Dai hoc Bach Khoa Ha No6i Vién Toan ing dung va Tin hoc

BAI TAP THAM KHAO GIAI TiCH II
Nhoém nganh 1 Ma hoc phan: MI 1121

Chuong 1

Ung dung ctia phép tinh vi phan trong
hinh hoc

1.1 Ung dung trong hinh hoc phang
Bai 1. Viét phuong trinh tiép tuyén va phap tuyén véi duong cong
a) y= el tai giao diém ctia duong cong véi duong thing y = 1

, tai diém A ting v6i t = 1/2
y = 2t + sin(mt)

b) {x = 2t — cos(7t)

wlno

¢) z3 +y5 =5 tai diém M(8;1)
Bai 2. Tinh do cong tai diém bat ky ctia
) {x:a(t—sint) b) 5 4+ y5 =ai (a > 0)
a

(a > 0).
y =a(l - cost) c) r=ae?, (a,b>0)

Bai 3. Tinh do cong ctia dudng y = Inz tai diém c6 hoanh do x > 0. Khi nao do cong dat cuc
dai? Khi x — oo thi do cong sé nhu thé nao ?

Bai 4. Tim hinh bao ctia ho cac duong cong sau
a) y=2+4c? b) cx? —3y—cA+2=0

c) y=c*z—c)? d) 4zsinc+ycosc =1
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1.2 U’ng dung trong hinh hoc khong gian

Bai 5. Gia st p(t), ¢(t), a(t) 1a cac ham kha vi. Ching minh rang

a) L(p(t) + ) = B2 4 20D b) L(a(t)p(t) = a(t) B + o (t)p(1)
¢) L(G(t)q(t)) = plt)m 4 PO gy d) L) x q(t)) = plt) x G0 4 2O 5 gi)

Bai 6. Dudng cong C' duge biéu dién bsi ham vecto 7(¢). Gia st 7(t) la ham kha vi va 7(t)
luon vuong goc véi 7(t). Chiing minh rang C' ndm trén mot mit cau tam tai gbe toa do.

Bai 7. Viét phuong trinh tiép tuyén va phap dién cia dudng
(2 = asin®t
a) < y=bsintcost tai diém ting véi t = 7, (a,b,c>0)

[z = ccos®t

(2 = 4sint
b) ¢y =4cost tai diém M(1; —2v/3;2)
z=2sint+1

\
Bai 8. Tinh do cong ctia cac duong cong

(
T = cost

a) ¢y =sint tai diém tng v6i t = 5

\z:t

(2 = cost +tsint
b) { y =sint —tcost tai diéem ting véi t =7

\z:t

¢) Tinh do cong tai diém M(1;0;—1) ctia duong la giao ctia mat tru 42% + y* = 4 va mit
phang v — 3z = 4

Bai 9. Viét phuong trinh phap tuyén va tiép dién ctia mat cong
a) 2% — 4y® + 222 = 6 tai diém (2;2;3) b) z = 22% + 4y? tai diém (2;1;12)

c¢) In(2x 4+ y?) + 32% = 3 tai diém (0; —1;1) d) 2%+ 2y® — yz = 0 tai diém (1;1;3)
Bai 10. Viét phuong trinh tiép tuyén va phap dién ctia dudng

2 2 == 10 2
a) I2 * y2 tai diem A(1;3;4)
Y-+ 27 =25

tai diém B(—2;1;6)

202 + 3y? + 22 =47
2?2+ 2y =2
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Chuong 2
Tich phan boi

2.1 Tich phan kép

Bai 11. Thay doi thi tu lay tich phan ctia cac tich phan sau

1 1—2? 1 H\/@ 2 V2z
a) —fldxf !712 f(xay)dy b) {dy 2!@] f(;uy)d([; C) L!dx zixQ f(:l:,y)dy
3 14y 2y 2 V492
d) {d?/ f f(z,y)dx e) \fdyff(x,y)der [dy [ [f(z,y)dz
siny 0 0 NG 0

Bai 12. Tinh cac tich phan sau

) J,Sf riodrdy, D= {(z,y) €R*: 0 <w < 1,0 <y < 2}
ff 2?(y — z)dxdy, v6i D 1a mién giéi han bdi cac duong cong y = x* va x = y?
¢) [[2zydzdy, v6i D gidi han béi cac dudng z = y*,z = -1, y=0vay=1
D
d) [[(x+ y)dady, véi D xéac dinh bdi 22 +y> < 1,z + /y > 1
D
©) JJ 1w+ yldvdy, D ={(,y) €R: |o] < Tily <1}

) [ (=] + |y|)dzdy

|z|+]y|<1

2

1
3}63
g) [dz f 15y
0 0
Bai 13. Tim can lay tich phan trong toa do cuc cla [[ f(x,y)dzdy, trong d6 D la mién xac
D

dinh nhu sau
a) a* < x? 4 y* < b? b) 22 +y? > dx, 2> +y? < 8x,y > 2,y < V3x

) H4+4%<1,y>0(ab>0) d) 22 +y? <2z,22 + 9> <2

Bai 14. Dung phép doi bién trong toa do cuc, hay tinh cac tich phan sau
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R R2—2?
a) [dx [ In(l1+2*+y*dy, (R>0)
0 0
b) [[ zydzdy, véi D la nita mat tron: (z —2)* +y* <1,y >0
D
) [[(siny + 3z)dzdy, véi D 1a mat tron: (z —2)* +y* <1
D
d) [[ |z + y|dzdy, véi D 1a mat tron: 22 +y* <1
D
Bai 15. Chuyén tich phan sau theo hai bién u va v:
0 —z V=T =Y

1 T =
a) [dx [ f(z,y)dy, néu dat {u Tty

b) ap dung tinh vé6i f(z,y) = (2 — 2 —y)?

Bai 16. Tinh cac tich phan sau

2 1
fdexdy, trong d6 D : 22 + 12 < 1
V142242
dd <zP+y? <2
ff my 5, trong d6 D : ysarAy sy
r<y<+3x

20 < 2% 4% <12
Ty )
c) [[ x2+y2dxdy, trong d6 D : { 2 +y% > 24/3y

i r>0,y>0

ff |92% — 49?|dzdy, trong d6 D : 4 % <1

1 <2y <9

e) [[(3z + 2zy)dxdy, trong d6 D : { -7 =
D <zr<d4

2.2 Tich phan béi 3

Tinh cac tich phan boi ba sau
0<z<1

Bai 17. [[[ zdxdydz, trong d6 mién V xac dinh béi: v <y < 27
v 0<z2<b—a2—y2

1<y<2
Bai 18. [[[(3zy* — 4zyz)dxdydz, trong d6 mién V xac dinh bdi: < 0 < a2y < 2
0<2z<2
0<z<1
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4yt +22<1

Bai 20. 2 + y?)dxdydz, trong d6 mién V xac dinh bdi:
f‘!f(x y?)dzdydz, trong d6 mien V xac din i {x2+y2—22§0

Bai 21. [[[ zy/2? 4+ y*dadydz, trong d6
1%

a) V la mién giéi han béi mat tru: 22 + y? = 22 vA cdc mit phang: y = 0,2 = 0,z = a,
(y>0,a>0)

b) V la nita ciia hinh cau 2? + y* + 22 < a?,2 > 0, (a > 0)
c¢) V la ntta ctia khéi elipsoid # + Z—; <1,2>0,(a,b>0)
Bai 22. [[[ydzdydz, trong d6 V la mién giéi han bdi mat nén: y = /a2 + 22 va mit phang
v

y:ha<h>0)

2
Bai 23. fffx—zda:dydz, trong do V : i—;%—%—j—i—i—i <1 (a,b,c>0)
vl oa

1<a?+9y2+22<4

Bai 24. 22 +y? + 2?)dxdydz, trong d6 V :
JIJ @2 y? 4 2%)dedy g 2R <

Bai 25. [[[ \/2?+ y?dzdydz, trong d6 V la mién giéi han bdi 2? +y? = 2%,z = -1
%

dxdydz
22+ y? + (2 — 2)?

?+y2 <1
2] <1

Bai 26. fff[ 2,tlrongd(’)V:{
v

Bai 27. [[[ /2?4 y? + z2dzdydz, trong d6 V 1a mién xac dinh bdi 2 + y? + 2% < 2
1%

2.3 Ung dung cta tich phan boi

y =yt =2

2

Bai 28. Tinh dién tich ctia mién D gidi han bdi cac dudng { )
Tt =y, =2y

y =0,y = 4dax

Bai 29. Tinh dién tich cia mién D gidi han bdi
r+y=3ay<0,(a>0).

20 < 22 4+ y? < 4
0<y<z

Bai 30. Tinh dién tich ctia mién D xac dinh béi {
Bai 31. Tinh dién tich ctia mién D xéac dinh bdi r > 1,7 < \% Ccos
Bai 32. Tinh dién tich ctia mién D gidi han béi cac duong (a > 0)

a) (22 +y?)? = 2a’zy b) r = a(l+ cosy)

Bai 33. Chiing minh riang dién tich ctia mién D x4c dinh béi 2% + (ax — y)? < 4 khong doi
Va e R
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r+y=>1
Bai 34. Tinh thé tich ctia mién x4c dinh béi { z + 2y < 2
y>0,0<z2<2—-2x—y

) - 2 - 2 X L 2,0 2 - Z:4_:L‘2_y2
Bai 35. Tinh the tich ctia mien giéi han béi cac mat ) )
22 =24+2"+y
Bai 36. Tinh thé tich ctia mién xac dinh béi |z —y| + |2+ 3y| + |z +y + 2| < 1.

Bai 37. Tinh thé tich ctia mién giéi han bdi cac mat z = 1 4+ 22 +¢%, mat tru 22 + 49> = 4 va
mat phing Oxy.

Bai 38. Tinh thé tich ctia mién gidi han bdi cac mat: az = 2% + 2, 2z = /22 + 2, (a > 0).

Bai 39. Tinh dién tich phan mat cau 22 +y*+ 2% = 44 nam bén trong mat tru 22 +y>—2ay = 0,
(a > 0).
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Chuong 3

Tich phan phu thuéc tham sé

1 2

Bai 40. Xét tinh lien tuc ctia ham s6 I(y) = [ y2 v
o (2 +y )

Y t
Bai 41. Tim hmfar;ﬂdx.
T +y
: : +yf(x) : . :
Bai 42. Khéo sat sy lien tuc ciia tich phan I(y) = [ = n 5dr véi f(z) la ham so duong, lien
o T Yy

tuc trén doan [0, 1].

Bai 43. Cho ham s6 f(y) = [In (sin® x + y? cos? z)dz. Tinh f/(1).

O —uwla

+00 t
Bai 44. Ching minh réng tich phan phu thuoc tham s6 I(y) = [ %x;—y)
e x

ham s6 lien tuc, kha vi ddi véi bién y. Tinh I'(y) ri suy ra bieu thic cta I(y).

dr 1la mot

Bai 45. Tinh céc tich phan sau, (véi a,b, o, 8 1a cac s6 duong, n la sé nguyén duong):

(L

1 b 1
d *(lnz)"d
g" o ) Ofx (Inz)"dz
00 p—ax _ o~z +oo dx
b —d e VR
Jerta ) T o
(bx) — si H
f e . Sin(bz) " sin(cz) dx f) [in(1+ ysin®z)dr, véiy > —1
0
Bai 46. Tinh cac tich phan sau:
% “+oo \/E
a) Ofsin6xcos4 xdx d) of (1+x2)2dx
oo lnx o1
d
1f ) et

+oo
10p—a2%¢ f —— _dz,2<neN
Ofme T ) f(l—l—a:")zx( n )
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0

1
g) [ V1 —edx i) [ ——=dz,(2<neN)
0

—00

h) [a*"va? — 2%dx, (a > 0,n € N)
0
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Chuong 4

Tich phan dudng

4.1 Tich phan dudng loai 1
Tinh cac tich phan sau:

Bai 47. [(3z — y)ds, C la nita dudng tron y = v/9 — 22
C

Bai 48. [(z — y)ds, C la duong tron 22 + y* = 2z
c

x = a(t —sint)

Bai 49. 2ds, C' 1a duong c6 phuong trinh
gy seop s { =a(l —cost),(0 <t <2ma>0)

r =a(cost +tsint)
y =a(sint —tcost), (0 <t < 2w a>0)

Bai 50. [ /z? + y?ds, C la duong cong {
C

4.2 Tich phan duong loai 2
Tinh céac tich phan sau:

Bai 51. [ (2 — 2zy)dx + (2zy — y?)dy, trong d6 AB la cung Parabol y = 22 tit A(1;1) dén
AB
B(2;4)

x = a(t —sint)

Bai 52. [(2z —y)dz+ xdy, trong d6 C' la dudng cong { theo chiéu tang ctia
c

y = a(l — cost)
t, (0<t<2ma>0)
Bai 53. [ 2(2? +y?)dx + x(4y + 3)dy, trong d6 ABCA la dudng gap khuc di qua A(0;0),

ABCA
B(1;1), C(0;2)

Bai 54. | % trong d6 ABC'DA la dudng gap khiic di qua A(1;0), B(0;1), C(—1;0),
ABCDA

D(0;-1)

Bai 55. Tinh tich phan sau
/(azy—ir:c—l—y)dx—ir(a:y—irx—y)dy
c

biang hai cach: tinh tric tiép, tinh nhd cong thic Green roi so sanh cac két qua, véi C 1a duong:
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2 2

a) iL‘Q—FyQ:RQ b) x2+y2:2x C)i_+?;_:1>(aab>0)

Bai 56. ]{ 2% (y + %)dy — % (z + %)dx

r24y2=2x

Bai 57. 7{ e*[(1 —cosy)dz — (y — siny)dy|, trong d6 OABO 1a dudng gap khic qua O(0;0),
OABO

A(1;1), B(0;2)

Bai 58. j{ (zy+e“sinz +x +y)dr — (zy — e ¥ + x — siny)dy
z2+y2=2x

3
Bai 59. j{(xy‘l + 2% 4 y cos(xy))dx + (% + zy* — & + x cos(zy))dy, trong d6 C 1a dusng cong

C
T = acost
y = asint, (a > 0)
Bai 60. Dung tich phan duong loai 2 tinh dien tich ctia mién gidi han bdi mot nhip cycloid :
r =a(t —sint),y = a(l — cost) va truc Ox, (a > 0).

(3;0)
Bai 61. / (z* + 4xy®)dx + (62%y* — 5y*)dy
(=2-1)
(252m) )
Bai 62. / (1-— % oS %)dm + (Sin% + %cos %)dy

(L;m)

Bai 63. Tinh tich phan duong

2
I — 2,2 3
/(395 Yy +4x2+1)dx+(3:v v+ )dy

L

trong do L 1a duong cong y = /1 — z* di tit A(1;0) dén B(—1;0).

Yy’ +4

Bai 64. Tim hing s6 o dé tich phan sau khong phu thudc vao duong di trong mién xac dinh

/ (1 —y*)dzx + (1 - :UQ)dy.

(14 ay)>

AB

Bai 65. Tim hing s6 a, b dé biéu thic : (y? + axy + ysin(zy))dz + (22 + bry + x sin(xy))dy 1a
vi phan toan phan ctia mot ham s6 u(x,y) nao d6. Hay tim ham s6 u(x,y) do.

Bai 66. Tim ham s6 h(z) dé tich phan
/ h(@)[(1+ 2y)de + (zy + 22)dy]
AB

khong phu thuoc vao duong di trong mién xac dinh. Véi h(x) vita tim duge, hdy tinh tich phan
tren tu A(2;0) dén B(1;2).
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Bai 67. Tim ham s6 h(zy) dé tich phan
/ h(zy)[(y + 2°y*)dw + (2 + 2°y”)dy|
AB

khong phu thugc vao dudng di trong mién xac dinh. V6i h(zy) vita tim duge, hay tinh tich
phan trén tit A(1;1) dén B(2;3).
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Chuong 5

Tich phan mat

5.1 Tich phan mat loai I
Tinh cac tich phan mat loai 1 sau day
4
Bai 68. [f(x+2v + </)dS, trong ds
S

+E:17$207y207220}

x
S={(x,y,2) : =+ 1

2

wle

Bai 69. [[(2? 4 y?)dS, trong d6 S = {(z,y,2) : z =2*+y%0< 2 <1}
s

Bai 70. [[ zdS, trong d6 S = {(z,y,2) :y=2+22,0<2<1,0<z<1}
s

Bai 71. [[ — 2

Otztyt )2,trongdéSlabiéncﬁatﬁdiénx+y+z§Q,x207y20’220
S TTyr=z

5.2 Tich phan mat loai 2

Tinh cac tich phan mat loai 2 sau day
Bai 72. [[ z(2* + y*)dady, trong d6 S 1a nia mat cau: z* + y* + 2?2 =1, z > 0, huéng ctia S
14 phia ngsoz\ﬂ mit cau
Bai 73. [[ydzdx + z?dzdy, trong d6 S 1a phia ngoai ctia mat ellipsoid 2% + %2 +22 =1,
x>0,y 250, z>0

Bai 74. [[ 2?y*zdzdy, trong d6 S 1a mit trén cla nta mat cau 22 + y? + 22 = R%, 2 <0
s

Bai 75. [[(y + z)dzdy, trong d6 S la phia trén clia mat z = 4 — 42 — y? v6i 2 > 0
s

Bai 76. [[ 2*dydz + y*dzdx + z3dxdy, trong d6 S 1a phia ngoai clla mat cau
s
4P+ =R?

22 +92<1,0 <z < a? + 9P

Bai 77. [[ y*zdxdy+xzdydz+a?ydzdz, trong d6 S la phia ngoai clia mién
s x>0,y >0
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| X )2 > g2 42
Bai 78. [[ xdydz + ydzdx + zdzdy, trong d6 S 1a phia ngoai clia mién {(Z< )< 1_ ety
| a<z<

Bai 79. Dung cong thic Stoke tinh tich phan dudng [(z + y*)dz + (y + 2*)dy + (z + 2?)dz,
loi

trong d6 C 1a bien ctia tam gidc véi cac dinh (1;0;0), (0;1;0), (0;0; 1), huéng nguge chiéu kim
dong ho khi nhin tir trén xudng.

N N N 2 2=0
Bai 80. Goi S 13 phan mat cau 2? +y? + 22 = 1 ndm trong mat tru {x >+Ox +e huéng
y=Y
ctia S 1a phia ngoai clia mat cau.
Ching minh rang: [[(x — y)dzdy + (y — 2)dydz + (z — x)dzdz = 0.
S
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Chuong 6

Ly thuyét truong

Bai 81. Tinh dao ham theo huéng { ctia ham u = 23 + 23 + 322 + 22y tai diém A(2;1;1) v6i
7= AB,B(3:2:3).

R R
Bai 82. Tinh modun ctia gradu, véi u = 2 + y3 + 2% — 3zyz tai A(2;1;1). Khi nao thi gradu
vuong goéc v6i Oz, khi nao thi gradu = 07

s
Bai 83. Tinh gradu, véi

1
w=r>+—+Inr trong d6 r = \/22 + y2 + 22
r

Bai 84. Theo hudéng nao thi sy bién thién ctia ham s6

U =xsinz —ycosz
tit gbe 0(0,0,0) 1a 16n nhat?
Bai 85. Tinh goc gitta hai vector ga)iz clia cac ham so

T

2= —3y+ /3y
tai (3;4).
Bai 86. Trong céac trudng sau day, trudng nao l1a truong thé? Tim ham thé vi (néu o).

a) F =5(a2 —dxy)i + (322 — 29)] + k

b) F = (yz — 322)i + 2z + (zy + 2)k

) F=@+y)i+(@+2)i+(z+yk
zi+yj + 2k
\/(x2 +y? 4 22)3

e) F = (arctan z + dayz)i + (2222 — 3y2)j + (52 + 2202y)k

Bl
I

C

d) ,C # 0 1a hang s6

Bai 87. Cho F = 222 +yx2j + zy*k. Tinh thong luong ctia F qua mat cdu S : 22 +y2+22 = 1,
huéng ra ngoai.

Bai 88. Cho F = m(y+z);+ y(z+x)j+ z(x—l—y)E, L 1a giao tuyén ctia mit tru 2° +y*+y = 0
va nita mat cau z2 + y2 + 22 = 2, z > 0. Chitng minh rang luu s6 ctia F' doc theo L bang 0.

Vién Toan tng dung va Tin hoc
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