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Chuong 1: CHUOI

Bai 1: DAl CUGNG VE CHUOI SO
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Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 1a mdt chudi s6 va duoc ky higu 13 > a,,. Khi dé:

n=1
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Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 1a mdt chudi s6 va duoc ky higu 13 > a,,. Khi dé:

n=1

e a, dudc goi 13 sb hang téng quat.
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Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 1a mdt chudi s6 va duoc ky higu 13 > a,,. Khi dé:

n=1
e a, dudc goi 13 sb hang téng quat.
e S,=ai;+as+ -+ a, dugc goi la t(“;ng riéng thi n.
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Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 1a mdt chudi s6 va duoc ky higu 13 > a,,. Khi dé:

n=1
e a, dudc goi 13 sb hang téng quat.
e S,=ai;+as+ -+ a, dugc goi la t(“;ng riéng thi n.
o Néu day sb {S5,}52, ¢6 lim S, = S 13 mdt sb hitu han, thi ta néi chui hdi tu (HT), c6 tng bing
oo

S va viét Zan =5.

n=1
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V4

Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 13 mét chudi sb va dugc ky hiéu I3 Z a,. Khi dé:
n=1
e a, dudc goi 13 sb hang téng quat.
e S,=ai;+as+ -+ a, dugc goi la t(“;ng riéng thi n.
o Néu day sb {S5,}52, ¢6 lim S, = S 13 mdt sb hitu han, thi ta néi chui hdi tu (HT), c6 tng bing
oo

Svaviét Y " a, = S. Néu ddy sb {5,}52, khong cé gidi han hitu han, thi ta néi chudi phan ky
(PK).

n=1
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V4

Bai 1: Dai cuong vé chubdi sb

I. Cac dinh nghia va mét s vi du ban dau

Cho {a,}22, 13 mét day sb bAt ky. Téng v6 han cac sb hang

ay+ag+ -+ ap+ -

o0
dugc goi 1a mdt chudi s6 va duoc ky higu 13 > a,,. Khi dé:
n=1

an dusc goi 13 sb hang t8ng quat.

Sp =aj; +as+ -+ a, dugc goi la t(“;ng riéng thi n.

Néu day s6 {S,,}22, c6 lim S,, = S 13 m&t sb hitu han, thi ta néi chudi hdi tu (HT), c6 téng bing
oo

Svaviét Y " a, = S. Néu ddy sb {5,}52, khong cé gidi han hitu han, thi ta néi chudi phan ky
n=1

(PK).
R, =S — S, dugc goi 1a phan du thd n. Néu chudi HT, thi lim R,, = 0.
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Bai 1: Dai cuong vé chubdi sb

Vi du: Xét sy HT, PK v tinh téng (néu c6) clia cic chudi sau day:

o0
1) Y a.q"", véi a # 0 (Chudi hinh hoc).
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Bai 1: Dai cuong vé chubdi sb

Vi du: Xét sy HT, PK v tinh téng (néu c6) clia cic chudi sau day:

o0
1) Y a.q"", véi a # 0 (Chudi hinh hoc).

o S’IL = e n—1 17 n i
Gidi: Ta c6 a—i—aq—;— T .Dodé S, =a q (v6i g # 1) va
qSn =ag+aq”+---+aq" l—gq
a 7
—— néu gl <1
limsS, =< 1—¢ i a
00 néu |q| > 1.

e Néug=1th S, =an = lim S, = Foo tlly theo ddu clia a = Chudi PK.
s 0 né h& \ <
o Néug=—1thi S, = { MR CNAN . hong tdn tai lim S, = Chudi PK.
a néunlé

KL: Chu8i hinh hoc d3 cho HT va c6 t8ng bing . © néu gl <1, PK nu g > 1.
—4q
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Bai 1: Dai cuong vé chubdi sb

— 1
2) ;n(nwLQ)'
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V4

Bai 1: Dai cuong vé chubdi sb

— 1
2) ;n(nwLQ)'

1,1 1
Gii: Phan tich u,, = 7( ) Ta c6

2\n n+2
CRN VESR N WS S S N YO S L
"To\1 3 2 4 n n+2 2\1 2 n+4+l1 n+2

Do d6 lim S,, = 3/4. KL: Chudi da cho HT va c6 téng bing 3/4.
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V4

Bai 1: Dai cuong vé chubdi sb

— 1
2) ;n(nwLQ)'

1,1 1
Gii: Phan tich u,, = 7( ) Ta c6

2\n n+2
CRN VESR N WS S S N YO S L
"To\1 3 2 4 n n+2 2\1 2 n+4+l1 n+2

Do d6 lim S,, = 3/4. KL: Chudi da cho HT va c6 téng bing 3/4.
o 1 N
3) ) = (Chudi diéu hoa).
—'n
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V4

Bai 1: Dai cuong vé chubdi sb

— 1
2) ;n(nwLQ)'

1,1 1
Gii: Phan tich u,, = 7( ) Ta c6

2\n n+2
CRN VESR N WS S S N YO S L
"To\1 3 2 4 n n+2 2\1 2 n+4+l1 n+2

Do d6 lim S,, = 3/4. KL: Chudi da cho HT va c6 téng bing 3/4.
o 1 N
3) ) = (Chudi diéu hoa).
—'n

Gidi: V6i 1 < m € N bt ky, chon n > 2™t ta duoc

Su> 1t s b st
" 2 3 2m+l
:1+1+(1+1)+<}+1+1+1>+...+( ! +...+L>
2 3 4 5 6 7 8 2m 41 2m+l1

1 )
—1+%:>hms — 5 = Chudi PK.

1.1 1
T+ 42- 442 4---+2™
1452 gt + 2"
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Bai 1: Dai cuong vé chubdi sb

Il. Diéu kién can dé chuoi HT

e Dinh ly: Néu chudi > " a, HT, thi lima, = 0.

n=1
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Bai 1: Dai cuong vé chubdi sb

Il. Diéu kién can dé chuoi HT

e Dinh ly: Néu chudi > " a, HT, thi lima, = 0.

n=1

CM: Tacdba, =85, — Sp—1. Vi Zan HT nén tén tai lim S, = S (htru han) = 1lim S,,—; = S.
n=1

Do dé, lima,, = im(S, — Sp_1) = lim S, — im S,_1 = S — S = 0.
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Bai 1: Dai cuong vé chubdi sb

Il. Diéu kién can dé chuoi HT

e Dinh ly: Néu chudi > " a, HT, thi lima, = 0.

n=1

CM: Tacdba, =85, — Sp—1. Vi Zan HT nén tén tai lim S, = S (htru han) = 1lim S,,—; = S.
n=1

Do d6, lima, = lim(S, — Sp_1) = lim S, —limS,_1 =S — S = 0.
o0
e Chi y: Chiéu ngugc lai 13 khéng ding, tdc 13: Néu lim a,, = 0 thi chudi > " an chua chic HT.

n=1

. s 1 1 N
Vi du: Chudi diéu hda » = c6 lima,, = lim = = 0 nhung chudi ndy PK (theo vi du truéc).
n n

n=1
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V4

Bai 1: Dai cuong vé chubdi sb

Il. Diéu kién can dé chuoi HT

e Dinh ly: Néu chudi > " a, HT, thi lima, = 0.

n=1

CM: Tacdba, =85, — Sp—1. Vi Zan HT nén tén tai lim S, = S (htru han) = 1lim S,,—; = S.
n=1

Do dé, lima,, = im(S, — Sp_1) = lim S, — im S,_1 = S — S = 0.

o0
e Chii y: Chiéu nguoc lai 13 khdng diing, tic 1a: Néu lim a,, = 0 thi chudi ) _ a, chua chic HT.
n— oo

n=1

. s 1 1 N
Vi du: Chudi diéu hda » = c6 lima,, = lim = = 0 nhung chudi ndy PK (theo vi du truéc).
n n

n=1

e Phua dinh: Néu lim a,, # 0 ho3c Alim a,,, thi chudi Z an PK.

n=1

(-1)™ (PK do #limay,,).

NE

2n—1
Vi du: a) Z3Z+2 (PK do lima, = 2/3 #0) b)
n=1

n=1
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V4
~

Bai 1: Dai cuong vé chubdi sb

I1l. Céac tinh chat co ban cta chudi so

e Tinh HT, PK cda chudi sb khéng thay d8i khi ta bét di mét sb hitu han sé hang dau tién, tac I3

o0 o0
> anvad Y an (v6i moi Ny > 1) cling tinh chat HT hosc PK.

n=1 n=No
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Bai 1: Dai cuong vé chubdi sb

I1l. Céac tinh chat co ban cta chudi so

e Tinh HT, PK cda chudi sb khéng thay d8i khi ta bét di mét sb hitu han sé hang dau tién, tac I3

o0 o0
> anvad Y an (v6i moi Ny > 1) cling tinh chat HT hosc PK.
n=1 n=No

e Néu Zan:Sl va an:Sg,th‘lvéi moi «, 5 € R ta c6 Z aay + Bby) = aS1 + 5Ss.

n=1 n=1 n=1
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Bai 1: Dai cuong vé chubdi sb

I1l. Céac tinh chat co ban cta chudi so

e Tinh HT, PK cda chudi sb khéng thay d8i khi ta bét di mét sb hitu han sé hang dau tién, tac I3

o0 o0
> anvad Y an (v6i moi Ny > 1) cling tinh chat HT hosc PK.
n=1 n=No

ONeuZan—SlvaZb = Sy, thi véi moi «, 5 € R ta cb Zaan—i—ﬂb = aS; + 895,.

n=1 n=1 o, n=1
Bai tap: Xét sy HT, PK cta chubi sb sau:
= 2n+1 . o 1 1
].) ; m (HT bang cach phan tich Ay = ﬁ — m)

2) i (”+2)" (PK v liman:e;«éO).
)Z(

) (PK vilima, =1# 0)
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Chuong 1: CHUOI

Bai 2: CHUOI SO DUGNG
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Bai 2: Chubi s6 dudng

oo
e Dinh nghia: Chudi > a,, dugc goi 1a mét chudi sb duong néu a,, > 0, Vn > 1.
n=1
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Bai 2: Chudi s6 duong

e Dinh nghia: Chudi > a,, dugc goi 1a mét chudi sb duong néu a,, > 0, Vn > 1.
n=1
e Chu y: Chudi sb duong Zan HT < S,, bi chin (do tinh chit don diéu cla day sé).

n=1
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Bai 2: Chudi s6 duong

oo
e Dinh nghia: Chudi > a,, dugc goi 1a mét chudi sb duong néu a,, > 0, Vn > 1.
n=1

Chii y: Chudi sb duong Zan HT < S,, bi chin (do tinh chit don diéu cta day so).

n=1

I. Cac tiéu chuan so sanh

1. Tiéu chuin so sanh 1: Cho 2 chudi sb duong Z ap va Z b,, thda man

n=1 n=1

a, < bn véi moi n > No € N.

Khi dé: Zb HT:>Zan HT Zan PK:>Zb PK.
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Bai 2: Chudi s6 duong

e Dinh nghia: Chudi > a,, dugc goi 1a mét chudi sb duong néu a,, > 0, Vn > 1.
n=1
e Chi y: Chudi sb duong Zan HT < S,, bi chin (do tinh chit don diéu cta day so)
n=1

I. Cac tiéu chuan so sanh

oo oo
1. Tiéu chuin so sanh 1: Cho 2 chudi sb duong Z ap va Z b,, thda man
n=1 n=1

a, < bn véi moi n > No € N.

Khi dé: Zb HT:>Zan HT Zan PK:>Zb PK.

CM: Coi No—l,tugla thletta coAn—al—i-ag—i— +an§b1+b2+---+bn:Bn. Néu

Z b, HT, thi tén tai lim B,, = B va B,, < B véi moi n. Do d6, A,, bi chin trén. Vi A,, 13 day

n=1

oo
tang, nén ton tai lim A,, = A = Chudi Z an HT. Tuong tu cho trudng hgp con lai.

n=1
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2n 41

n=1 =

=1 1 1 > 1
Vidu:a) Y HT do a, = o= < by = 5o v Y b, HT (chusi hinh hoc véi ¢ = 5).
n=1

oo 1 1 1 o ~ N
D> - PKdoan = — > by = — (Vi Inn < n véi moi n > 2) v3 > by PK (chudi diéu hoa).
n=2 n=1
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Bai 2: Chudi s6 duong

o0 o0
1 1 1 . 1
Vidu:a)Y o HTdoa,= 5 <by=o-va > by HT (chuai hinh hoc vc’jiq:7>.
2oy o+ 1 2n " 2 2

oo 1 1 1 o ~ N
D> - PKdoan = — > by = — (Vi Inn < n véi moi n > 2) v3 > by PK (chudi diéu hoa).
n=2

n=1

oo [ee]
2. Tiéu chuin so sanh 2: Cho 2 chudi sb duong Z ay V3 Z b, théa man: lim % =L € (0,00).

n=1 n=1 n

Khidé: > a,va » b, cling HT hosc cling PK.

n=1 n=1
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Bai 2: Chudi s6 duong

1 1 1 PN "
HT do ay = gy < b = 5o v ;bn HT (chudi inh hoc v6i g = 5 ).

o0
Vidu:a) ) - =
Le2n 41 —
1 = Xo ah
n=— (Vilnn <n véi moin >2)va y b, PK (chudi didu hda).

= 1 1
DS — PKdoan= — >b,=-
)7;2 Inn ca Inn n ot
oo [ee] a
2. Tiéu chuan so sanh 2: Cho 2 chudi sb duong Z an Va Z b, thda man: lim b—" =L € (0,00)
n=1 n=1 n

Khidé: > a,va » b, cling HT hosc cling PK.

n=1 n=1

. a N . . A .4
CM: Vi lim — = L nén véi moi £ > 0, ton tai s Ny € N sao cho

Z”—L‘<5©L—e<§"<L+a<:>(L—s)bn<an<(L+e)ann2N0.

K&t hop bt ding thiic ndy va Tiéu chuin so sénh 1, ta ¢ diéu phai chiing minh.

SAMI (HUST) - version 2023
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Bai 2: Chubi sé du’o‘ng

n?—1 1 a 1 =

Vi du: PK do a,, = ——— va xét b, = — c6 lim — = =. Vi vay, an Va
’ Z \/4n5+n VAand +n Vn b, 2 Y nZ::l

oo 1 oo ~ . oo
b,, cu HT hoac PK. Mat khéc, b,, > ¢,, = — va . PK (chudi diéu hoa) = b, PK.

;::1 cling oic 3 ac c - va nz::lc (chudi diéu hoa) nz::l
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Bai 2: Chubi sé du’o‘ng

2

n®—1 1 an 1
Vi du: PK do a,, = ——— va xét b,, = — ¢6 lim — = — vy, a, va
i Z \/4715 +n VAan® +n vn by 2 Z
oo 1 oo ~ R
E b, cung HT hodac PK. M3t khac, b, > ¢, = — va E ¢n PK (chudi diéu hoa) = E b, PK.
n
n=1 n=1 n 1
142" 1427 2
b) nEZI ﬁ HT do Ay = Jj va xét bn = (g) cé hm — =1.WVi Vay, E (7% va E b

Rad N 2
cing HT hogc PK. Mt khc, S b, HT <chu6i hinh hoc véi ¢ = g)-

Vién Toan (ng dung va Tin hoc (DHBKHN) SAMI (HUST)
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Bai 2: Chubi sé du’o‘ng

Ej WL et by = 6 tim O = L vay, § 3
——— vaxéth, = — im -2 = - Qp V
\/4715 +n Vian® +n vn b 2
oo 1 oo ~ .
b,, cu HT hoac PK. Mat khéc, b,, > ¢,, = — va . PK (chudi diéu hoa) = b, PK.
E cling oic 3 ac c - va E c (chudi diéu hoa) E

n=1 n=1 n 1

Vi du: PK do a, =

= 1427 1420 2
b)ZﬁHTdoan:ﬁvéxétbn:(g) cohm—:l V‘vay,ZanvaZb
n=1

Rad N 2
cing HT hogc PK. Mt khc, S b, HT <chu6i hinh hoc véi ¢ = g)-
Chi y: -
e Néu L = 1 thi ta viét a,, ~ b,,.

oNéuLZOth‘libn HT:ianHT, ianPKéianK.
n=1 n=1

n=1 n=1

oNéuL:oothiianHTéianT, ianKiianPK.
n=1 n=1

n=1 n=1
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Bai 2: Chudi s6 duong

Il. Cac tiéu chuin dién hinh khac
1. Tiéu chuan D’Alembert, Tiéu chuin Cauchy:

Cho chubi sb duong Z ap va lim il _ g, (D'Alembert) hodc lim {/a,, = L (Cauchy).

a/n,
n=1
Khidé: eL<1=> a,HT eL>1=> a,PK
n=1 n=1
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Bai 2: Chudi s6 duong

Il. Cac tiéu chuin dién hinh khac
1. Tiéu chuan D’Alembert, Tiéu chuin Cauchy:

Cho chubi sb duong Z ap va lim il _ g, (D'Alembert) hodc lim {/a,, = L (Cauchy).

a/TI,
n=1
Khidé: eL<1=> a,HT eL>1=> a,PK
n=1 n=1

CM: Ta chi can chiing minh cho TC D’Alembert vi TC Cauchy dugc chitng minh tuong tu. Theo gia

. @ ~ . . A . A a
thidt lim L — L nén véi moi € > 0 tdn tai s6 Ny sao cho L — e < ntl < L+e, Vn> Ny.
A, Gnp,

e Néu L < 1, chon £ d0 nhd sao cho L+ < 1. Coi Ng =1, ta c6

an < (L+e)ay—1 < (L+e)ano<- - <a(L+e)" = Lcig.(L+5)" = by, Vn > 1.

oo (oo}
Vi'» b, HT (chudi hinh hoc véi ¢ = L +¢) nén » _ a,, ciing HT (theo TCSS 1).
n=1 n=1

e N&u L >1, chon € dd nhd sao cho L — e > 1. Tuong tu nhu trén, ta cé didu phdi chiing minh.
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ai 2: Chubi s6 duong

o Vi dU' Xét sy HT, PK cla céc chudi sb sau:

n . 2
)Z HTtheoTcDA|embertdoL_hma“:hm—:0<1.
A, n -+ 2
3” . , . An+41 . 3 3
b) Z PK theo TC D'Alembert do L = lim =lim— " == > 1.
n=1 nr n (1 + %) ¢
= 3n2—1 \n , ) 3n?—1 3
C) ngl (m) PK theo TC Cauchy do L = lim Ay = hmm = 5 > 1.
oo 2\ n(n+4) 9\ n+4d
d) S (213) HT theo TC Cauchy do L = lim /@, = lim (213) —e <

3
Il
-
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ai 2: Chubi s6 duong

o Vi dU' Xét sy HT, PK cla céc chudi sb sau:

n . 2
a) § HTtheoTcDA|embertdoL_hma“:hm—:0<1.
an, n+2
3” . , . An+41 . 3 3
b) E PK theo TC D'Alembert do L = lim =lim——5 =->1.
nn an (1+7)" e
c) EOO ( ) PK theo TC Cauchy do L = lim /a —limﬂ—§>l
2n27n+1 yeo L= nT Mo 1T 2T

n+2)"+4 1
=e

2\ " (n+4)
d) Z (2 i ) HT theo TC Cauchy do L = lim /@y = lim (n+ .

n—+3

e Chi y: Théng thudng, chudi cé chia ddu giai thira ta 4p dung TC D'Alembert va chudi cé chita
mil bac n ta 4p dung TC Cauchy. Dic biét, néu L = 1, thi ta chua c6 két ludn tinh chit HT, PK.
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Bai 2: Chudi s6 duong

Cau hdi: C6 hay khéng méi lién hé giita

o b [es} n
f(x)dx = lim/ f(x)dx va an, = lim ag?
|t = jim [ s 2 an = lim D
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Bai 2: Chudi s6 duong

Chu hoi: C6 hay khéng méi lién hé giita
[e'e] b o] n
f(z)dz = lim / f(x)dx va ap, = lim ag?

2. Tiéu chudn tich phan: Néu ham s& f(x) lién tuc, duong, gidm trén khodng [Ny, o) thda man
f(n) = ay, thi

flz)dx va Z a, cung HT hodc cung PK.
No n=Ng
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Bai 2: Chudi s6 duong

Chu hoi: C6 hay khéng méi lién hé giita
[e'e] b o] n
f(z)dz = lim / f(x)dx va ap, = lim ag?

2. Tiéu chudn tich phan: Néu ham s& f(x) lién tuc, duong, gidm trén khodng [Ny, o) thda man
f(n) = ay, thi

flz)dx va Z a, cung HT hodc cung PK.
No n=Ng
CM: Coi Nyg = 1. Vi f(z) 1a ham sb giam nén

ani1=fn+ 1)< flx) < f(n)=a, vize€n,n+1van=1,2---
n+1
L3y tich phan tir n dén n+ 1 cla cic vé ta duoc apy1 < / f@)dx <a, véin=1,2---.Khidé:

n

2 3 M
a2—|—a3—|—--~+aM§/f(x)dx+/ f(m)dx+~-+/ f@dx <a;+as+---+apy—1
1 2 M-1
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Bai 2: Chudi s6 duong

M
hay SM*CL1:GQ+&3+"'+GMS/ flx)dr <ay+az+---+ap—1=Su—1.
1
7 o0 M 7
. Néu/ f(z)dz HT:>IV}im / f(z)dx =S = Spr — ay 1a mot diy so ting va bi chin trén bdi
1 —J1

S nén ton tai lim (Sar —ay) = A = Chudi Zan HT (hon nita c6 téng bing A +ay).
M— o0

n=1

0 M 00
e Néu /1 f(z)dz = A}l_r)noo/l f(x)de = 00 = A}l_r}rloo Spr—1 = oc. Chudi Z an PK.

n=1
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Bai 2: Chudi s6 duong

M
hay SM*CL1:GQ+&3+"'+GM§/ flx)dr <ay+az+---+ap—1=Su—1.
1
7 o0 M 7
. Néu/ f(z)dz HT:>IV}im / f(z)dx =S = Spr — ay 1a mot diy so ting va bi chin trén bdi
1 —J1

S nén ton tai lim (Sar —ay) = A = Chudi Zan HT (hon nita c6 téng bing A +ay).
M— o0

=1
, o] M " B 00
e Néu /1 f(z)dz = A}l_r)noo/l f(x)de = 00 = A}l_r}rloo Sar—1 = 00. Chudi ;an PK.
=1 1
Vidu: a)) PK béi xét ham sb f(x) = trén [2,00) thda man céc dk ctia TC Tich

B zvInz

—ynVvinn

o0 0
phéan vé/ f(x)dxz%/lnx‘z = 00.
2
oo

1 x . . P
b) Z s véi s € R (Chudi Riemann) HT néu s > 1, PK néu s < 1. Ggi y: Xét ham s6 f(z) = —
n=1

trén [1,00) va ap dung TC Tich phan néu s > 0. Néu s < 0 = lima,, # 0.
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Chuong 1: CHUOI

Bai 3: CHUOI SO CO SO HANG VGI DAU BAT KY
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

I. Hoi tu tuyét d6i va ban hdi tu

o0
1. Dinh nghia: Cho chudi s6 ) _ a,, véi céc sb hang a,, c6 dau bat ky. Khi dé:

n=1

o ) a, dugc goi 1a hdi tu tuyét dbi (HTTD) néu > |an| HT.

n=1 n=1
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

I. Hoi tu tuyét d6i va ban hdi tu

o0
1. Dinh nghia: Cho chudi s6 ) _ a,, véi céc sb hang a,, c6 dau bat ky. Khi dé:

n=1

o ) a, dugc goi 1a hdi tu tuyét dbi (HTTD) néu > |an| HT.

n=1 n=1

oo (oo} (oo}
e > a, dugc goi 1a ban hodi tu (BHT) néu )~ |a,| PKva > a, HT.

n=1 n=1 n=1

SAMI (HUST) - version 2023
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

I. Hoi tu tuyét d6i va ban hdi tu

o0
1. Dinh nghia: Cho chudi s6 ) _ a,, véi céc sb hang a,, c6 dau bat ky. Khi dé:

n=1

o ) a, dugc goi 1a hdi tu tuyét dbi (HTTD) néu > |an| HT.

nozol ~ n=1 -
e > a, dugc goi 1a ban hodi tu (BHT) néu )~ |a,| PKva > a, HT.
n=1 n=1 n=1

. sinn
Vidu: a)> ——— AHTTD vi |a,| =
— Vnd +1

| sinn| 1 1 o
~ — =b, va b, HT.

D> —— 1A BHT v D lanl =) ~ PK v > " an HT (theo TC Leibniz, ta CM sau).
n=1 n=1 n=1 n=1

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

I. Hoi tu tuyét d6i va ban hdi tu

o0
1. Dinh nghia: Cho chudi s6 ) _ a,, véi céc sb hang a,, c6 dau bat ky. Khi dé:

n=1

o ) a, dugc goi 1a hdi tu tuyét dbi (HTTD) néu > |an| HT.

nozol ~ n=1 -
e > a, dugc goi 1a ban hodi tu (BHT) néu )~ |a,| PKva > a, HT.
n=1 n=1 n=1

. sinn
Vidu: a)> ——— AHTTD vi |a,| =
— Vnd +1

| sinn| 1 1 o
~ — =b, va b, HT.

D> —— 1A BHT v D lanl =) ~ PK v > " an HT (theo TC Leibniz, ta CM sau).
n=1 n=1 n=1 n=1

2. Dinh ly: Néu > " a, HTTD, thi > " a, HT.

n=1 n=1
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

CM: D5t S, =a1+as+---+a, vaT, =lar|+ |az] + -+ |an]|, ta cb

Sp+Tn = (a1 + |a1]) + (a2 + [az]) + -+ + (an + [an])
< 2lai| 4 2laz| + - -+ + 2|a,| < 27T,

o0 [o ]
6dé T = Z |an] (do Z an HTTD) = {S, + Th } nen la mot diy s6 ting va bj chin trén, nén ton
n=1 n=1

tai A =lim(S, +7,) = lim S, = A~ limT,, = A — 7. Chudi > a, HT va c6 téng bing A —T.

n=1
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V4

Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

CM: D5t S, =a1+as+---+a, vaT, =lar|+ |az] + -+ |an]|, ta cb

Sp+Tn = (a1 + |a1]) + (a2 + [az]) + -+ + (an + [an])
< 2lai| 4 2laz| + - -+ + 2|a,| < 27T,

o0 [o ]
6dé T = Z |an] (do Z an HTTD) = {S, + Th } nen la mot diy s6 ting va bj chin trén, nén ton
n=1 n=1

tai A =lim(S, +7,) = lim S, = A~ limT,, = A — 7. Chudi > a, HT va c6 téng bing A —T.

n=1

3. Ch

[=2Y

9

oo
o Né&u Z |an| PK, thi " a,, c6 thé HT hogc PK.

n=1 n=1

Vi du: a)Z\/% b)z(_

n=1 n=1

n
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V4

Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

CM: D5t S, =a1+as+---+a, vaT, =lar|+ |az] + -+ |an]|, ta cb

Sp+Tn = (a1 + |a1]) + (a2 + [az]) + -+ + (an + [an])
< 2lai| 4 2laz| + - -+ + 2|a,| < 27T,

o0 [o ]
6dé T = Z |an] (do Z an HTTD) = {S, + Th } nen la mot diy s6 ting va bj chin trén, nén ton
n=1 n=1

tai A =lim(S, +7,) = lim S, = A~ limT,, = A — 7. Chudi > a, HT va c6 téng bing A —T.
n=1

3. Ch

[=2Y

9

oo
o Né&u Z |an| PK, thi " a,, c6 thé HT hogc PK.

n=1 n=1
Vidu: a)) D>
n=1 n+1 n=1

o Néu an theo tidu chuan D'Alembert odc tiéu ¢ uan Cauc , thi ay .
Néu > " |an| PK th huan D’Alembert h huan Cauchy, thi > " a, PK

n=1 n=1

n
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Bai 3: Chubi s s6 hang véi dau bat ky

e TC D'Alembert, TC Cauchy (mé rong): lim [t = L ho&c lim {/|a,| =L, ta cb
a

|an]

HhL<1l= i |an], ian cung HT i) L>1= i lan], ian cung PK.

n=1 n=1 n=1 n=1
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Bai 3: Chubi s s6 hang véi dau bat ky

e TC D'Alembert, TC Cauchy (mé rong): lim [t = L ho&c lim {/|a,| =L, ta cb
a

|an]

H)L<1l= i |an], ian cung HT i) L>1= i lan], ian cung PK.

n=1 n=1 n=1 n=1

Il. Chudi s6 dan dau

1. Dinh nghia: Chudi sb dan diu 13 chudi s6 c6 dang Y "(—1)"'ay véi a, >0, ¥n > 1.

n=1
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Bai 3: Chubi s s6 hang véi dau bat ky

e TC D'Alembert, TC Cauchy (mé rong): lim [t = L ho&c lim {/|a,| =L, ta cb
a

|an]

H)L<1l= i |an], ian cung HT i) L>1= i lan], ian cung PK.

n=1 n=1 n=1 n=1

Il. Chudi s6 dan dau

1. Dinh nghia: Chudi sb dan diu 13 chudi s6 c6 dang Y "(—1)"'ay véi a, >0, ¥n > 1.

n=1

o0
e Cha y: Z "an Vi an > 0, Vn > 1 ciing 13 mét chudi sé dan diu.
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Bai 3: Chubi s s6 hang véi dau bat ky

e TC D'Alembert, TC Cauchy (mé rong): lim [t = L ho&c lim {/|a,| =L, ta cb
a

|an]

H)L<1l= i |an], ian cung HT i) L>1= i lan], ian cung PK.

n=1 n=1 n=1 n=1

Il. Chudi s6 dan dau

1. Dinh nghia: Chudi sb dan diu 13 chudi s6 c6 dang Y "(—1)"'ay véi a, >0, ¥n > 1.

n=1
o0
e Cha y: Z "an Vi an > 0, Vn > 1 ciing 13 mét chudi sé dan diu.
2. Dinh ly (Tiéu chuén Lelbmz) Néu {a,}52, la mét day duong, gidm va lima, = 0 thi
Z(—l)"*lan HTva0 < Z(—l)"*lan <aj.
n=1 n=1
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Bai 3: Chubi s s6 hang véi dau bat ky

e TC D'Alembert, TC Cauchy (mé rong): lim [t = L ho&c lim {/|a,| =L, ta cb
a

|an]

H)L<1l= i |an], ian cung HT i) L>1= i lan], ian cung PK.

n=1 n=1 n=1 n=1

Il. Chudi s6 dan dau

1. Dinh nghia: Chudi sb dan diu 13 chudi s6 c6 dang Y "(—1)"'ay véi a, >0, ¥n > 1.

n=1
o0
e Cha y: Z "an Vi an > 0, Vn > 1 ciing 13 mét chudi sé dan diu.
2. Dinh ly (Tiéu chuén Lelbmz) Néu {a,}52, la mét day duong, gidm va lima, = 0 thi
Z(—l)"*lan HTva0 < Z(—l)"*lan <aj.
n=1 n=1

CM: Xét day téng riéng Sa,, cd

Sont2 = (a1 —a2) + (ag — as) + -+ + (@2n — G2nt2) > Son.
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M3t khac

Son = a1 — (az - as) — (a2n—2 - a2n—1) —agy < ay.

Nhu vay, day téng riéng chdn {S2,} 12 mot day sb ting va bj chin trén bdi a; nén tdn tai
lim Sy, = S < ay. Xét didy téng riéng 1€ So,, 11 = Sap, + aopy1 NéN

lim SQn—i—l = lim Sy,, + lim aop4+1 = S+0=S5=1msS, =5.
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Bai

M3t khac
Son = a1 — (az - as) — (a2n—2 - a2n—1) —agy < ay.

Nhu vay, day téng riéng chdn {S2,} 12 mot day sb ting va bj chin trén bdi a; nén tdn tai
lim Sy, = S < ay. Xét didy téng riéng 1€ So,, 11 = Sap, + aopy1 NéN

lim SQn—i—l = lim Sy,, + lim aop4+1 = S+0=S5=1msS, =5.

Vi du: Xét sy HTTD, BHT cla céc chudi sb sau:

@) Z(il)nili la BHT vi Z |an| = Z — PKva Zan HT (theo TC Leibniz).
n n
n;l . n=1 n=1 ) nzll ) N
b) n:l(_l)ntan = la HTTD vi |a,| = tan v e B b, va nz::lbn HT (Chuai

: .3 =
Riemann véi s = 3> 1) = nzz:l |an| HT (theo TCSS 2).
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

Il. Tinh chit cGa chudi HTTD, BHT

o N&u mét chudi 13 HTTD c6 téng bing S, thi khi ta thay d&i tht tu clia cc sb hang clia chudi dé
hodc nhém mét cach tuy y cic so hang, ta dugc mot chudi méi ciing HTTD va cé tong bi“mg S.
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

Il. Tinh chit cGa chudi HTTD, BHT

o N&u mét chudi 13 HTTD c6 téng bing S, thi khi ta thay d&i tht tu clia cc sb hang clia chudi dé
hodc nhém mét cach tuy y cac sb hang, ta dugc mot chudi méi ciing HTTD va cé téng bf?mg S.

e Néu mot chudi 1a BHT, thi ta c6 thé thay déi thir tu clia cic sb hang clia chudi dé dé tao ra mét
chudi méi HT ¢4 t8ng bing mét sb bat ky hosc tré nén PK.
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

Il. Tinh chit cGa chudi HTTD, BHT

o N&u mét chudi 13 HTTD c6 téng bing S, thi khi ta thay d&i tht tu clia cc sb hang clia chudi dé
hodc nhém mét cach tuy y cic so hang, ta dugc mot chudi méi ciing HTTD va cé tong bf?mg S.
e Néu mot chudi 1a BHT, thi ta c6 thé thay déi thir tu clia cic sb hang clia chudi dé dé tao ra mét
chudi méi HT c¢6 tbng bang mot so bat ky hodc tré nén PK.
o0 oo
e Tich ctia hai chudi: Cho hai chudi » " a, va » b, bit ky. Khi dé:

n=1 n=1

(i an> <§: bn> = icn, trong dé ¢, = zn:akanrl_k.
n=1

k=1
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Bai 3: Chudi sb6 c6 s6 hang véi dau bat ky

Il. Tinh chit cGa chudi HTTD, BHT

o N&u mét chudi 13 HTTD c6 téng bing S, thi khi ta thay d&i tht tu clia cc sb hang clia chudi dé
hodc nhém mét cach tuy y cic so hang, ta dugc mot chudi méi ciing HTTD va cé tong bf?mg S.
e Néu mot chudi 1a BHT, thi ta c6 thé thay déi thir tu clia cic sb hang clia chudi dé dé tao ra mét
chudi méi HT c¢6 tbng bang mot so bat ky hodc tré nén PK.
o0 oo
e Tich ctia hai chudi: Cho hai chudi » " a, va » b, bit ky. Khi dé:

n=1 n=1

(Z an> <Z b ) = icn, trong dé ¢, = zn:akanrl_k.
n=1

k=1

Tinh chét: Néu » " a, HTTD 6 ) |an| = S1va > b, HTTD 6 > [by| = S, thi

n=1 n=1
oo oo
> en cling HTTD va 6 > [eq| = S1.5.
n=1 n=1
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Chuong 1: CHUOI

Bai 4: CHUOI HAM SO
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Bai 4: Chudi ham sb

I. Chudi ham sb HT, PK

1. Dinh nghia: Cho ddy cac ham sb {u,(x)}22, x4c dinh trén tap D. Téng v6 han cic ham sb

uy (@) + uz(z) + - 4 up(z) + - -

o0
duoc goi 13 mot chudi ham sb va dugc ky higu 13 ) up ().

n=1
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Bai 4: Chudi ham sb

I. Chudi ham sb HT, PK

1. Dinh nghia: Cho ddy cac ham sb {u,(x)}22, x4c dinh trén tap D. Téng v6 han cic ham sb

uy (@) + uz(z) + - 4 up(z) + - -

duoc goi 13 mét chudi ham sb va dugc ky hiéu I3 Zun . Khi dé:

n=1

e Chudi ham sb Zun HT tai 2o € D < Chudi sb Zun (zo) HT.

n 1 n 1
e Chui ham sb Zun ) PK tai 29 € D < Chudi sb Zun xo) PK.
n=1 n=1
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Bai 4: Chudi ham sb

I. Chudi ham sb HT, PK

1. Dinh nghia: Cho ddy cac ham sb {u,(x)}22, x4c dinh trén tap D. Téng v6 han cic ham sb

uy (@) + uz(z) + - 4 up(z) + - -

duoc goi 13 mét chudi ham sb va dugc ky hiéu I3 Zun . Khi dé:

n=1

e Chudi ham sb Zun HT tai 2o € D < Chudi sb Zun (zo) HT.

n 1 n 1
e Chui ham sb Zun ) PK tai 29 € D < Chudi sb Zun xo) PK.
n=1 n=1

e Tap hop cic diém HT cha chudi ham sé dugc goi 13 mién HT.
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Bai 4: Chubdi ham sb

2. Vi du: Xac dinh mién HT cla cic chudi ham sb6 sau:

a) Y 2"~ Gidi: TXD: R. Loy o € R, ta xét chudi sb > af~'. Chudi hinh hoc nay HT néu
n n=1

=1
lzo| <1 e 20 € (—1,1) va PK néu |zo| > 1 & 20 € (—00, —1] U [1,00). KL: MHT= (—1,1).

1 ) ey ) ,
b) Z ne Giai: TXD: R. Lay 29 € R, ta xét chudi s6 Z v Chudi Riemann nay HT néu
n=1 n=1

zo > 1 va PK néu 2y < 1. KL: MHT= (1, c0).
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Bai 4: Chubdi ham sb

2. Vi du: Xac dinh mién HT cla cic chudi ham sb6 sau:

"1 Gidi: TXD: R. Ly 29 € R, ta xét chui s6 > af~". Chui hinh hoc ndy HT néu
n=1 n=1
lzo| <1<z € (— 11)véPKnéu|x0|>1®x0€(— ,—1]U[1,00). KL: MHT= (—1,1).

Mg

1
b) Z vl Gidi: TXD: R. Ldy 2o € R, ta xét chudi sb Z ——. Chudi Riemann nay HT néu
n=1

xo > 1 va PK néu o < 1. KL: MHT= (1, c0).
3. Cha y:

e T8ng cia Zun ) 1a ham s& S(z) xac dinh trong mién HT cla né.

n=1
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Bai 4: Chubdi ham sb

2. Vi du: Xac dinh mién HT cla cic chudi ham sb6 sau:

"1 Gidi: TXD: R. Ly 29 € R, ta xét chui s6 > af~". Chui hinh hoc ndy HT néu

n=1 n=1
zo] <1 e x9 € (—1,1) va PK néu |ac0|>1(:>x0€(— ,—1]JU1,00). KL: MHT= (—1,1).

Mg

1
b) Z — . Gidi: TXD: R. L4y 2y € R, ta xét chudi sb Z ——. Chudi Riemann nay HT néu

n=1
xo > 1 va PK néu o < 1. KL: MHT= (1, c0).

3. Cha y:
e T8ng cia Zun ) 1a ham s& S(z) xac dinh trong mién HT cla né.
n=1
oo
o V&i m3i z thudc mién HT, ta néi chudi ham s8 Y~ u,(2) HT diém tai x, tifc Ia Ve > 0
n=1

3Ny = No(e,z0) € N sao cho

1S (20) — S(z0)| <& ¥n> Np.

SAMI (HUST) - version 2023
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Bai 4: Chudi ham sb

Il. Chudi ham sé HT déu

1. Dinh nghia: Chudi ham sb Zun(x) duoc goi 1a HT déu trén tap D dén ham sb S(z) néu Ve > 0
n=1

I Ny = Ny(e) € N sao cho

|Sn(z) — S(z)| <e Vn>NyvaVaeeD.
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Bai 4: Chudi ham sb

Il. Chudi ham sé HT déu

1. Dinh nghia: Chudi ham sb Zun(x) duoc goi 1a HT déu trén tap D dén ham sb S(z) néu Ve > 0
n=1

I Ny = Ny(e) € N sao cho
|Sn(z) — S(z)| <e Vn>NyvaVaeeD.

e Y nghia hinh hoc: V&i n dii 16n, S,,(2) n8m hoan toan trong dai (S(z) — e, S(z) +¢), Yz € D.
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Bai 4: Chudi ham sb

Il. Chudi ham sé HT déu

1. Dinh nghia: Chudi ham sb Zun ) dugc goi la HT déu trén tap D dén ham sb S(x) néu Ve >0

n=1

I Ny = Ny(e) € N sao cho
|Sn(z) — S(z)| <e Vn>NyvaVaeeD.

e Y nghia hinh hoc: V&i n dii 16n, S,,(2) n8m hoan toan trong dai (S(z) — e, S(z) +¢), Yz € D.
2. Tiéu chuin danh gia sy HT déu:

° Tiéu chun Cauchy:

Zun HT déu trén tap D < Ve > 0 3Ny = Ny(e) € N sao cho

|Sp(x) — Sq(z)| <e, Vp>g>NoyvaVzeD.
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Bai 4: Chudi ham sb

e Tiéu chuin Weierstrass: N&u cic gi3 thiét sau théa man:
i) |un(z)| < an, Vn>mnovaVeeD,
o0

ii) > an HT,
n=1

thi ) up(2) HTTD va HT déu trén tap D.
n=1

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 4: Chudi ham sb

e Tiéu chuin Weierstrass: N&u cic gi3 thiét sau théa man:
i) Jup(x)] <an, Vn>ngvaVaeeD,
o0

ii) > an HT,
n=1

thi ) up(2) HTTD va HT déu trén tap D.
n=1
Vidu:  Xét su HT déu clia cic chudi ham sb sau:
(o]
cos na _ . | cosnz| 1 .
a)nz::l W Gidi: TXD: R. Ta cé: |Un($)| = m < 47 = Qnp, Vn > lvavVzeR.
. e . 1 . R
Chudisb 3 a, HT (Chuai hinh hoc véi ¢ = Z) — Chubi ham HT déu trén R,
n=1
=1 1\"» . 1
b)ﬂ; ST (3;; ) Lz €[~1,1]. Goi ¥: Xét ham sb f(z) = 3;12 trén [~1,1], ta c6 - - -

4 1/24n ) X
~2< f(@) < 3 = lun(@)] < g(g) = ap,Va € [-1,1] = Chudi ham HT déu trén [—1,1].
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Bai 4: Chudi ham sb

3. Tinh chit cha chudi ham s6 HT déu:
e Tinh lién tuc

Néu Z w, (x) HT déu dén ham sb S(x) trén tap D,

ii) un( ) lién tuc trén D, Vn > 1,

thi S(x) lién tuc trén D vé

1 ) =1 1 D.
Jim, 5(2) IL%OZ% 21320% ) Vao €

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 4: Chudi ham sb

3. Tinh chit cha chudi ham s6 HT déu:
e Tinh lién tuc

Néu Z w, (x) HT déu dén ham sb S(x) trén tap D,

ii) un( ) lién tuc trén D, Vn > 1,

thi S(x) lién tuc trén D vé

oo
li )= 1 = li D.
Jim, S@ = Jim, Z un(@) = 2, Jim un(e), Yao €
=

oo
Vi du: Xét tinh lién tuc cia Z arctan

x
Vn+2
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Bai 4: Chudi ham sb

3. Tinh chit cha chudi ham s6 HT déu:
e Tinh lién tuc

Néu Z w, (x) HT déu dén ham sb S(x) trén tap D,

ii) un( ) lién tuc trén D, Vn > 1,

thi S(x) lién tuc trén D va

oo [ee]
Jim S(x) = lim ;un(x) = nz:: Jim w(2), Yo € D.

oo
, VA , 1
Vi du: Xét tinh lién tuc cla E — arctan
— n

=an, Vn>1va Vz e R. Chudisbd Zan HT =
n=1

Chudi ham HT déu trén R (TC Weierstrass). Ma u,, (z) lién tuc trén R = Chudi ham lién tuc trén R.

1
Giai: Ta c6: |up(z)| = —) arctan
n
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Bai 4: Chudi ham sb

e Tinh kha tl'cb):o
Néu i) Zun(x) HT déu dén ham sb S(x) trén [a,b],
n=1

ii) up(x) lién tuc trén [a,b], Vn > 1,

thi S(z) kha tich trén [a,b] va /b S(x)dx = /b (i un(x))dx = i /b U (x)dz.
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Bai 4: Chudi ham sb

e Tinh kha tl'cb):o
Néu i) Zun(x) HT déu dén ham sb S(x) trén [a,b],
n=1

il) up, () lién tuc trén [a,b], Vn > 1,
b b 00 00 b
thi S(z) kha tich trén [a,b] va / S(x)dx = / (Zun(x)>dx = Z/ U (x)dz.
a a n=1

= cos nx
Vi du: Xét tinh kha tich cia »  —————.
—(n+1)4

Vién Toan ng dung va Tin hoc (DHBKHN) SAMI (HUST) - version 2023



Bai 4: Chudi ham sb

e Tinh kha tl'cb):o
Néu i) Zun(x) HT déu dén ham sb S(x) trén [a,b],
n=1

ii) up(x) lién tuc trén [a,b], Vn > 1,

thi S(z) kha tich trén [a,b] va /b S(x)dx = /b (i un(x)>dx = i /b U (x)dz.

(oo}
cosnx
Vi du: Xét tinh kha tich cla —_—.
—= ' e nz::l (n + L)dn
Giai: Trén moi doan [a,b] C R, ta thiy diéu kién i) clia tinh chit nay théa man (do CM trong vi du
truéc). Hon nita, ham s w, (z) = ST 1460 lien tuc trén R, nén chudi ham da cho kha tich
(n+1)4n

trén moi doan [a,b] C R.
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Bai 4: Chudi ham sb

o Tinh kha vi:
Néu i) un(x) kha vi lién tuc trén (a,b), Vn > 1,

oo

ii) > un(z) HT t6i ham s6 S(z) trén (a,b),

n=1
iii) Zu'n(x) HT déu trén (a,b),
n=1

thi S(z) kha vi trén (a,b) va  S'(z) = (Zun(:c))/ = ().
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Bai 4: Chudi ham sb

o Tinh kha vi:
Néu i) un(x) kha vi lién tuc trén (a,b), Vn > 1,

oo

ii) > un(z) HT t6i ham s6 S(z) trén (a,b),
n=1
iii) Zu'n(x) HT déu trén (a,b),
n=1
o0 ’ oo
thi S(x) kha vi trén (a,b) va  S'(z) = (Zun(aﬁ)> = Zu;(x)
n=1 n=1

n+1)4n’

Vi dy: Xét tinh kh3 vi cia Y ( cosnE
n=1
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Bai 4: Chudi ham sb

o Tinh kha vi:
Néu i) un(x) kha vi lién tuc trén (a,b), Vn > 1,
ii) Z o(x) HT téi ham sb S(z) trén (a,b),

iii) Z ) HT déu trén (a,b),

thi S(x) kha vi trén (a,b) va  S'(z) = (Zun(aﬁ)>/ = Zu;(x)

Vi du: Xét tinh kh3 vi clia ; %.
Giai: Ta thiy dk i) ludn dang va dk i) thda man (do CM trong vi du trudc) trén R. Hon nita,
_ . 1 oo
ul (z) = % = |ul,(x)| < ﬁ ~ o = khi n — oo v6i moi x € R. Vi Zan HT,

n=1

nén Zu ) HT déu trén R (TC Weierstrass) = dk iii) diing. Chudi ham d3 cho kha vi trén R.
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Chuong 1: CHUOI

Bai 5: CHUOI LOY THUA
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Bai 5: Chubi liiy thira

I. Chubi liiy thira va ban kinh HT
1. Dinh nghia: Chudi liiy thira 13 mét chudi ham sb c6 dang

oo

n __ 2 n
E anxT"’ =ap+a1T + ax” + - +apx” + -0,
n=0

trong dé a,, la cic s6 thuc va z 13 bién so.
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Bai 5: Chubi liiy thira

I. Chubi liiy thira va ban kinh HT
1. Dinh nghia: Chudi liiy thira 13 mét chudi ham sb c6 dang

o0

n __ 2 n
E anxT"’ =ap+a1T + ax” + - +apx” + -0,
n=0

7
A

trong dé a,, la cic s6 thuc va z 13 bién so.

< = ) - 1 .
Vi du: Chudi lly thur " HT ne <1 va "= _—— PKné > 1.
e Vi du: Chudi liiy thira Zx néu |x| va ngofc T2 néu |z| >

n=0
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Bai 5: Chubi liiy thira

I. Chubi liiy thira va ban kinh HT
1. Dinh nghia: Chudi liiy thira 13 mét chudi ham sb c6 dang

o0

n __ 2 n
E anxT"’ =ap+a1T + ax” + - +apx” + -0,
n=0

7
A

trong dé a,, la cic s6 thuc va z 13 bién so.

< = ) - 1 .
Vi du: Chudi lly thur " HT ne <1 va "= _—— PKné > 1.
e Vi du: Chudi liiy thira Zx néu |x| va ;x T2 néu |z| >

n=0

(oo}
2. Dinh ly Abel: o Néu )~ a,z” HT tai 2o # 0, thi n6 HTTD tai moi 2 véi || < |-

n=0

oo
o Néu > " ana™ PK tai o, thi né PK tai moi 2 véi |z| > |zg.

n=0
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Bai 5: Chubi liiy thira

I. Chubi liiy thira va ban kinh HT

1. Dinh nghia: Chudi liiy thira 13 mét chudi ham sb c6 dang

o0

n __ 2 n
E anxT"’ =ap+a1T + ax” + - +apx” + -0,
n=0

7
A

trong dé a,, la cic s6 thuc va z 13 bién so.

< = ) - 1 .
Vi du: Chudi lly thur " HT ne <1 va "= _—— PKné > 1.
e Vi du: Chudi liiy thira Z:c néu |x| va ;x T2 néu |z| >

n=0

(oo}
2. Dinh ly Abel: o Néu )~ a,z” HT tai 2o # 0, thi n6 HTTD tai moi 2 véi || < |-

n=0
oo

o Néu > " ana™ PK tai o, thi né PK tai moi 2 véi |z| > |zg.
n=0

CM: Liy bit ky € R ma |z| < |zo], ta viét |a,2"| = |anxd]

x |n _ x
—) = |anzilg" vélongl—’<1.
Lo To

o0
Vi > anaf HT, nén lima,zf = 0, tic 13 ton tai Ny € N sao cho [a,zfj| < 1 véi n > Ny. Khi dé:

n=0
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Bai 5: Chubi liiy thira

|anz"™| < q" véin > No. Vi Y ¢" HT, nén > [a,a"| HT (theo TCSS 1) = > ana™ HTTD.
n=0 n=0 n=0

Bing cich st dung phan chitng va y thit nhit & trén, ta chidng minh dugc ¥ con lai clia dinh Iy nay.
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Bai 5: Chubi liiy thira

|anz"™| < q" véin > No. Vi Y ¢" HT, nén > [a,a"| HT (theo TCSS 1) = > ana™ HTTD.
n=0 n=0 n=0
Bing cich st dung phan chitng va y thit nhit & trén, ta chidng minh dugc ¥ con lai clia dinh Iy nay.
3. Ban kinh HT:
e Dinh nghia: T dinh ly Abel, ta khgng dinh r5ng lubn tdn tai mot 6 R (0 < R < o0) sao cho
chudi liiy thira HTTD trong (—R, R) va PK trong (—oo, —R) U (R, o). Khi d6: S& R dé dugc
goi 13 ban kinh HT va khodng (—R, R) dugc goi 1a khoang HT clia chudi liiy thira.
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Bai 5: Chubi liiy thira

|anz"™| < q" véin > No. Vi Y ¢" HT, nén > [a,a"| HT (theo TCSS 1) = > ana™ HTTD.
n=0 n=0 n=0

Bing cich st dung phan chitng va y thit nhit & trén, ta chidng minh dugc ¥ con lai clia dinh Iy nay.
3. Ban kinh HT:

e Dinh nghia: T dinh ly Abel, ta khgng dinh r5ng lubn tdn tai mot 6 R (0 < R < o0) sao cho
chudi liiy thira HTTD trong (—R, R) va PK trong (—oo, —R) U (R, o). Khi d6: S& R dé dugc
goi 13 ban kinh HT va khodng (—R, R) dugc goi 1a khoang HT clia chudi liiy thira.

o Cach tinh R: Gia s limM = L hoic lim {/|a,| = L. Khi dé: Ban kinh HT cda chudi Il

an
thira dugc xac dinh bdi -
% néu 0 < L < oo,
R=140 néu L = oo,
o néuL=0.
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Bai 5: Chubi liiy thira

|anz"™| < q" véin > No. Vi Y ¢" HT, nén > [a,a"| HT (theo TCSS 1) = > ana™ HTTD.
n=0 n=0 n=0

Bing cich st dung phan chitng va y thit nhit & trén, ta chidng minh dugc ¥ con lai clia dinh Iy nay.
3. Ban kinh HT:

e Dinh nghia: T dinh ly Abel, ta khgng dinh r5ng lubn tdn tai mot 6 R (0 < R < o0) sao cho
chudi liiy thira HTTD trong (—R, R) va PK trong (—oo, —R) U (R, o). Khi d6: S& R dé dugc
goi 13 ban kinh HT va khodng (—R, R) dugc goi 1a khoang HT clia chudi liiy thira.

o Cach tinh R: Gia s lim|a|"+|1| = L hoic lim {/|a,| = L. Khi dé: Ban kinh HT cda chudi Il
an
thira dugc xac dinh bdi

1 p
I néu 0 < L < oo,
R=140 néu L = oo,

oo néu L =0.

e Chd y: Chudi lily thira c6 thé HT tai 2 diu mat +R, nén khi tim mién HT cda iy thira ta cin
xét thém tai 2 giad tri ddu mat nay.

Vién Toan ng dung va Tin hoc (DHBKHN)

SAMI (HUST) - version 2023



Bai 5: Chubi liiy thira

Vi du: Tim ban kinh HT, khodng HT va mién HT cda chudi ham sau:

> 1 " L /n+2\" N
V2 o 1’);(%“) (+1)"
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Bai 5: Chubi liiy thira

Vi du: Tim ban kinh HT, khodng HT va mién HT cda chudi ham sau:

> 1 L/ n+2\"
" b nH".
a)nz::l(n—l—2)3”x );(Qn—i—l) (@+1)
Giai: ] 1 ) 1
, . An41 . n FE 4
T. ==y = ——— = [ =1 =lim —— = —. Khi dé:
@) Ta €6 an = o vgn = it = v im| an | M3t 3@

e Ban kinh HT 13 R = 3 va khoang HT 13 2 € (=3,3).

-1 x
( +)2 va HT theo TC Leibniz. Tai = 3 thi chudi trd thanh
n

e Tai x = —3 thi chudi trd thanh Z

n=1

=1 \
> va PK theo TCSS. Do d6, mién HT 13 = € [-3,3).
n+2

n=1
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Bai 5: Chubi liiy thira

Vi du: Tim ban kinh HT, khodng HT va mién HT cda chudi ham sau:

- 1 o~ ([ nF2\"
" b nH".
a)nz::l(n—l—2)3”x );(Qn—i—l) (@+1)
Giai: . 1 4o 1
, . Gp41 . n Yy
a) Tacéa CET)ED An+1 (1 3)3 0 1m‘ @ ‘ im 3m+3) 3 i dé

e Ban kinh HT 13 R = 3 va khoang HT 13 2 € (=3,3).

N = (=1)" ~
e Tai z = —3 thi chudi trd thanh E ( +)2 va HT theo TC Leibniz. Tai x = 3 thi chudi tré thanh
n

n=1

va PK theo TCSS. Do dé, mién HT 13 = € [-3,3).

NE

n —+

n+2 1

n=1
n-+2\"
b)Dst X —z+1. T 'n:( ) L =Tim ¥/|ay,| = Ii — Z Khi dé:
) D3 x+ acéa T 1 = im ¥/ |an] moT =3 i dé

e Ban kinh HT 1a R =2, khodang HT 13 X € (-2,2) &z € (-3,1).
e Tai = —3 hojc = 1 thi lim|a,| = 2 # 0 = lima, # 0 = chudi thu dugc PK.
e Do d6, mién HT la z € (—3,1).
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Bai 5: Chubi liiy thira

Il. Cac tinh chit cha chubdi liiy thira

Gia st R >0 13 ban kinh HT cta chudi lily thira )~ a,a™ va dit
n=0
S(x) = Zan:ﬂ" véi |z| < R.

n=0

Khi dé:

e Tinh HT déu: Z anx™ HT déu trén moi doan [a,b] C (—R, R).
n=0
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Bai 5: Chubi liiy thira

Il. Cac tinh chit cha chubdi liiy thira

(o)
Gia st R >0 13 ban kinh HT cta chudi lily thira )~ a,a™ va dit
n=0
(e o)
= Zan:ﬂ" véi |z| < R.

n=0
Khi dé:

e Tinh HT déu: Z anx™ HT déu trén moi doan [a,b] C (—R, R).
n=0

e Tinh lién tuc: S(x) lién tuc trén (—R, R).

e Tinh kha tich: S(x) kha tich trén moi doan [a,b] C (—R, R) va

/S dx—/ (Zanzﬂ d:c—Z/ a,z"

e Tinh kha vi: S(z) khd vi trén (-R,R) va S'(z) = (Zanm”>l = Z (anx”)l.

n=0 n=

—
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Bai 5: Chubi liiy thira

Vi du: Xéc dinh ban kinh HT va tinh t8ng cla chudi ham sau:

o0

Z (@+2)" b)Y ()" 4 1)@ - 1"

n=1 n=1
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Bai 5: Chubi liiy thira

Vi du: Xéc dinh ban kinh HT va tinh t8ng cla chudi ham sau:

o0

Z (@+2)" b)Y ()" 4 1)@ - 1"

n=1 n=1

Gidi: b) e Béan kl'nh HT: R =1. Chudi ludn HT véi |z — 1| < 1, tGc 13 0 < = < 2.

o Dit S(z) = Z )" Y(n +1)(x — 1)". LAy tich phan 2 v& trén [1,z] ta c6
/w S(t)dt = 53(—1)”_1 /w(n +1)(t—1)"dt = i(—l)”“(m — 1)t
1 n=1 1 n=1
1 1

1 / 1
KL: S(z) = (;+x—2) —1-— vz e (02).
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Bai 5: Chubi liiy thira

I. Khai trién ham sb thanh chudi liiy thira

1. Dinh nghia:

; > £(n) . .
e Cho ham s6 f(z) trén X, E fi('xo)(m — 29)" dugc goi la chudi Taylor clia ham so f(x) trong
n!
n=0
N 4 S SM0) Y a4
[an cdn cha zg € X. Néu zg = 0, thi E — dugc goi la chudi Maclaurin ctia ham s6 f(z).
n!
n=0
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Bai 5: Chubi liiy thira

I. Khai trién ham sb thanh chudi liiy thira

1. Dinh nghia:

) > £(n) ) )
e Cho ham s6 f(z) trén X, E fi('xo)(m — 29)" dugc goi la chudi Taylor clia ham so f(x) trong
n!
n=0

; > £(n)(Q N .
lan cin cha 29 € X. Néu g = 0, thi E 7f '( )x" dugc goi la chudi Maclaurin ctia ham s6 f(z).
n!
n=0

, L fn) p N <
e Néu Z fT('mO)(x — o)™ = f(x), thi ta n6i ham s6 f(x) dugc khai trién thanh chuéi Taylor
n=0 :

trong lan cin cla xg.
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Bai 5: Chubi liiy thira

2. Diéu kién dé modt ham sb khai trién dudc thanh chudi Taylor:

Mbt ham sb f(x) luén khai trién dugc thanh chudi Taylor trong 14n cn cla xg néu théa man mét
trong cac diéu kién sau day:

e Diéu kién 1: f(x) c6 dao ham moi cap trong lan cin nao dé cla zp sao cho lim R, (z) =0,
n—o0

trong dé
f(n—i—l)(c)

Bn(@) = (n+1)! y

(x — 0 Vvéi ¢ € (x0, x).
e Diéu kién 2: f(z) c6 dao ham moi cAp trong 1an can nao dé clia x sao cho ton tai hing sb
M >0 dé
|f(”)(c)} < M, Vecthudclan cin dé cla xg.
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Bai 5: Chubi liiy thira

2. Diéu kién dé modt ham sb khai trién dudc thanh chudi Taylor:

Mbt ham sb f(x) luén khai trién dugc thanh chudi Taylor trong 14n cn cla xg néu théa man mét
trong cac diéu kién sau day:
e Diéu kién 1: f(x) c6 dao ham moi cép trong lan cin nao dé cla zp sao cho lim R, (z) =0,

n—o0
trong dé
(n+1)
R, (x) = M(x —20)" Tt Véi ¢ € (20,2).
e Diéu kién 2: f(z) c6 dao ham moi cAp trong 1an can nao dé clia x sao cho ton tai hing sb
M >0 dé
|f(”)(c)} < M, Vecthudclan cin dé cla xg.
Vi du: Xét ham sb f(z) = e®, ta c6 f'(z) = f"(z) = --- = f(")(z) = e®. Khi dé:

| (e)] = e® < e™ = M vi ¢ € (20, ), thc 3 ¢ <z < 20 + 1.

KL: Ham f(z) = e” khai trién dugc thanh chudi Taylor (theo Diéu kién 2).
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Bai 5: Chubi liiy thira

Cha y: Khai trién Maclaurin clia mdt s6 ham s6 so cap sau day:

1 > 1 >

ala—1)---(a—n+1)

2", VaeR (R=1).

= n!
o0 1 N
o e = E o (R = )
n=0
- o~ (D" s o~ ()"
e sinx = E — = va cosz =1+ g <" (R = 0).
— 1) |
— (2n—-1)! — (2n)!
oo oo
(=p~t 5 (=" s
In(1 = —" t = " R=1).
e In(1+x) ,;:1 2" va  arctanz 7;:1 51 ¢ ( )
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Bai 5: Chubi liiy thira

Vi du: Khai trién cdc ham sb sau day thanh chudi Iy thiva:

a)f(z):ili b) f(z) =wcos?z  ¢) f(z) = In(3 + ).
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Bai 5: Chubi liiy thira

Vi du: Khai trién cdc ham sb sau day thanh chudi Iy thiva:

a) f(z) = ii b) f(z) =wcos?z  ¢) f(z) = In(3 + ).
Gidi: a) f(= ):—1+%:—1+2Z = Z( 1)™2" véi z € (—1,1).
n=1

1+cos2z =z = x oz = (=1)n n

b) f(x) TG =3 + §.cos2:c =3 + 5 (1 +,,; @n)! (2z)? )
0 n22n 1 a

= Z 22" v6i moi x € R.
c) f(x)zln?)(l—i—g):ln?)—i—ln(l ) ln3+z ———2z" véi x € (—3,3).
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Chuong 1: CHUOI

Bai 6: CHUOI FOURIER
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Bai 6: Chudi Fourier

I. Chudi lugng giac va chudi Fourier

1. Chubi luwgng giac

e Dinh nghia: Chudi luong gidc 13 mot chudi ham sb c6 dang

o0
ag + E (an cosnz + by, sinnx)
n=1
trong dé ag, an, b, véi n > 1 1a cic sO thuc va x 13 bién so.
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Bai 6: Chudi Fourier

I. Chudi lugng giac va chudi Fourier

1. Chubi luwgng giac

e Dinh nghia: Chudi luong gidc 13 mot chudi ham sb c6 dang

ag + Z (an cosnz + by, sinnx)

n=1
trong d6 ag, @y, b, v6i n > 1 13 cic sb thuc va z 13 bién sb.
e Cha y:
o0 oo
i) Theo TC Weierstrass: Néu » " |an| va > [b,| HT, thi chudi luong gidc HTTD va HT déu trén
n=1 n=1
R.
That vay: |u,(x)| = |a, cosnz + by, sinnz|
<lan cosnz| + |by sinnz| < |a,| + |by| =: ¢, v6i moi z € R.
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Bai 6: Chudi Fourie

I. Chudi lugng giac va chudi Fourier

1. Chubi luwgng giac

e Dinh nghia: Chudi luong gidc 13 mot chudi ham sb c6 dang

ag + Z (an cosnz + by, sinnx)

n=1

trong d6 ag, @y, b, v6i n > 1 13 cic sb thuc va z 13 bién sb.
e Cha y:
o0 oo
i) Theo TC Weierstrass: Néu » " |an| va > [b,| HT, thi chudi luong gidc HTTD va HT déu trén
n=1 n=1
R.
That vay: |u,(x)| = |a, cosnz + by, sinnz|
<|an cosnz| + |by sinnz| < |a,| + |by| = HCn véi moi T eR.

ii) Tuy nhién, néu chudi luong gidc HT, thi chua két lusn duoc Z |an| va Z |bn| HT.

n=1 n=1
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Bai 6: Chudi Fourier

2. Chudi Fourier
e Dinh ly: Néu ham s& f(x) tudn hoan chu ki 27 va dugc biéu di&n thanh chudi luong giac

flz) = % + Z(ancosnx+bnsinmc),

n=1
thi cac hé sb clia chudi dugc tinh bai cdng thic sau:

1 T

ap=— [ f(z)dz,
™ J—nx
1 T

ap = — f(z) cosnzx dz,
™ —T
1 s

bp = — f(x)sinnx dx.
™ )7

SAMI (HUST) - version 2023
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Bai 6: Chudi Fourier

2. Chudi Fourier
e Dinh ly: Néu ham s& f(x) tudn hoan chu ki 27 va dugc biéu di&n thanh chudi luong giac
oo
flz) = a0 + Z (an cosnz + by, sinnx)

2
n=1
thi cdc hé s6 cha chudi dugce tinh bdi cdng thirc sau:

1 T

ap = — f(CC)dT,
™ J 7

Un =

f(x) cosnx dx,

bn -

= =

™

f(z)sinnz dz.
— T
C/M: Vi moi p, g € N*, cac tich phan sau luén ding:

/ cosprdr =0, / sinpx dxr = 0, / sin px cos qx dr = 0,

—T —T —T
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Bai 6: Chudi Fourier

X T L 0 néup#gq
va cos px cos qr dr = sin pzx sin qx dx =

- - T néup=gq.
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Bai 6: Chudi Fourier

X T L 0 néup#gq
va cos px cos qr dr = sin pzx sin qx dx = 4
- . T  néup=ygq.

e ag, a, =7 LAy tich phan 2 v& ta cé:

I 1 1 i i
= f(z)dx = — ?0/ l.dx + ;321 (an /_7r cosnxdx + by, /_7r Sinmcda:)
1 (" 1
7/ f(z) cosnzdr = — @/ cos nzdx
L — T 2
1 S ™ ™
+ — E <ak/ coskxcosnxda:—i—bk/ Sinkmcosnacdx)
™
k=1 - -
= ap.

e b, =7 Tuong tu.

SAMI (HUST) - version 2023
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Bai 6: Chudi Fourier

e Dinh nghia 1: Chudi Fourier cia ham s& f(z) 13 chudi luong giac

o0
% + nz::l (an cosnz + b, sinnz) ,

trong dé ag, ay,, b, véi n > 1 dugc xic dinh bdi cdng thirc nhu sau:

1 T
— () dax
ao - 77rf(l) xZ,

1 [T 1 /7
a, = 7/ f(@)cosnxdr va b, = 7/ f(x)sinnz dz.

—r L
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Bai 6: Chudi Fourier

e Dinh nghia 1: Chudi Fourier cia ham s& f(z) 13 chudi luong giac

o0
a
?0 + nz_:l (an cosnz + b, sinnz) ,
trong dé ag, ay,, b, véi n > 1 dugc xic dinh bdi cdng thirc nhu sau:
1 T
ap = — (z)dx,
0= 77rf( )
1 [T 1 /7
ap = — f@)cosnxdr va b, =— f(x) sinnz dx
™) _x ™J_x

e Chay:
i) N6i chung, chudi Fourier ciia ham sb f(x) c6 thé HT hodc PK.
ii) Trong trudng hop chudi Fourier ctia ham s6 f(x) HT, thi n ciing chua chic HT vé ham s6

f(@).

SAMI (HUST) - version 2023
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Bai 6: Chudi Fourier

e Dinh nghia 1: Chudi Fourier cia ham s& f(z) 13 chudi luong giac
ag

2

trong dé ag, ay,, b, véi n > 1 dugc xic dinh bdi cdng thirc nhu sau:

o0
+ Z (an cosnz + b, sinnz) ,

n=1

1 T
— () dax
ao - 77rf(l) xZ,

e Chay:
i) N6i chung, chudi Fourier ciia ham sb f(x) c6 thé HT hodc PK.
ii) Trong trudng hop chui Fourier clia ham s& f(z) HT, thi né ciing chua chic HT vé& ham s&
().
e Dinh nghia 2: Néu chudi Fourier clia ham s6 f(x) HT v& ham s& f(z) thi ta néi ham sb f(x)
dugc khai trién thanh chudi Fourier.
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Bai 6: Chudi Fourier

3. DK dé ham sb khai trién dudc thanh chudi Fourier

e Dinh ly Dirichlet: Néu ham sb f : R — R théa man:
i) Tudn hoan chu ki 27,
ii) Don diéu ting khic trén [—m, 7],

iii) Bi ch&n trén [—m, 7],

thi chudi Fourier cia né HT vé ham s6 S(x) tai moi diém trén [—m, 7] va

flx) néu z 13 diém lién tuc cta f(z),
S(x) =< lim f(t)+ lim f(¢)
t—at t—ax—

néu x 13 diém gian doan clia f(x).

2
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Bai 6: Chudi Fourier

3. DK dé ham sb khai trién dudc thanh chudi Fourier

e Dinh ly Dirichlet: Néu ham sb f : R — R théa man:
i) Tudn hoan chu ki 27,
ii) Don diéu ting khic trén [—m, 7],
iii) Bi ch&n trén [—m, 7],

thi chudi Fourier clia né HT vé& ham s6 S(z) tai moi diém trén [—7, 7] va

flx) néu z 13 diém lién tuc cta f(z),
S(x) =< lim f(t)+ lim f(¢)
t—at t—ax—

5 néu z 13 diém gian doan cla f(z).

e Vi du: Khai trién thanh chudi Fourier ham s& f(z) tudn hoan chu ki 27, x4c dinh nhu sau:

— bu —T<x<0
a =22 —T<z<m. b _yTr e ’
Jfl@)=2% —m<az<m V@)=, b0 <a<r.
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Bai 6: Chudi Fourier

Giai: a) D& thdy: Cac dk i)-+ii)+iii) théda man. Ta cé:

1 (" 1 7T 2
ag = 7/ 2y = —2° = 272,

T ) 37 l-= 3
1 /7 ) (TP ting phan 2 I3n) 4(_1)n . .

an:;/_wx cosnx dx = 3 (chti y cosnm = (—1)").
1 s

bn:,/ 2sinnxdr=--- = 0.
ﬂ— s

1 = )"
KL: f(z § Z CoS Nx
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Bai 6: Chudi Fourier

Il. Khai trién Fourier chia mét s ham sb thudng gip

1. Ham sé ch8n, 1& tuan hoan chu ki 27
e Dinh ly:

A o 2 (7 2 [T
i) Néu f(z) 13 ham chdn thi g = 7/ f(z)dx, an, = f/ f(z) cosnzx dx va b, = 0.
T Jo T Jo
2 ™

ii) Néu f(x) 1a ham 1@ thiap =0, a,, =0 va b, = ;/ f(z)sinnz dx.
0
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Bai 6: Chudi Fourier

Il. Khai trién Fourier chia mét s ham sb thudng gip

1. Ham sé ch8n, 1& tuan hoan chu ki 27
e Dinh ly:

A o 2 (7 2 [T
i) Néu f(z) 13 ham chdn thi g = 7/ f(z)dx, an, = f/ f(z) cosnzx dx va b, = 0.
T Jo T Jo
2 ™

ii) Néu f(x) 1a ham 1@ thiap =0, a,, =0 va b, = f/ f(z)sinnz dx.
T

0
C/M: i) Ham chdn f(—x) = f(z), ta cé:

I 1[0 1"

an = — f(z)cosnxdr = — f(z) cosnzx dx + f/ f(z) cosnz dz,
T J)_. —r T Jo

(D3t x=-t) 1 0 1 ™
= —-— / f(=t) cos(—nt) dt + — / f(z) cosnz dz,
T Jx ™ Jo

1 (7 , 1/ , 17 ,

by = — f(z)sinnzde = — f(z)sinnzdx + — f(z)sinnxzdr = 0.
T™J—x -7 ™ Jo

i) Tuong tu.
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Bai 6: Chudi Fourier

e Vi du: Khai trién thanh chudi Fourier cdc ham sb tudn hoan chu ki 27 sau day:
a) f(z) =|z|, -7 <z <. b)f(z) =2, - 7<z<mw
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Bai 6: Chudi Fourier

e Vi du: Khai trién thanh chudi Fourier cdc ham sb tudn hoan chu ki 27 sau day:
a) f(z) =|z|, -7 <z <. b)f(z) =2, - 7<z<mw

Giai: a) Vi ham s6 1a ham ch3n, nén b,, = 0 va

2 (7 2 (7
aozf/ f(m)dx:f/ xdr =m,
T Jo T Jo

2 [" 9 [T 9
_;/ f(;v)cosnmdx:;/o UCCOSnxdm:%((_l)”_l)'
T (oo}
KL: f(z =3 Z:: —1) cosna.
b) Vi ham sb 13 ham 1&, nén ag = 0, a, = 0 va
2 [" 2 (" 2(—1)n+!
:*/ f<$)Sinnmdm:f/ xsinnrdr = i
T Jo T Jo n

KL: f(z) = i %%)HH sin nz.

n=1
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Bai 6: Chudi Fourier

2. Ham sb tuan hoan chu ki 27" bat ki
e Dinh ly: Néu ham s6 f: R — R thda min:
i) Tuan hoan chu ki 2T,
ii) Don diéu tung khic trén [T, T1,
iii) Bi chadn trén [-T,T],
thi khai trién Fourier ciia né c6 dang

o0
f(z) = C;)+7;(ancos?+bnsin?>,

trong dé

1 /T 1 /T nwx 1 [T . nmx
ao—f/ f(x)dz, an—f/_Tf(x)Cosle: bn—f/ f(@)sin =7 da.

=T =T
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Bai 6: Chudi Fourier

2. Ham sb tuan hoan chu ki 27" bat ki
e Dinh ly: Néu ham s6 f: R — R thda min:
i) Tuan hoan chu ki 2T,
ii) Don diéu tung khic trén [T, T1,
iii) Bi chadn trén [-T,T],
thi khai trién Fourier ciia né c6 dang

o0
f(z) = C;)+7;(ancos?+bnsin?>,

trong dé

1t e T 1T :
ap = T/_Tf(a“)dl, an = T/_Tf(m)cosgdm, by, = T/_Tf(m)sin%da:.
< LE N Tz 0. o Tz s s A X
C/M: D3t z = T tic 13 2 = —. Khi dé: f(x) = f | — ) = g(2) = ¢ |a ham tuan hoan chu ki 2,
™ Y

don diéu ting khic trén [—m, 7] va bi chén trén [—m, 7]
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Bai 6: Chudi Fourier

(o)
Ta c6: g(z ?0 Z ap, cosnz + by, sinnz), trong dé

ao=%/_7r */f

1 ™
ap, = f/ g(z)cosnzdz = T/_Tf(x)cos%dm,

™ —T
1 (7 I
bn:;/_ﬂg(z)sinnzdz:T/_Tf(x)sinﬁdx.

SAMI (HUST) - version 2023
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Bai 6: Chudi Fourier

(o)
Ta c6: g(z ?0 Z ap, cosnz + by, sinnz), trong dé

ao=%/_7r */f

1 ™
ap, = f/ g(z)cosnzdz = T/_Tf(x)cos%dm,

™ —T
1 (7 I
bn:;/_ﬂg(z)sinnzdz:T/_Tf(x)sinﬁdx.

e Vi du: Khai trién thanh chudi Fourier cic ham sb sau day:
a) f(z)=xz?véi —1 <z <1, tudn hoan chu ki 2
b) f(z) =2 véi —2 <z < 2, tuan hoan chu ki 4.
”*1 L

o 1 = 4(-1)" >
Dép an: a) f(x):§+2%cosmm b) f(x Z 5
n=1

n=1

SAMI (HUST) - version 2023
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Bai 6: Chudi Fourier

3. Ham sb b4t ki trén doan [a, b]

Cho ham sb f(x) don diéu ting khiic va bi chin trén [a,b]. Mubn khai trién f(z) thanh chudi
Fourier, ta thuc hién nhu sau:
» B1: Xay dung ham sb g(x) tudn hoan chu ki 27" > b — a sao cho  g(z) = f(x) trén [a, D],
» B2: Khai trién ham sb g(x) thanh chudi Fourier.
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Bai 6: Chudi Fourier

3. Ham sb b4t ki trén doan [a, b]

Cho ham sb f(x) don diéu ting khiic va bi chin trén [a,b]. Mubn khai trién f(z) thanh chudi
Fourier, ta thuc hién nhu sau:
» B1: Xay dung ham sb g(x) tudn hoan chu ki 27" > b — a sao cho  g(z) = f(x) trén [a, D],
» B2: Khai trién ham sb g(x) thanh chudi Fourier.
Khi d6: Téng clia chudi Fourier clia ham s& g(x) tai moi z € [a, b] bing ham sb f(z), c6 thé trir di
nhitng diém gian doan clia f(x).
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Bai 6: Chudi Fourier

3. Ham sb b4t ki trén doan [a, b]

Cho ham sb f(z) don diéu ting khiic va bi chin trén [a,b]. Mubn khai trién f(z) thanh chudi
Fourier, ta thuc hién nhu sau:
» B1: Xay dung ham sb g(x) tudn hoan chu ki 27" > b — a sao cho  g(z) = f(x) trén [a, D],
» B2: Khai trién ham s6 g(z) thanh chudi Fourier.
Khi d6: Téng clia chudi Fourier clia ham s& g(x) tai moi z € [a, b] bing ham sb f(z), c6 thé trir di
nhitng diém gidn doan cia f(x).
e Chi y: Vi ta c6 nhiéu cach xdy dung ham sb g(z), nén c6 nhiéu chudi Fourier biéu di&n cho
cting mét ham s6 f(x). Néu g(x) 13 ham ch3n, thi chudi Fourier chi gdm nhitng ham sb cos
(Fourier cos). Néu g(x) 13 ham 18, thi chudi Fourier chi gdm nhitng ham s6 sin (Fourier sin).
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Bai 6: Chudi Fourier

3. Ham sb b4t ki trén doan [a, b]

Cho ham sb f(x) don diéu ting khiic va bi chin trén [a,b]. Mubn khai trién f(z) thanh chudi
Fourier, ta thuc hién nhu sau:

» B1: Xay dung ham sb g(x) tudn hoan chu ki 27" > b — a sao cho  g(z) = f(x) trén [a, D],

» B2: Khai trién ham sb g(x) thanh chudi Fourier.

Khi d6: Téng clia chudi Fourier clia ham s& g(x) tai moi z € [a, b] bing ham sb f(z), c6 thé trir di
nhitng diém gian doan clia f(x).

e Chi y: Vi ta c6 nhiéu cach xdy dung ham sb g(z), nén c6 nhiéu chudi Fourier biéu di&n cho
cling mét ham s& f(z). Néu g(z) 13 ham chn, thi chudi Fourier chi gdm nhung ham s cos
(Fourier cos). Neu g(x) 1a ham &, thi chudi Fourier chi gdbm nhiing ham s& sin (Fourier sin).

e Vi du: Khai trién cic ham sb sau thanh chudi Fourier:

a)f(x):;C vé6i 0 <z <2 b) f(z) =2z vsi0<z<Ll.
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Bai 6: Chudi Fourier

Gidi: a) M rong ham sb f(z) thanh ham sé g:R L R tusn hoan chu ki 27 = 4 (c6 vé db thi kém

NS TR g . nmx
theo) va né 1a ham chan. Ta cé: Z: (an cos 2L + b, sin T) ,

trong dé
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Chiic cidc em hoc t6t!
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