = Jthiz = | ——dy.
yd f (y)1 i (111) ™
x
That va :x’:—zijx:/id )
TR 0) 7w ,
p T = / / (t>dt
e Néu tim dugc y = f(y'), thiddt ¢y =t ta c6 t
y=/f(t)
1 1 !
That vay: dy = y/dz = dz = —dy = ;d(f(t)) _/ it) dt.
Y
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Bai 2: Phudng trinh vi phan cp 1

2. PT khuyét 2: F(y,y/) =0

p 1
e Néu tim dugc 3/ = f(y) tdc 1a Zz = f(y), thi z :/—d
dx

1 1
Thétvé:x’:—zijx:/id.
YTy T ) f™

. T
e Néu tim dugc y = f(y'), thiddt ¢y =t ta c6

1 1 (¢
That vay: dy = y/de = dx = —dy = ;d(f(t)) _fU )dt.
Y

t
— A
e Néu tim dugc dang tham sb {y/— () thi z = / f'@)
y' = g(t)

1
That vay: dy = y'dx = dov = —dy =
Y

g(t) g(t)
Vi du: Giai PTVP cp 1 sau: 42 + 4% = 4.
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Bai 2: Phudng trinh vi phan cp 1

d
Gidi: PT & ¢/ = +/4 — y2<:)d—::|: 4 — 192

1
Sr=—=+——= Vvéi y # £2.

dy V4 —y?
1
Khi dé: « = :I:/\/ﬁdy = :I:arcsing + C (Nghiém TQ) va y = £2 (Nghiém ki di).
-y

Ngodi ra, ta c6 thé gidi PT trén bing cach tham sb héa (dat y = 2sint va y' = 2cost).
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Bai 2: Phudng trinh vi phan cp 1

d
Gidi: PT & ¢/ = +/4 — y2<:)d—y::|: 4 — 192
T

dx 1
Sa'=—=+——= Vi +2.
i s Y 7
1
Khi dé: « = :I:/\/ﬁdy = :I:arcsing + C (Nghiém TQ) va y = £2 (Nghiém ki di).
-y

Ngodi ra, ta c6 thé gidi PT trén bing cach tham sb héa (dat y = 2sint va y' = 2cost).
I1l. Cac dang dién hinh cia PTVP cp 1
1. PT phan ly bién sb: f(z)dz = g(y)dy
e Cach giai: Ly tich phan 2 vé ta cé: /f(x)dx = /g(y)dy < F(x) =G(y) + C.

e Vidu: o)y =1+z+y+ay b) tanyde — zlnzdy =0
¢) (xy® +x)de + (y —2?y)dy =0  d)y'y=2*+2.
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Bai 2: Phudng trinh vi phan cp 1

d
Gidi: PT & ¢/ = +/4 — y2<:)d—y::|: 4 — 192
T

dx 1
Sa'=—=+——= Vi +2.
i s Y 7
1
Khi dé: « = :I:/\/ﬁdy = :I:arcsing + C (Nghiém TQ) va y = £2 (Nghiém ki di).
-y

Ngodi ra, ta c6 thé gidi PT trén bing cach tham sb héa (dat y = 2sint va y' = 2cost).
I1l. Cac dang dién hinh cia PTVP cp 1
1. PT phan ly bién sb: f(z)dz = g(y)dy
e Cach giai: Ly tich phan 2 vé ta cé: /f(x)dx = /g(y)dy < F(x) =G(y) + C.

e Vidu: o)y =1+z+y+ay b) tanyde — zlnzdy =0
¢) (xy® +x)de + (y —2?y)dy =0  d)y'y=2*+2.
d d .
Gidi: a) PT < d—y —y =(l+2)(l+y) < % = (1 + z)dx véi y # —1. Tich phan 2 vé ta cé:
@ y

2
Injy+1=x+ % + C. V6i y = —1 ciing la 1 nghiém cda PT.
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Bai 2: Phudng trinh vi phan cp 1

2. PT déng chp: ¢/ = F(g>
x

e Céch gidi: Dit u = £ = y = u.x = y' = v/.2 + u. Thay vao PT di cho ta cé:
d
w.x+u=F(u) @xﬁ = F(u) —u. (PT phéan ly)
_ 4z% + 3y?
B 2zy
¢) (z+2y)de —xdy =0 d)xy’zxsin%—i—y.

e Vidu: a)y

x
by =L +Z 41
Ty
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Bai 2: Phudng trinh vi phan cp 1

2. PT déng chp: ¢/ = F(g>
x

e Céch gidi: Dit u = £ = y = u.x = y' = v/.2 + u. Thay vao PT di cho ta cé:
d
w.x+u=F(u) @xﬁ = F(u) —u. (PT phéan ly)
4z% + 3y?
2zy
¢) (z+2y)de —xdy =0 d)my’zxsin%—i—y.

o Vidu: a)y = by =4+ 241
zy

3y _

2 3
(ﬂ)_ Ta c6: F(u) = = + 2u. PT phan ly thu duoc 1a:
2x T u 2

Gidi: a) PT & ¢/ —2 + =

xd—u—g—l—lu@i% du—d—x
de w2 w+4 oz

Tich phan 2 vé ta c6: In(u? +4) = In|z| + In|C| & u*> + 4 = Cx.
2
Khi dé: %+4:C’x©y2:(Cx—4)x2<:)y2—(0x—4)x220.
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Bai 2: Phudng trinh vi phan cp 1

3. PT tuyén tinh: ¢/ 4 p(x)y = q(2)
e Cach giai:
» B1: Xét PT (thuin nhét) o/ +p(z)y =0 (1).
Ta thdy: y = 0 13 1 nghiém cta PT (1). Véi y # 0, ta cé:

PT (1) & W _ —p(x)dz (PT phan ly) & y = Ce~ JP@)dz,
y
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Bai 2: Phudng trinh vi phan cp 1

3. PT tuyén tinh: ¢/ 4 p(x)y = q(2)
e Cach giai:
» B1: Xét PT (thuin nhét) o/ +p(z)y =0 (1).
Ta thdy: y = 0 13 1 nghiém cta PT (1). Véi y # 0, ta cé:

PT (1) & W p(z)dz (PT phan ly) < y = Ce~Jp()dz
y

» B2: Xét PT (khéng thuan nhat) Yy +p@)y=q(x) (2).
Ta coi C 13 1 ham s& C(z) dé tim nghiém clia PT (2) ¢6 dang y = C(z)e~ J p(®)dz,

Tinh o/ = C'(z)e~ [ P@de _ O (z)e~ S P@)1de (1), thay vao PT (2) ta duoc
C'(x)effp(z)d:r =q(z) & C'(z) = q(l,)efp(:r)dm.

< C(z) = /q(x)efp(m)dzdx +K.
KL: Nghiém TQ cda PT da cho la:

y=Ke Jp@dz | e_fp(’”)d’”./q(m)efp(“)d”dm.
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Bai 2: Phudng trinh vi phan cp 1

x

e Vidu: a)y’—gzxcosx b)y’—yze—,y(l):e.
e T x
e’ Y Y
I _ d) xy — —2x=0,y(1)=0.
VY =T T )xyz 1 =0y

Gidi: b) Ta cé: p(z) = —1 va q(x) = %. Ap dung CT nghiém TQ ta dugc
y = Ke—fp(w)dw + e—fp(w)dw'/q(x)efp(a:)da:dx
= Ke® 4 €". / € ety = Ke® + ¢ In ||
x

Theo gia thiét y(1) =etacé: e = K.e+elnl = K = 1.
KL: Nghiém cla PT 13y =€+ ¢e“In|z|.
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Bai 2: Phudng trinh vi phan cp 1

4. PT Bernoulli: y + p(x)y = q(x)y* véi a #0va a#1 (1).
e Cach giai: Ta thdy: y = 013 1 nghiém cia PT(1) néu a > 0 va khong 13 nghiém clia PT (1) néu
o < 0. Vé6i y # 0, chia ca 2 vé cho y* ta cé:

v~y +p(a)y T =qlz) (2).
Dit u =y~ Tinh v/ = (1 — a)y~y/, thay vao PT (2) ta dugc

w4+ (1—a)p(x)u=(1—-a)g(z). (PT tuyén tinh)
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Bai 2: Phudng trinh vi phan cp 1

4. PT Bernoulli: y + p(x)y = q(x)y* véi a #0va a#1 (1).
e Cach giai: Ta thdy: y = 013 1 nghiém cia PT(1) néu a > 0 va khong 13 nghiém clia PT (1) néu

o < 0. Vé6i y # 0, chia ca 2 vé cho y* ta cé:
y~ Y +p(x)y T = qlx) (2).
= (1 - a)y~*y/, thay vao PT (2) ta dugc

w4+ (1—a)p(x)u=(1—-a)g(z). (PT tuyén tinh)

=0, (PT tuyén tinh)

/ p—
e Chii y: PT (1) < ¢V T 2@y =alo) newa Y
"+ (p(z) — q(2))y = néua=1. (PT phén ly)
, dy 3 2z Ty
Vid W _ 2,y -
A a)dx 227 y )erl—x? vy
) 3dy + (1 + 3y3)ysinzdr = yy(5) =
d)xy + (y—23y?) =0, y(1) =1

SAMI (HUST) - version 2023

Vién Toan ng dung va Tin hoc (DHBKHN)



Bai 2: Phudng trinh vi phan cp 1

Giai: b) PT@y—Fl y—xy2 (1)
Tathdyy=011 nghlem ctia PT (1). V6i y # 0, chia 2 v& cho yz

€ 1

PT(1) &y 2y + -yt =z (2)

Ditu=y? = u' = Ly~ 3y Thay vio PT (2) ta c6
x

N+ — Ly = LR

u+1_x2u TS u +2(1_$2)u 5 (3)
PT (3) 1a PT tuyén tinh véi p(z) = ﬁ va q(z) = g Ap dung CT nghiém TQ ta c6

-z

u=Ke Ip@de 4 o= [p(@)de /Q(x)efp(r)dfdx

— Keilnle®=1| +e§1n\1271|/geﬁlnu%ud:g = K{|a2 -1+ %(xQ —1).

1
KL: Nghiém cia PT 13 /5 = K{/]27 = 1[+ 2 (2* = 1) va y =0.
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Bai 2: Phudng trinh vi phan cp 1

5. PTVP toan phan:  P(z,y)dz 4+ Q(z,y)dy =0 (1)
e Dinh nghia: PT (1) dugc goi 1 PTVP toan phan néu ton tai ham u(z,y) théa man:
du(z,y) = P(z,y)dz + Q(z,y)dy (2).
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Bai 2: Phudng trinh vi phan cp 1

5. PTVP toan phan:  P(z,y)dz 4+ Q(z,y)dy =0 (1)
e Dinh nghia: PT (1) dugc goi 1 PTVP toan phan néu ton tai ham u(z,y) théa man:
. du(zy) =Pz, y)de + Qz,y)dy  (2). .
e Cach nhan biét: Kiém tra cic ham P, @ cung cdc dao ham riéng cap 1 13 lién tuc va diéu kién

oP  9Q

oy Oz’
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Bai 2: Phudng trinh vi phan cp 1

5. PTVP toan phan:  P(z,y)dz 4+ Q(z,y)dy =0 (1)
e Dinh nghia: PT (1) dugc goi 1 PTVP toan phan néu ton tai ham u(z,y) théa man:
. du(zy) =Pz, y)de + Qz,y)dy  (2). .
e Cach nhan biét: Kiém tra cic ham P, @ cung cdc dao ham riéng cap 1 13 lién tuc va diéu kién

oP  9Q

dy Oz
e Céch giai: Tich phan 2 vé clia PT (2) ta duoc
z y
u(z,y) :/ P(t, yo)dt—i—/ Q(x,t)dt = C,
zo

Yo
hodc

u(z,y) :/zp(t,y)dt—l—/yQ(:cmt)dt:C’,

trong dé (0, yo) dudc chon la mét diém thudc mién lién tuc ctia ham P va Q.
o Vidu: a)(6zy — y3)dz + (4y + 32 — 3zy?)dy = 0 b)e Vdx + (1 —ze ¥)dy =0
xdy — ydz

¢) 2x cos? ydx + (2y — 22 sin 2y)dy = 0 d) xdx 4+ ydy = 22+ g2
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Bai 2: Phudng trinh vi phan cp 1

P
Gidi: b) Ta cé: P(z,y) =e7 Y, Q(z,y) =1 —ze ¥ = g— =—e Y= 8Q = PT da cho 1a PTVP toan
)

ph§n. Khi dé: Chon (zg,y0) = (0,0), nghiém TQ cda PT 13

w(z,y) = /Oz P(t,0)dt + /Oy Qa, t)dt —
& /x 1.dt + /y(l —ze Hdt =C
0 0

SrtytreV—ax=C&y+zre?-C=0.
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Bai 2: Phudng trinh vi phan cp 1

6. PTVP vdi thira sb tich phan:
oP 0
P(z,y)dx + Q(z,y)dy =0 (1) Véi o £
e Cach giai: Tim ham sb h(z,y) d€ PT (1) trén trd thanh PTVP toan phan, tic l3:

PT (1) & h(z,y) Pz, y)dz + h(z,y) Q@ y)dy = 0 (2)  véi 2 (hP) =

5 (hQ) (+).

9
ox
Khi dé: Ham sb h(z,y) dugc goi la thira sb tich phan.
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Bai 2: Phudng trinh vi phan cp 1

6. PTVP vdi thira sb tich phan:

oP 0
P(z,y)dx + Q(z,y)dy =0 (1) Véi o £
e Cach giai: Tim ham s h(z,y) d&€ PT (1) trén trd thanh PTVP toan phdn, tic la:
.0 0
PT (1) & h(z,y)P(z,y)dz + h(z,y)Q(z,y)dy =0 (2) Véi %(hp) = 5, Q) (*).
Khi dé: Ham sb h(z,y) dugc goi la thira sb tich phan.
e Cach tim u:
= Q/
> Néu —Y—"% — f(z) thi h(z) = ¢/ 7™ tic 13 ham chi phy thudc vao z.
e
» Néu yTQm = g(y) thi h(y) = e~ J 9@ tigc 13 ham chi phu thudc vao .
. P
» Trudng hop tdng quét: h(z,y) thda man (x) tdc la o ?Q’ hl, — P hy, = h.
Y x Y x

e Vidu: a)(z+y*)dx —2zydy =0
b) (e** — y?)dz + ydy = 0
¢) 2z tan ydx + (2% — 2siny)dy = 0.
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Bai 2: Phudng trinh vi phan cp 1

P
Gidi: b) Ta ¢é: P(z,y) = e* —y?, Q(z,y) =y = J

0 .
=-2y#0= a—Q = ta tim thtra s6 tich phan
x

Ay
nhu sau: P
flr)= 21—~ 0 L= -2=h(x)= el f@)de — =2z
Nhan 2 v& PT d3 cho véi h(z) ta cé:
. * =1— 2z, 2
(1-e2y?)dr + e Zydy =0 (PTVP toan phin) véi { 7.9) o
T,y) =€ "y
Khi dé: Chon (zg,y0) = (0,0), nghiém TQ cla PT Ia
@ y
u(z,y) :/ P*(t,O)dt+/ Q*(x,t)dt =C
0 0
x Yy —2x,,2 —2x, 2
<:>/ 1.dm—|—/ e 2 tdt = C & x4 5 2y —Ceorts 2y —C=0.
0 0
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Chuong 2: PHUGNG TRINH VI PHAN

Bai 3: PHUGNG TRINH VI PHAN CAP 2
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Bai 3: Phuong trinh vi phan cp 2

l. Dai cuong vé PTVP chp 2

1. Dinh nghia: PTVP c4p 2 I3 phuong trinh c6 dang F(z,,v,y") =0 hoic y" = f(x,y,v).
2. Dinh Iy vé su ton tai va duy nhit nghiém: Cho PTVP cip 2: ¢/ = f(z,y,y'). Néu cac gia thiét
sau thda man:
0 0 N
o f(z,y,y), %(x,y,y’) va 8—;(:0,11, y') lién tuc trén mién D C R3.
* (%0, %0,%) € D.
Khi dé: Trong mét 1an can ndo dé clia zo, ton tai duy nhit mét nghiém y = y(z) cha phuong trinh
trén sao cho yo = y(zo) va y{ = v/ (x0).
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Bai 3: Phuong trinh vi phan cp 2

l. Dai cuong vé PTVP chp 2

1. Dinh nghia: PTVP c4p 2 I3 phuong trinh c6 dang F(z,,v,y") =0 hoic y" = f(x,y,v).
2. Dinh Iy vé su ton tai va duy nhit nghiém: Cho PTVP cip 2: ¢/ = f(z,y,y'). Néu cac gia thiét
sau thda man:
of
/ PR
o flz.y.y), Dy
* (%0, %0,%) € D.
Khi dé: Trong mét 1an can ndo dé clia zo, ton tai duy nhit mét nghiém y = y(z) cha phuong trinh
trén sao cho yo = y(zo) va y{ = v/ (x0).
3. Bai toan Cauchy: 13 PTVP cp 2 c6 dang v/ = f(z,y,y’) théa man l/(.L()) =yo va y'(zo) = Y-
Diéu kién y(xo) = yo va v/ (z0) = yo dugc goi 1a diéu kién Cauchy hay diéu kién ban dau.

0 ) R
(x,y,y') va 8—5/(3:,@/,@/) lién tuc trén mién D C R3.

)/
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Bai 3: Phuong trinh vi phan cp 2

4. Céc cach goi nghiém ciia bai toan: Cho PTVP chp 2: ¢ = f(xz,y,y'). Khi dé:
e Nghiém t8ng quat (TQ) 1a ham sb c6 dang y = g(z, Cy, Cs), trong dé Cy, Cs 13 cac hing sb bét
ki, thda man:
i) y = g(x, C1,Cs) thda man phuong trinh véi moi Cy va Cs.
it) Véi moi (zo,yo,¥,) € D, ton tai duy nhit hai hing s6 C; = C? va Cy = CY sao cho
g(l’o, Cl, CQ) = %Yo va gl(l'o, Cl, CQ) = y()
o Nghiém riéng 13 ham sb c6 dang y = g(x, C?, CY), trong dé y = g(x, Cy,Cy) 1a nghiém TQ.
e Nghiém ki di la nghiém khéng nim trong ho nghiém TQ.
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Bai 3: Phuong trinh vi phan cp 2

4. Céc cach goi nghiém ciia bai toan: Cho PTVP chp 2: ¢ = f(xz,y,y'). Khi dé:
e Nghiém t8ng quat (TQ) 1a ham sb c6 dang y = g(z, Cy, Cs), trong dé Cy, Cs 13 cac hing sb bét
ki, thda man:
i) y = g(x, C1,Cs) thda man phuong trinh véi moi Cy va Cs.
it) Véi moi (zo,yo,¥,) € D, ton tai duy nhit hai hing s6 C; = C? va Cy = CY sao cho
g(zo, C1,C2) = yo va ¢'(z0,C1,C2) = yj.
o Nghiém riéng 13 ham sb c6 dang\y = g(x,CY,CY), trong d6 y = g(x, C1,Cs) 12 nghiém TQ.
e Nghiém ki di la nghiém khéng nam trong ho nghiém TQ.
5. Chi y: Cach viét nghiém trén dugc goi 13 dang tudng minh. Ngoai ra, nghiém TQ con dugc viét
dudi dang sau:
e Dang 4n (Tich phan TQ): ¢(z,y,C1,Cs) = 0.
xr = f(t, Cl, 02),

e Dang tham sb:
{y = g(ta Cla 02)
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Bai 3: Phuong trinh vi phan cp 2

Il. Cac phuong trinh khuyét
1. PT khuyét y: F(z,y,y") =0
e Dit u =1y, ta dua vé PTVP cp 1: F(z,u,u’) = 0.
e Gia st PT trén c6 nghiém TQ: u = f(z,C). Giai PTVP clp 1: ¢/ = f(z,C).
Vidu: a)z=(y")+y" +1 b)y" =x +sinx oy =y +z
d)2zy" — 6y + 22 =0v6i y(1) =0, y'(1) = 1.
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Bai 3: Phuong trinh vi phan cp 2

Il. Cac phuong trinh khuyét

1. PT khuyét y: F(z,y,y") =0
e D3t u =1/, tadua vé PTVP cép 1: F(z,u,u’) =0.
e Gia st PT trén c6 nghiém TQ: u = f(z,C). Giai PTVP clp 1: ¢/ = f(z,C).
Vidu: a)z=(y)?+y +1 b)y' =z +sinz Ay =y +x
d)2zy" — 6y + 22 =0v6i y(1) =0, y'(1) = 1.
x

3
B PTay — 2y =—2 @
Giai: d) Sy -y 5 (1)

Dit u =1/, ta cé: v’ — §u = —g (2) = Nghiém TQ cta (2) la
x

uw=Ke [p@de 4 o= [p@)ds /q(:c)efp(w)dﬂ”dx
— Ke3inlel _ 3Ina| / gef?’l“'z‘dx B P / gx*?’dx (61 O = +K)

1
=0z + 5:1:2.
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Bai 3: Phuong trinh vi phan cp 2

P 1
Theo gid thiet ¥/ (1) =1=wu(l)=1=C = 3 Ta cé:

1 1 1 1 1 1
r_ . 3, 1 2 _ 13, 12 _t4a, 13
Y —233 +2m Sy /(QI +2x )dﬂc 833 +6x + D.
\ 1 1
debandéuy(l)zOnénD:—%éKL:y:§m4+6x3—%.
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Bai 3: Phuong trinh vi phan cp 2

P 1
Theo gid thiet ¥/ (1) =1=wu(l)=1=C = 3 Ta cé:

1 1 1 1 1 1
r_ . 3, 1 2 _ 13, 12 _t4a, 13
Y —2:13 +23: Sy /(QI +2x )dﬂc 833 +6x + D.
\ 1 1
debandéuy(l)zOnénD:—%éKL:y:§m4+6x3—%.

2. PT khuyét : F(y,y',y") =0

dy'  dy' dy du

— === =u—.

dz dy dx dy

. d
Thay vao PT da cho ta c¢6 PTVP cap 1: F(y,mud—u) =0.
Y
e Gid str PT trén c6 nghiém TQ: u = f(y,C). Giai PTVP cpliy = f(y,C).
Vidu: a)2yy” =y?+1 b)yy" =y —y"
C) y// + y/2 — 2¢7Y d) y/(l + y/2) — y//.

e Ditu=19y/,tacéy’ =

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

d d
Gidi: b) Dt u =19/, ta cé 3’/ = ud—u thay vao PT ta cé: yud—u =u? —u (%)
Y
Ta thiy: u =0, tiic 13 y = C; 13 1 nghiém clia PT. Vi u # 0, ta cé:

d d
Yo w1
Yy

du
PT (* — =u—u?
()<:>ydy u—ut S s

, —1 11
Tich phan 2 vé ta c6: —In |“——| = InJy| +In|Cal & |“——=| =
e u |Cayl
u — 3 Yy
< =—=u= .
u Yy y—Cs
Khi do: . .
= Lo e Byt sa= [ (1-2)dy =y Calalyl + o

y—Cs

Ta thly: u = 1, tic 13 y = 2 + C ciing 13 nghiém clia PT.
KL: Nghiém la y=Cy,y=2+Cvaxz =y —Cslnly| + Cs.
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Bai 3: Phuong trinh vi phan cp 2

3. PT khuyét i (va y): F(z,y") =0
Tir PT ta rit ra dugc y” = g(x), thi ta chi can I3y tich phan 2 1an s& c6 nghiém TQ. Néu tir
F(z,y") = 0 ta rat ra dugc = f(y"), thi ta s& tham s6 héa nghiém nhu sau:
o Ditt=1y" tacéz=f(t). DEtimy/ tacé dy =y"dx =tf (t)dt. Ly nguyén ham 2 v&, ta
tinh dugc 3/ = f1(t,C1) véi Cy 13 hing sb.
e D& tim y, ta bién d&i dy = y'dx = fi(t,C1) f (t)dt = y = fo(t,C1,Cy) v6i Co 13 hing sb.

Vi du: Gidi PTVP sau: x = (y")2 + 9" + 1.

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

3. PT khuyét i (va y): F(z,y") =0
Tir PT ta rit ra dugc y” = g(x), thi ta chi can I3y tich phan 2 1an s& c6 nghiém TQ. Néu tir
F(x,y"”) =0 ta rdt ra dugc z = f(y /), thi ta s& tham s& héa nghiém nhu sau:
o Ditt=1v", tacéz= f(t). D& tim y ta cé dy' = y"dx = tf'(t)dt. Ly nguyén ham 2 v&, ta
tinh dugc ¢y’ = fl(t C’l) v6i C1 13 hing sb.
e D& tim y, ta bién d&i dy = y'dx = fi(t,C1) f (t)dt = y = fo(t,C1,Cy) v6i Co 13 hing sb.

Vi du: Gidi PTVP sau: = = (y")? + " + 1.
Gidi: Ditt=y9" tt PTdichotacéxz =t> 4+t + 1.
p p 2 1
Ta thiy: dy’ = y"dx = t(2t + 1)dt = (2t2 + t)dt. Nguyén ham 2 vé ta cé v/ = §t3 + 5152 + Cy.
2 1 4 ) 1
Khi dé: dy = y/dx = <§t3 + 5t2 + Cl) (2t + 1)dt = <§t4 + §t3 + 5152 + 20t + Cl) dt
4 1

va Iy nguyén ham 2 vé ta duoc: y = 1—5155 + %t4 + 6t3 + C1t2 + Cit + Cs.

i r=t>+t+1,
Két ludn: Nghiém TQ cla PT la 4 5

1
=P+t B+ 1P+ Ot + O
gt gt T O+ it + G
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Bai 3: Phuong trinh vi phan cp 2

1l. PTVP tuyén tinh cip 2 téng quat: v’ + p(z)y + q(z)y = f(z),
trong d6 p(z), g(x) va f(z) 1a cadc ham sb cho trudc.
1. PTVP tuyén tinh cip 2 thudn nhit: 3" + p(x)y’ + q(z)y =0 (1).
e Dinh Iy 1: Néu y; va y, 13 cic nghiém cta PT (1), thi Cyy1 + Coys ciing 13 nghiém cha PT (1)
v3i moi 01,02 c R.

Vién Toan (ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 3: Phuong trinh vi phan cp 2

1l. PTVP tuyén tinh cip 2 téng quat: v’ + p(z)y + q(z)y = f(z),
trong d6 p(z), g(x) va f(z) 1a cadc ham sb cho trudc.
1. PTVP tuyén tinh cip 2 thudn nhit: 3" + p(x)y’ + q(z)y =0 (1).
e Dinh Iy 1: Néu y; va y, 13 cic nghiém cta PT (1), thi Cyy1 + Coys ciing 13 nghiém cha PT (1)
v3i moi 01,02 c R.
C/M: Ta c6: i + p(x)yr + q(x)yr = 0 va y5 + p(x)ys + q(x)y2 = 0
= (Cry1 + Caya)" + p(x)(Cryr + Caya)' + q()(Crys + Cayz) = 0, tic la ta cb dpem.
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Bai 3: Phuong trinh vi phan cp 2

1l. PTVP tuyén tinh cip 2 téng quat: v’ + p(z)y + q(z)y = f(z),
trong d6 p(z), g(x) va f(z) 1a cadc ham sb cho trudc.
1. PTVP tuyén tinh cip 2 thudn nhit: 3" + p(x)y’ + q(z)y =0 (1).
e Dinh Iy 1: Néu y; va y, 13 cic nghiém cta PT (1), thi Cyy1 + Coys ciing 13 nghiém cha PT (1)
v3i moi 01,02 c R.
C/M: Ta c6: i + p(x)yr + q(x)yr = 0 va y5 + p(x)ys + q(x)y2 = 0
= (Cry1 + Caya)" + p(x)(Cryr + Caya)' + q()(Crys + Cayz) = 0, tic la ta cb dpem.

e Dinh nghia 1: Hai ham sb y; () va ya(z) dudc goi 13 doc 1ap tuyén tinh trén [a, b] néu

y2(z)
y1 ()

# hing sb véi Yz € [a, b).

Nguac lai, ta néi hai ham dé 13 phu thudc tuyén tinh.
Vidu: a)e®, e?® (DLTT) b)a?+2z+1,z+1 (DLTT) c¢)tanz, 2tanz. (PTTT)
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Bai 3: Phuong trinh vi phan cp 2

Yr Y2
e Dinh nghia 2: Dinh thiic Wronsky cla hai ham y1(x) va yo(x) 13 W(y1,y2) =
/

|
LARCD)
e Dinh Iy 2: Néu y; va yo 13 phu thudc tuyén tinh trén [a,b] thi W (y1,y2) = 0 véi Vz € [a,b].
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Bai 3: Phuong trinh vi phan cp 2

Y Y2
e Dinh nghia 2: Dinh thiic Wronsky cla hai ham y1(x) va yo(x) 13 W(y1,y2) = .
VoY
e Dinh Iy 2: Néu y; va yo 13 phu thudc tuyén tinh trén [a,b] thi W (y1,y2) = 0 véi Vz € [a,b].
C/M: Vi y1 va yo 13 phu thudc tuyén tinh nén yQELE; = C 13 hing sb.
Yy1(z

= y2 = Cy1 = y5 = Cyy = 11y5 = Y1y2 = dpcm.
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Bai 3: Phuong trinh vi phan cp 2

Y Y2

e Dinh nghia 2: Dinh thiic Wronsky ctia hai ham y;(z) va yo(z) la W (y1,y2) = .
VoY

e Dinh Iy 2: Néu y; va yo 13 phu thudc tuyén tinh trén [a,b] thi W (y1,y2) = 0 véi Vz € [a,b].

y2(z)
y1(z)

= Y2 = C\’yl = y5 = Cy} = 1195 = yiy2 = dpcm. /
Chi y: Néu ton tai zo € [a,b] ma W(yy,y2) # 0 tai & = o, thi hai ham d6 1 dc I3p tuyén tinh.

C/M: Vi y1 va yo 13 phu thudc tuyén tinh nén = C 13 hing sb.
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Bai 3: Phuong trinh vi phan cp 2

Y Y2
e Dinh nghia 2: Dinh thiic Wronsky cla hai ham y1(x) va yo(x) 13 W(y1,y2) = .
VoY
e Dinh Iy 2: Néu y; va yo 13 phu thudc tuyén tinh trén [a,b] thi W (y1,y2) = 0 véi Vz € [a,b].
C/M: Vi y1 va yo 13 phu thudc tuyén tinh nén yzEx; = C 13 hing sb.
Yy1(z

= y2 = Cyr = yh = Cyy = y1ys = y1y2 = dpem. )
Chd y: Néu ton tai zg € [a,b] ma W(y1,y2) # 0 tai & = x, thi hai ham dé 1a doc 13p tuyén tinh.
e Dinh Iy 3: Cho p(z) va g(z) lién tuc trén [a, b]. Néu y; va yo 13 cic nghiém clia PT (1) thda man:
W(y1,y2) # 0 tai x = a9 € [a,b], thi W(y1,y2) # 0 véi Vz € [a,b].
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Bai 3: Phuong trinh vi phan cp 2

Y Y2

e Dinh nghia 2: Dinh thiic Wronsky ctia hai ham y;(z) va yo(z) la W (y1,y2) = .
VoY

e Dinh Iy 2: Néu y; va yo 13 phu thudc tuyén tinh trén [a,b] thi W (y1,y2) = 0 véi Vz € [a,b].

y2(2)

yi(z)
= Y2 = C\’yl = y5 = Cy} = 1195 = yiy2 = dpcm. /

Chi y: Néu ton tai 2o € [a,b] ma W (y1,y2) # 0 tai & = xo, thi hai ham d6 1a déc Iap tuyén tinh.

C/M: Vi y1 va yo 13 phu thudc tuyén tinh nén = C 13 hing sb.

e Dinh Iy 3: Cho p(z) va g(z) lién tuc trén [a, b]. Néu y; va yo 13 cic nghiém clia PT (1) thda man:
W(y1,y2) # 0 tai x = a9 € [a,b], thi W(y1,y2) # 0 véi Vz € [a,b].

C/M: Ta cé: yf + p(z)y) + q(x)y1 = 0 va y5 + p(z)yy + q(x)y2 = 0
= yy2 + p(2)yiy2 + q(@)y1y2 = 0 va y1yy + p(x)y1ys + q(x)y1y2 = 0, tic la

(y1vs — yiye) + p(@)(y1ys — yiy2) = 0. (%)

VI W =1y — y1y2 nén W' = yiy5 +y1y5 — y1'y2 — ¥1%5 = Y195 — y1'Ya.
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Bai 3: Phuong trinh vi phan cp 2

PT (*) trd thanh: % = —pla)W & % = —p(x)dr & ‘W%’ = ¢ Jeo P@dT g4 gia thiét

W(xo) # 0. Khi dé:  W(x) = £W(xg)e Jay pl@)de #0véi Vz € [a,b].
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Bai 3: Phuong trinh vi phan cp 2

PT (*) trd thanh: dd—x = —pla)W & % = —p(x)dr & ‘W%’ = ¢ Jeo P@dT g4 gia thiét

W(xo) # 0. Khi dé6: W (x) =+W(zg)e Jzo Pl@)de #0véiVz € [a,b)].
e Dinh ly 4: N&u y; va yo |3 cic nghiém doc 13p tuyén tinh cta PT (1), thi
> W(y1,y2) #0véi Va € [a,b]. )
» nghiém TQ cta PT (1) cé dang: y=Chy; + Coya  vSi moi hing s6 Cy, Cb.
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Bai 3: Phuong trinh vi phan cp 2

PT (*) trd thanh: dd—x = —pla)W & % = —p(x)dr & ‘W%’ = ¢ Jeo P@dT g4 gia thiét

W(xo) # 0. Khi dé6: W (x) =+W(zg)e Jzo Pl@)de #0véiVz € [a,b)].
e Dinh ly 4: N&u y; va yo |3 cic nghiém doc 13p tuyén tinh cta PT (1), thi

> W(y1,y2) #0véi Va € [a,b]. )
» nghiém TQ cta PT (1) cé dang: y=Chy; + Coya  vSi moi hing s6 Cy, Cb.

Chd y: Mubn tim nghiém TQ ctia PT (1), ta chi cin xéc dinh dugc hai nghiém doc 1ap tuyén tinh clia

né. Cach tim nhu sau:
» B1: Nham 1 nghiém y; # 0 théa man PT (1).
» B2: Xic dinh nghiém v, bing cich dit y» = yi.u. Thay vao PT (1) ta tinh duoc

u:/y%e*fp(m)d“’dm. (CT Liouville)
1

Vidu: a)2?y"+a2y —y=0 b) 2z + 1)y" + 4oy’ — 4y = 0.
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Bai 3: Phuong trinh vi phan cp 2

1 1
Gidi: a) PT & ¢ + ¢ — Sy =0.
x x

Ta théy: y1 = x 1a nghiém cba PT. D3t yo = y1.u = u.x, theo CT Liouville ta cé:

1 1o 1 1
(L rr@dag, [ L -ty :/7d —+ 1
u /y%G X /er X x2|x‘ X 2:[;2

- 1 > 1
Khi d6, ta ¢ thé chon u = — dé cé yo = —.
222 2z

C
KL: Nghiém TQ la y = Chz + 2—;
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Bai 3: Phuong trinh vi phan cp 2

2. PTVP tuyén tinh cp 2 khéng thudn nhit: ¢’ + p(z)y’ + q(z)y = f(x). (2)
e Dinh ly 1: Nghiém TQ cda PT (2) ludn c6 dang y = y + Y, trong dé 7 1a nghiém TQ cla PT
(1) va Y la 1 nghiém riéng cta PT (2).

Chii y: Nghiém § da duoc xéc dinh & phan trudc, nén dé tim nghiém TQ ctia PT (2) ta chi can
tim 1 nghiém riéng Y cda PT (2) la dd.

Vién Toan (ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 3: Phuong trinh vi phan cp 2

2. PTVP tuyén tinh cp 2 khéng thudn nhit: ¢’ + p(z)y’ + q(z)y = f(x). (2)
e Dinh ly 1: Nghiém TQ cda PT (2) ludn c6 dang y = y + Y, trong dé 7 1a nghiém TQ cla PT
(1) va Y la 1 nghiém riéng cta PT (2).
Cha y: Nghiém 7 d3 dugc xac dinh & phan trude, nén dé tim nghiém TQ clia PT (2) ta chi cin
tim 1 nghiém riéng Y cda PT (2) la dd.
e Dinh ly 2: (Phuong phép bién thién hing sb Lagrange)
» B1: Xic dinh nghiém TQ cta PT (1) cé dang § = Cyy1 + Cays.
» B2: Coi C; va O, 13 cdc ham sb dé tim 1 nghiém riéng Y cla PT (2) c6 dang

Y = Cy(z)y1 + Ca(x)y2

bing cach xét HPT sau: {

Gidi HPT trén tim Cf(x) va 02( )= Ci(z) v
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Bai 3: Phuong trinh vi phan cp 2

2 _
Vidu: a)y’' —y = Ten b) 2%y’ +xy —y = 2>
— T

3
1 1 1 1
Gidi: b) PT & ¢ + ;y’ —ay= 1. Xét PT: ¢ + Ey’ - ay= 0 (1). Theo vi du trudc, nghiém TQ
C 1
cia (1) lag=Cix+ ?2 ticld y1 =z va yo = . Ta tim 1 nghiém riéng Y cha PT d3 cho c6 dang
Y = Ci(z)yr + Co(z)y2 bing cich xét HPT sau:

1 x

G+ @ =0 [ci@ =3 Cila) =
T A 23:2 = 23
Ci(z) = Cyz) 5 =1 Cyla) = —% Cale) = — -

z? N , . . z? Co
KL: Y = 3 = Nghiém TQ cta PT da cho la y = 3 +Ciz + —.
T
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Bai 3: Phuong trinh vi phan cp 2

2 _
Vidu: a)y’' —y = Ten b) 2%y’ +xy —y = 2>
— T

3
1 1 1 1
Gidi: b) PT & ¢ + ;y’ —ay= 1. Xét PT: ¢ + Ey’ - ay= 0 (1). Theo vi du trudc, nghiém TQ
C 1
cia (1) lag=Cix+ ?2 ticld y1 =z va yo = . Ta tim 1 nghiém riéng Y cha PT d3 cho c6 dang
Y = Ci(z)yr + Co(z)y2 bing cich xét HPT sau:

1 x

G+ @ =0 [ci@ =3 Cila) =
T A 23:2 = 23
Ci(z) = Cyz) 5 =1 Cyla) = —% Cale) = — -

22 - N . . x? Cy
KL: Y = 3 = Nghiém TQ cta PT da cho la y = 3 + Chix + -
e Dinh ly 3: (Nguyén Iy chong nghiém)
Néu Y; 13 mét nghiém riéng clia PT 3 + p(z)y + q(x)y = fi(x),
Y, 12 mdt nghiém riéng cla PT v’ + p(x)y’ + q(z)y = fa(x)
thi Y7 + Y5 13 mét nghiém riéng cla PT sau:
y' @)y +q(@)y = fi(z) + fo().
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Bai 3: Phuong trinh vi phan cp 2

IV. PTVP tuyén tinh cAp 2 c6 hé sb khéng déi: v/ + py' + qy = f(x),
trong d6 p, ¢ 13 cac hing sb va f(z) 13 ham sb cho trudc.
1. PT thuan nhat: o 4+ py' +qy =0 (1).

Xét PT dic trung: A +pl+qg=0. (%)
e THI1: N&u PT (*) c6 2 nghiém thuc phén biét A; # g, thi nghiém TQ cda PT (1) la

§ = CheM? 4 Ched2®,

e TH2: Néu PT (x) c6 nghiém kép A\; = Ay = )¢, thi nghiém TQ cta PT (1) 13
§ = C1e" + Cowe™o”.
e TH3: N&u PT (%) c6 2 nghiém phic A\ 2 = a £ bi, thi nghiém TQ cta PT (1) la

g _ 6(1,.’1:(0] cos bx + C2 sin bIE)

Vi du: a)y" +3y +2y=0 b)dy" +4y +y =0 o)y’ +y +3y=0.
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Bai 3: Phuong trinh vi phan cp 2

Giai: a) Xét PT dic trung: A2 + 3\ +2 = 0. PT c6 2 nghiém phan biét A\; = —1 va Ay = —2. Nghiém
TQ cta PT la

Y= Cire™® + 026_2w.
b) Xét PT dic trung: AN2+40+1=0. PT ¢6 nghiém kép A\; = Ao = —%. Nghiém TQ cia PT Ia

J= Cre™ 2% 4 Coze™ 27,
c) Xét PT dic trung: A2 + X+ 3 = 0. PT ¢6 2 nghiém phiic A; » = —1 £+ +/11i. Nghiém TQ cta PT I3

g=e *(CrcosV1lz + Cysin v1lx).

Vién Toan ng dung va Tin hoc (DHBKHN)
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Bai 3: Phuong trinh vi phan cp 2

2. PT khong thudn nhit: o + py’ + qy = f(z) (2).

Can nhé: Nghiém TQ ctia PT (2) lubn c6 dang y = 5 + Y, trong dé 7 13 nghiém TQ cha PT (1)
va Y 13 1 nghiém riéng cta PT (2). Nghiém 7 d3 dugc xdc dinh & phan trudc, nén dé tim nghiém
TQ cla PT (2) ta chi can tim 1 nghiém riéng Y cda PT (2) I3 du.

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

2. PT khong thudn nhit: o + py’ + qy = f(z) (2).
Can nhé: Nghiém TQ ctia PT (2) lubn c6 dang y = 5 + Y, trong dé 7 13 nghiém TQ cha PT (1)
va Y 13 1 nghiém riéng cta PT (2). Nghiém § d3 dugc xac dinh & ph§n trudc, nén dé tim nghiém
TQ cla PT (2) ta chi can tim 1 nghiém riéng Y cta PT (2) I3 da.
2.1. f(z) =e**P,(z) v6i @ € R va P,(z) 1a da thic bac n.
e TH1: Néu o khéng I3 nghiém ctia PT (%), thi nghiém riéng Y clia PT (2) c6 dang
Y =e*Qn,(x).
e TH2: Néu o 13 nghiém don clia PT (%), thi nghiém riéng Y clia PT (2) c6 dang
Y = ze**Q, ().
e TH3: Néu o 13 nghiém kép clia PT (%), thi nghiém riéng Y clia PT (2) c6 dang
Y = 2%2e*Q,(z).

O d6 Q,(x) I3 da thic bac n cin tim.

Vi du:
a)y" =3y +2y==x b)y" +4y +3y=(z+2)e * c)y” — 2y +y = 2xe”.

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

Gidi: b) Xét PT dic trung: A2 +4X+3=0 ().
PT c6 2 nghiém phan biét Ay = —1 va A2 = —3. Nghiém TQ cta PT thuan nhat la
y=Cie "+ 0267396.
Ta thly: f(z) = (z +2)e~® ma —1 |3 nghiém don cta PT (%) nén ta tim nghiém riéng Y clia PT d3
cho ¢6 dang
Y = ze *(Az + B) = e “(Ax? + Buz).
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Bai 3: Phuong trinh vi phan cp 2

Gidi: b) Xét PT dic trung: A2 +4X+3=0 ().
PT cé 2 nghiém phan biét \; = —1 va Ay = —3. Nghiém TQ cda PT thuan nhat la

Y= Cie ™+ 0267396.

Ta thly: f(z) = (z +2)e~® ma —1 |3 nghiém don cta PT (%) nén ta tim nghiém riéng Y clia PT d3
cho ¢6 dang
Y = ze *(Az + B) = e “(Ax? + Buz).
Tacéd: Y =e *(—Az? — Bx) + e *(2Az+ B) = e "( — A2? + 2A — B)z + B).
Y" =e " (Az? — (4A — B)z + 2A - 2B).
Thay vao PT d3 cho:
e " (Az® — (4A—B)z+2A—2B) +4e " (— Az® 4+ (2A— B)z+ B) +3e " (Az?* + Bz) = (z+2)e "

1
4A =1 A=

& 4A 2A+2B) = 2 & &
vt @A+ =o+ {2A+2B_2 B:é
4

1
KL: Nghiém TQ cia PT da cho la y = <1x2 + Zx)efz + Cre " + Che™ 3%,
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Bai 3: Phuong trinh vi phan cp 2

2. PT khong thudn nhit: o + py' + qy = f(z) (2).
2.2. f(x) = Py(x) cos Bz + P, (x)sin Sz véi 5 € R va Py, (x), P,(x) la da thic bac m,n.

e TH1: Néu +ij3 khéng I3 nghiém ctia PT (x), thi nghiém riéng Y cta PT (2) c6 dang
Y = Qe(x) cos Bz + Ry(x) sin fx.
e TH2: N&u +if3 13 nghiém clia PT (%), thi nghiém riéng Y clia PT (2) c6 dang

Y = 2(Q¢(x) cos Bz + Ry(x) sin fz).

G d6 Qu(x) va Ry(z) 13 hai da thic bac £ = max{m,n} cin tim.

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

2. PT khong thudn nhit: o + py' + qy = f(z) (2).
2.2. f(x) = Py(x) cos Bz + P, (x)sin Sz véi 5 € R va Py, (x), P,(x) la da thic bac m,n.
e TH1: Néu +ij3 khéng I3 nghiém ctia PT (x), thi nghiém riéng Y cta PT (2) c6 dang
Y = Qe(x) cos Bz + Ry(x) sin fx.
e TH2: N&u +if3 13 nghiém clia PT (%), thi nghiém riéng Y clia PT (2) c6 dang
Y = 2(Q¢(x) cos Bz + Ry(x) sin fz).

G d6 Qu(x) va Ry(z) 13 hai da thic bac £ = max{m,n} cin tim.
2.3. f(z) = e (P (z) cos Bz + Py(z) sin fz) véi a, 3 € R va Py, (z), Py(z) la da thic bac m, n.

Cach giai: D3t y = e**.z. Tinh ¢’ va y”’ va thay vao PT (2) ta thu dugc PT mdi, trong dé ham
sb vé phai c6 dang 2.2 & trén.
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Bai 3: Phuong trinh vi phan cp 2

2. PT khong thudn nhit: o + py' + qy = f(z) (2).
2.2. f(x) = Py(x) cos Bz + P, (x)sin Sz véi 5 € R va Py, (x), P,(x) la da thic bac m,n.
e TH1: Néu +ij3 khéng I3 nghiém ctia PT (x), thi nghiém riéng Y cta PT (2) c6 dang
Y = Qe(x) cos Bz + Ry(x) sin fx.
e TH2: N&u +if3 13 nghiém clia PT (%), thi nghiém riéng Y clia PT (2) c6 dang
Y = 2(Q¢(x) cos Bz + Ry(x) sin fz).

G d6 Qu(x) va Ry(z) 13 hai da thic bac £ = max{m,n} cin tim.
2.3. f(z) = e (P (z) cos Bz + Py(z) sin fz) véi a, 3 € R va Py, (z), Py(z) la da thic bac m, n.

Cach giai: D3t y = e**.z. Tinh ¢’ va y”’ va thay vao PT (2) ta thu dugc PT mdi, trong dé ham
sb vé phai c6 dang 2.2 & trén.
Vi du:
a)y” + 3y + 2y = e” cos 2z b)y" 4+ y = 2x cos x cos 2z
)y’ =3y +2y=(x+1)cosx d)y" — 6y' + 9y = 3z — 8e32.
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Bai 3: Phuong trinh vi phan cp 2

Gidi: c) Xét PT dic trung: A2 —3A+2=0  (x).
PT c6 2 nghiém phan biét A\; =1 vd Ay = 2. Nghiém TQ cda PT thuin nhit I3
Y= Chie® + 0262m.
Ta thdy: f(z) = (x + 1) cosz = (z + 1).cosz 4 0.sinz ma +i khdng I3 nghiém cta PT (%) nén ta tim
nghiém riéng Y cla PT d3 cho c6 dang

Y = (Az + B)cosx + (Cz + D)sinz.

Vién Toan (ng dung va Tin hoc (DHBKHN)
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Bai 3: Phuong trinh vi phan cp 2

Gidi: c) Xét PT dic trung: A2 —3A+2=0  (x).
PT c6 2 nghiém phan biét A\; =1 vd Ay = 2. Nghiém TQ cda PT thuin nhit I3
Y= Chie® + 0262m.
Ta thdy: f(z) = (x + 1) cosz = (z + 1).cosz 4 0.sinz ma +i khdng I3 nghiém cta PT (%) nén ta tim
nghiém riéng Y cla PT d3 cho c6 dang

Y = (Az + B)cosx + (Cz + D)sinz.
Tacéd: Y =(Cx+ A+ D)cosz + (—Az — B+ C)sinz.
Y" = (-Az — B+2C)cosz — (Cx+ 2A+ D)sinz.
Thay vao PT d3 cho:
(A-3C)z—3A+ B +2C —3D)cosx
+((3A+C)az —2A+3B —3C + D)sinz = (z + 1) cosx

1 -1
A-3C=1,-3A+B+2C-3D=1 - A:TO’B:%
344+C=0,-24+3B-3C+D=0 -3 p_Z16
1 1 3 16 107 2
Y 1033 50 CcoS & 1096—1—25 sinx + Cie* + Cae
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Bai 3: Phuong trinh vi phan cp 2

3. PT Euler:  22y" +azy’ +by =0 véi a,b € R.
e Cach giai: D3t t = In|z|, tic 12 |z| = €', ta cé:
_dy_dydt_ldy_l,

Yo = 4z " dtdz  zdt  z

)
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Bai 3: Phuong trinh vi phan cp 2

3. PT Euler:  22y" +azy’ +by =0 véi a,b € R.
e Cach giai: Dat t =In|z|, tic 13 |z| = €', ta cé:

,_,_dy dydt 1 dy 1,
— Y

Yo = e ~ At dw  x dt 15

dy d 1 1 dy’
"o 1 — ! — t
_ yt i+ =yl
2 vt 2 dt dv | 2% + x2’

Thay vao PT d3 cho ta dugc
—y,+yp tay; +by =0y + (a— 1)y + by = 0.

SAMI (HUST) - version 2023
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Bai 3: Phuong trinh vi phan cp 2

3. PT Euler: 2%y +azy' +by=0 véi a,b € R.
e Cach giai: Dat t =In|z|, tic 13 |z| = €', ta cé:

,_,_dy dydt 1 dy 1,
— Y

Yo = e ~ At dw  x dt 15

dy d 1 1 dy’
1 — 1 — / — t
_ yt i+ =yl
2 vt 2 dt dv | 2% + x2’

Thay vao PT d3 cho ta dugc
—y; +y +ay, +by =0< y, + (a— 1)y, + by = 0.

e Vidu: )22y’ + 22y — 6y =0 b) 2%y — 2y’ + 2y = 223 — x
c) x%y" — 9zy’ + 21y =0 d)xzy”—i—xy +y=um.
Gidi: c) Dat t = ln |z| va I3p lai budc tinh nhu trén d€ thay vao PT di cho thu dugc
y!' — 10y, + 21y = 0.
PT dic trung A2 — 10\ + 21 = 0 ¢ 2 nghiém phan biét A\; = 3 va Ay = 7. Nghiém TQ clia PT trén
l3: 7 = C1e3 + Cae™ = Nghiém TQ clia PT d3 cho I3 § = Oy el - Che™™ ol = Oy |2 + Cyl2|".

SAMI (HUST) - version 2023
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Chuong 2: PHUGNG TRINH VI PHAN

Bai 4: HE PHUGNG TRINH VI PHAN CAP 1

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 4: Hé phuong trinh vi phan cip 1

I. Dai cuong vé hé PTVP chp 1

1. Dinh nghia: H& PTVP chuin tic cip 1 6 dang

y1 = filz,y1,92, 5 un)
y/2 = fZ(xayl,yQW" ,yn)

(1) Vi du: yll =T+ 2y1 - 3y2
" vs = 7 = 3y1 + 4y,

Yn = Jn(@ y1,02, ).
2. Dgnh Iy vé su }:é“)n tai va duy nhét nghiém:
Néu céc gid thiét sau thda man:
e Cic ham fi(z,y1,92, - ,Yn) va a?f;(x7y1,y2,~-- ,Yn) lién tuc trén mién D C R,
o (z0,47,48, ,yn) €D.

Khi dé: Trong mét 1an cin nao dé cla xg, tdn tai duy nhit mét nghiém (y1,92, - ,yn) cla HPT
(1) sao cho 39 = y;(wo) véi moi i =1, n.
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Bai 4: Hé phuong trinh vi phan cip 1

3. Cac cach goi nghiém cha bai toan:
e Nghiém t8ng quat: Ta néi mét bd n ham s& (y1,ys,- - ,yn), trong dé
yi = gi(x,C1,Ca, -+ ,Cp) Vi i = T,n va C1,Cy,- -+, Oy 1a céc hang s bit ki, 1a nghiém
TQ cba HPT (1) néu:
i) (y1,Y2, " ,Yn) théa man HPT (1) véi moi C1,Cy, - ,Cy.

i) V6i moi (z0,4?, 49, ,4°) € D, ton tai Oy = CY, Cy = CY va C,, = CY sao cho
gi(20,CY,CY, -+ CY) = Y v6i moi i =1, n.
e Nghiém riéng |3 nghiém nhan dugc tir nghiém TQ khi cho cac hing sb Cy,Cq,---,C, cac gid
tri cu thé.

SAMI (HUST) - version 2023
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Bai 4: Hé phuong trinh vi phan cip 1

3. Cac cach goi nghiém cha bai toan:
e Nghiém t8ng quat: Ta néi mét bd n ham s& (y1,ys,- - ,yn), trong dé
yi = gi(x,C1,Ca, -+ ,Cp) Vi i = T,n va C1,Cy,- -+, Oy 1a céc hang s bit ki, 1a nghiém
TQ cba HPT (1) néu:
i) (y1,Y2, " ,Yn) théa man HPT (1) véi moi C1,Cy, - ,Cy.

i) V6i moi (z0,4?, 49, ,4°) € D, ton tai Oy = CY, Cy = CY va C,, = CY sao cho
gi(20,CY,CY, -+ CY) = Y v6i moi i =1, n.
e Nghiém riéng |3 nghiém nhan dugc tir nghiém TQ khi cho cac hing sb Cy,Cq,---,C, cac gid
tri cu thé.

4. Pua PTVP cip cao vé hé PTVP chuan tic cip 1 va ngudc lai
o X&t PTVP clpn: ¢ = f(a.y,9/,y" -y V).
Dityi =y, y2=9" -+, yn_1 =y"?, y, =y, PT trén tré thanh
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Bai 4: Hé phuong trinh vi phan cip 1

9'1 =Y2

yé =Y3

: — H& PTVP chuin téc cip 1
Yn—1="Yn

y;l = f(x7y17y2a"' ayn)

e Ngugc lai, mét hé PTVP chuan tic cAp 1 dua dugc v& PTVP cAp cao bing cach khit nhitng ham sb
chua biét tir cdc PT clia hé (Phuong phap kh).
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Bai 4: Hé phuong trinh vi phan cip 1

9'1 =Y2

yé =Y3

: — H& PTVP chuin téc cip 1
Yn—1="Yn

y;l = f(x7y17y2a"' ayn)

e Ngugc lai, mét hé PTVP chuan tic cAp 1 dua dugc v& PTVP cAp cao bing cach khit nhitng ham sb
chua biét tir cdc PT cta hé (Phuong phédp khtr).

Il. Phuang phép khir giai hé PTVP cép 1

1. Céch giai: Tir (n — 1) PT cha hg, ta riit (n — 1) ham sb theo 1 ham sb va thay vao PT con lai clia
hé. Gidi PT thu dugc, tir d6 xac dinh dugc nghiém TQ cla HPT.

dz 2% +y )
dr _ s
2. Vidu a){ gt b{y,_; i
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Bai 4: Hé phuong trinh vi phan cip 1

=2z+y (1)
y=3z+4y (2).
Tu (1) ta ¢é: y = 2’ — 2z, thay vao PT (2) ta dugc:

Gidi: a) HPT « {

(2 —2x) =3z +4(2x' —22) & 2" — 62" +5x=0. (x)

PT dic trung clia PT (%) 13: A2 — 6\ +5 = 0. Vi PT dic trung c6 2 nghiém phan biét \; =1 va
A2 =5, nén nghiém TQ cha PT (x) 1a 2 = Cie! + Cye’.
Khi dé:  y =2’ — 2z = Cie? + 5C2e® — 20 et — 2C2e% = —C1et + 3C,e™.

x = Cret + Cyed?

KL: Nghiém cta HPT d3 cho la
y = —Cet + 3Csed.
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