HUST School of Applied Mathematics and Informatics

Hanoi University of Science and Technology

School of Applied Mathematics and Informatics

CALCULUS I EXERCISE
COURSE ID: MI 1016

1) Midterm (proportion = 0.3): Handwritten in 60 minutes.

Contents: Section 1.1 to Section 6.8.

2) Final exam (proportion = 0.7): Handwritten in 90 minutes.

1.1-1.3. Functions. Essential functions

Exercise 1. Determine the domain of the following functions.

T 11—z

a = — =

)y 42 — 1 )y Tt
.

b) y = arcsin T d) y = Varctanz.

Exercise 2. Find the range of the following functions.

a) y=1In(1 —2sinx). ¢) y = +/arccos .
2 -1
b) y = arctan (2¢%). d) y= 21

Exercise 3. As dry air moves upward, it expands and cools. The ground temperature is
30°C and the temperature at a height of 1 km is 20°C.

a) Express the temperature 7' (in °C ) as a function of the height A (in kilometers),
assuming that a linear model is appropriate.

b) Draw the graph of the function.

c) What is the temperature at a height of 4 km?
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Exercise 4. The figure shown here shows a rectangle inscribed in an isosceles right

triangle whose hypotenuse is 2 units long.

a) Express the y-coordinate of P in terms of x.

b) Express the area of the rectangle in terms of x.

Exercise 5. Determine whether f is even, odd, or neither.

T __ —T 1 —
a) f(x):%:: sinh z. d) f(x):1n1+z.
b) f(x):%. e) f(z) =sinx + cos2z.
¢) flz) =In(z+Va?+1). f) f(z) =sinx + sin 2x.

Exercise 6. Find the functions fog,go f, fo f, and g o g and their domains.

a) f(z) = ! cg(z) =z —1. ¢) f(z)=sinz, g(z) = vz + L.

71
b) () = VEr T3, g(w) = 2 + 1. a) @) =12 gla) = 1

Exercise 7. Find the inverse functions of the following functions.

: 1-3z
a) y = arcsin 2z. _ _
¢) v 143z

62:2_6722 et —1

— - d) y=1 :

b) y 5 . )y R
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2.1 - 2.3. Limits

Exercise 8. Find the limit of the following sequences (if it exists).

a) u, = vnd +2n? —n. d) u, = " n I

2l i n2+n’

2nm 1\"
b =t . —(1- =
) U, = tan (1 +8n) e) uy, <1 2n) .

ncos (n®+1)
n?+2

nm

c) u, = cos <7> f) u, =

Exercise 9. Find the limit of the sequence {v/2,v/2+v2,\/2+ v2+v2,...}.

Exercise 10. Determine the function a which is infinite as © — oo and the integer n (if

there exists) such that o and z™ are of the same order.
a) a(x) = 2®+ 227 + 5. ¢) a(r) = sin(z?).
b) a(x) = 3z* +sinz. d) alz) =e” + 22

Exercise 11. Determine the function « which is infinitesimal as x — 0 and the integer

n (if there exists) such that o and 2™ are of the same order.

a) a(z) =2+ 22% + 2°. ¢) a(z) = sin(x?).

b) a(z) = 3z* +sinz. d) alz) =e” + 22
Exercise 12. Compare the order of the following infinitesimals as x — 0.

a) a(r) =sin(z? + z),8(z) =1 — cos . ¢) a(r) =em% —1,3(x) = arcsin(tan ).

b) a(r) = Va3 + 224, B(z) = In(1 + 2z). d) a(x) = tan(—z? + 3z%), B(x) = sinh(3z?).
Exercise 13. Evaluate the following limits.

o Vat+8—-3 Qi 2% —1
pyrre—s L

R ke
i In (1 + 222
b) lim tan x 3smm' o hi% nl(_‘i“ T )
290 T z COS T
9% — 5% z+1\*
¢) lim f
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g) lim

sin — 4+ cos — i) lim )
Tr—00

x x z=0* \/sinzIn (1 — 322)

( 1 1)5 , N

' -1

b lim In(1 + 3tan m) ) lim CF)S(Sln ) |

=0 €T —cosT z—0 sin(cosz — 1)
flz) =8

Exercise 14. If lim
x—1 1 —

=9, find il_}rr% f(z).
3.1 - 3.6. Continuity of functions

. _ r?+2, ifr <1 _
Exercise 15. For what value of a is f(z) = continuous at every
2aqx® + 1, if 2 > 1

x?

Exercise 16. Show that f is continuous on (—o0, c0).

sinz ifz< x? fez<l

a) f(zx) = b) f(z) =

Ve o oifz>1

cosx ifx>

RIS

Exercise 17. Locate the discontinuity of the function and illustrate by graphing

1 b) =1 2 sin
_ _ y = In (tan® z). _ _
1+e/e Y=y

a) y

Exercise 18. Find the numbers at which f is discontinuous. At which of these numbers

is f continuous from the right, from the left, or neither?

T 102

271 <o M o<1
a) f(z)= z _ b) flz)={ In(l+22?)

20 +c ifxz>0 Ve o ifrz>1

Exercise 19. Prove that there is a root of the given equation in the specified interval.

a) 25 —3z+1=0, (0,1). b) 23 =3r+1, (1,2).

Exercise 20. A train starts at SAM from Hanoi to Haiphong, arriving at 11AM. The
next day it starts at 8AM from Haiphong to Hanoi, arriving at 11AM. Is there a point on

the route the train will cross at exactly the same time of day on both days?

Exercise 21. Let f be a continuous function on a close interval [0, 1] and f(0) = 1, f(1) =

0. Prove that there is a number ¢ € (0,1) at which f(c) = c.
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4.1 - 4.6. Derivatives

Exercise 22. Find the derivative of the following functions:

a) y=(z2+1)vVa2+2. d)y:]n($+\/;p2+5)‘
b) y = sin(tan ). e) y = sin" x cosnx.

¢) y=a+/r. f)y=(1+i>w.

Exercise 23. For what values of ¢ and b will

ax ifx<?2
fz) =
ax’? +br+3 ifx>2

be differentiable for all values of 27 Discuss the geometry of the resulting graph of f.

. x? ifr<2
Exercise 24. Let f(x) = . Find the values of m and b that make
mx+b ifx>2

f differentiable everywhere.

Exercise 25. Let r(z) = f(g(h(x))), where h(1) = 2,¢(2) = 3,k (1) = 4,¢'(2) = 5, and
f'(3) = 6. Find '(1).

Exercise 26. If F'(z) = f(3f(4f(x))), where f(0) =0 and f'(0) = 2, find F”(0).
Exercise 27. Is the derivative of

r?sin(1/z) ifz#0
0 ife=0

h(z) =
continuous at « = 0?7 How about the derivative of k(z) = zh(x)? Give reasons for your
answer.
Exercise 28. Find y/(z) if y is defined implicitly as a function of = by the equation
a) arctan(2x +y) = y°.
b) 2%+ y3 = 32%y.
c) cos(z —y) = wev.

Exercise 29. Find the equation of the tangent line of the curve 223 4 4y? = 6 at the
point (1,1).
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Exercise 30. Find 2/(y) if = is defined implicitly as a function of y by the equation
y? + 223y + 2 = 0. Apply the previous computation to find the equation of the tangent
line of the curve y* + 2x3y + z = 0 at the point (1, —1).

Exercise 31. Find the n - th derivatives of the following functions:

1 d) =1 2
= , y =1In(22% + x).
2) 2?2+
T
b) v = . e) y=(2z+1)cos3z.
) y= 5
¢) y= (22 +1)e*. f) y = cos(2x) sin z.

Exercise 32. If f and g are differentiable functions with f(0) = ¢(0) = 0 and ¢'(0) # 0,
show that

S S10)
2 g(@) ~ g0

Exercise 33. Prove each of the following.

a) The derivative of an even function is an odd function.

b) The derivative of an odd function is an even function.

1
zarctan — if x # 0,
Exercise 34. Find the derivative of the function f(z) = z

0 ifx=20

Exercise 35. Suppose that the functions f and g are defined throughout an open interval
containing the points o, that f is differentiable at zg, that f(x¢) = 0, and that g is

continuous at xg. Show that the product fg is differentiable at xg.
5.1 - 5.5. Applications of Derivatives and Differentials
Exercise 36. Use a linear approximation (or differentials) to estimate the given number.
a) v/1.002. c) sin(0.01).
b) +/8.001. d) (1.999)*.

Exercise 37. Find equations of the tangent line and the normal line to the curve

a) y=In(z+V22+3) at z = 1. b) y =z + tanh(2z) at x = 0.
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Exercise 38. Find a cubic function y = az® + bx? + cx + d whose graph has horizontal

tangents at the points (—2,6) and (2,0).

Exercise 39. Find all the point on the curve y = 223 — 322 — 122 4 20 where the tangent

of the curve at such a point is

a) perpendicular to the line y =1 — ;—4, b) parallel to the line y = v/2 — 12x.

Tsinx

Exercise 40. Show that the tangents to the curve y = at v =mand r = —71

intersect at right angles.

1
Exercise 41. Given f(r) =In i i 5 find df (x), d" f(z).
x

Exercise 42. Given f(r) = (z + 2)Inz, find d?f(1),d*° f(1).

Exercise 43. Find the n th-degree Taylor polynomials centered at x = 0 of f(z). Deter-

mine the remainder.

a) f(z) =xcosz,n=0>5. c) f(z)=+v2+42x,n=3.
b) f(x)Z\/ﬁ’”:5- d) f(z)=e®+1,n=4
5.6 - 5.9. Applications of Derivatives and Differentials

Exercise 44. Evaluate the following limits

arcsinx — x

a) lim . : p

20 3 g) lim (2?4 2%)x.

T——00

. 2% —1In(1+2°)

b) ilg(l) sin® z ' !
h) lim[In(e + 2z)]sinz.

¢) limz1In|z|. ) z_“)[ ( )

z—0

1

d) mll)l_’l_loox[ﬂ — 2arctan(3z)]. i) ili% 22 + e¥]sin .

y T 1 - . .
e) lim| ——1—) j) xg%l+[arcs1n 2|ten®

(1 2 . sinzln(z +1) —2?
0y (5~ ) 0 iy TR
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Exercise 45. Show that
a) sin(arccos ) = cos(arcsinx) = /1 — 22 for all x € [—1,1].

= arctanz for all x € (—1,1).

1
b) 5 arctan T
¢) arcsin(tanh x) = arctan(sinh ).

Exercise 46. Prove that

a) |arcsinx — arcsiny| > |z — y| for all z,y € [—1,1].

b) Y —952 < arctany — arctanz < iy_;; forall 0 <z <y.

Y
x<1 1
8 T eT —

1
1 1
C>§ <§forallx>0.

d) xlgln(x+1)§xforallm>—1.

T+

Exercise 47. Show that the equation 3z + 2cosx 4+ 5 = 0 has exactly one real root.
Exercise 48. Show that the equation acosx + bcos2z + ccos3xz = 0 has at least one
root on (0, 7).

Exercise 49. Suppose that f(x) is a continuous function on a close interval [a,b] and

differentiable on (a,b), and f(a) = f(b) = 0. Show that there exists a number ¢ € (a,b)

such that f'(c) = 2021 f(c).

Exercise 50. For what values of a and b is the following equation true?

. sin 2x b
lim +a+— | =0.
z—0 133 x2

Exercise 51. Determine the local extreme values

a) y =123z +2). e) y= (22 —3)e".
b) y = 223 (22 — 4).

c) y=axv4—zx2

d) y=2*Inz. g) y = In(x + 3) + arccot z.

f) y = 3arctanz — In (22 + 1).

Exercise 52. Find the absolute maximum and minimum values of f(z) = 2% + — over
x

[1,10].
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Exercise 53. Find the intervals of concavity and the inflection points of the following

functions.

a) f(z) =2%Inx. c) flx)=(1—2)Yz.

b) fz) = (z +1)e™".
Exercise 54. (The best fencing plan) A rectangular plot of farmland will be bounded
on one side by a river and on the other three sides by a single-strand electric fence. With

800 m of wire at your disposal, what is the largest area you can enclose, and what are its

dimensions?

Exercise 55. Find the volume of the largest right circular cone that can be inscribed in

a sphere of radius 3.

Exercise 56. (Designing a can) What are the dimensions of the lightest open-top right

circular cylindrical can that will hold a volume of 1000 cm?.

Exercise 57. A rectangle is to be inscribed under the arch of the curve y = 4 cos(x/2)
from x = —7 to x = m. What are the dimensions of the rectangle with largest area, and

what is the largest area?

Exercise 58. Find the dimensions of a right circular cylinder of maximum volume that

can be inscribed in a sphere of radius 10 cm. What is the maximum volume?
Exercise 59. Determine the asymptotes of the graph of y = f(x).
c) y=(z+2)e/".

d) y=vad+ux.

b) y::r;arccotg. e) y=e"lnz.
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Exercise 60. Determine the asymptotes of the curves.

a) © =1t —3m,y =1t — 6arctant. b) t? t

Exercise 61. If f is continuous, f(2) = 0, and f'(2) = 7, evaluate

¥ f(2+3x) — f(2+ 5x)

6.1 - 6.5. Indefinite Integrals 1

Exercise 62. Find the function f.
a f'(z) =1+, f(0) = 1.
b f(z) =5z — 322 + 4, f(—1) =2.
¢ f'(z) = =2 —122% £(0) = 4, f'(0) = 12.
d f"(x) = 202% + 1222, £(0) = 0, f/(0) = 1.

Exercise 63. The graph of a function f is shown. Which one (a,b or ¢) is the anti-

derivative of f? Give your explanation.

YA YA
a
a
i // ; —— ;
b
c
C
a) b)

Exercise 64. What constant acceleration is required to increase the speed of a car from

30 km/h to 50 km/h in 5s?

Exercise 65. Find a function f(z) such that f/'(z) = 2® and the line z +y = 0 is tangent
to the graph of f(x).

10
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Exercise 66. Evaluate the following integrals

a) [ xsin(z?)dz. e) [asinzdx.
r+1
b) fmdfﬂ f) [a?edx.
1
c) fxanxdx' g) [tan2zdz.
d =
) J P h) [e”sinade.

6.6 - 6.8. Indefinite Integrals 2

Exercise 67. Evaluate the following integrals

a) fziiidx e) f%dm.

b) [tan*zdz. f) f3sinxd—$4cosx‘
% f%dm 8) f1+\/a;ji4x+5'
d) [ e 1;”($+2)dx. h) f\/%dx.

Exercise 68. Evaluate the following integrals

a) [(x+1)arctanzdz. g) [ /xfldx'

b) [(x+2)Inzde.

2
2
h) [ a:3 i 1dx.
c¢) [arcsin®zdx. v
x?+1
t )
Q) f arc e;na:dx. i) f o 1dm.
€T
T sin? x
e dx. ]
€2x 1
k ——dx.

11
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7.1 - 7.5. Definite Integrals 1

Exercise 69. Show that

Exercise 70. Find the derivative of the following functions.

a) f(z) = [y V1+tidt. c) h(z) = fag sin® tdt.

3

b) g(x) = [ sin () dt. d) k(z) :foarcsm(t)dt.
Exercise 71. Evaluate the limit by first recognizing the sum as a Riemann sum for a

function defined on [0, 1].

Exercise 72. Evaluate the following integrals.

€ 2 2_1
a) [/ (zlnz)*dz. ) f12 ﬂfxz .
2
x/4 SIN° T COST 1 In (552 +1)
b ——dx. 7 .
) Jo (1+ tan?z)? ) Jo (x +1)2 v

Exercise 73. If f is continuous on [0, 1], show that

fo f(sinx)dx = fo f(cosz)dx.

b) [, «f(sinz)d fo (sinz)d

Exercise 74. Evaluate

f rsinx
0 1+cos?zx

b) fﬂ—/g \/SHIZE
0 \/SIHZL‘—}-\/COSI‘

dx.

12
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7.6 - 7.8. Definite Integrals 2

Exercise 75. Find the area of the region enclosed by the parabolas z = 2y — y?, 2 =
y? — 4y.

Exercise 76. Find the area of the region enclosed by the curve y? = 22 — 2%,

1 1
Exercise 77. Find the area of the region enclosed by y = —,y =z and y = Zw, x > 0.
x

Exercise 78. Find the number b such that the line y = b divides the region bounded by

the curves y = 22 and y = 4 into two regions with equal area.

Exercise 79. Find the volume of the solid obtained by rotating the region bounded by

the given curves about the specified line.

a) y =2z — 2%,y = 0; about the z-axis. c) v =vy*x=1; about z = 1.

b) y = Inz,y = 1,y = 2,z = 0; about
the y-axis. d) y = 2% x =y? about y = —1.

Exercise 80. Find the volume of the solid generated by revolving the region bounded on

the left by the parabola = % 4+ 1 and on the right by the line z = 5 about
a) the x-axis.
b) the y-axis.
c¢) the line z = 5.

Exercise 81. Find the length of the curves

2

a) y:%—lnx,4§x§8.

b) =y 1<y<8
c) x =>5cost —cosbt,y =5sint —sinbt,0 <t < /2.

Exercise 82. Find the area of the surface generated by revolving the curve

a) y=+v22+2,0<x <2, about the z-axis.

1 1
b) y = Z$2 -5 Inz,1 <z <2, about the y-axis.

13
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7.9 - 7.10. Definite Integrals 3

Exercise 83. Determine whether each integral is convergent or divergent. Evaluate those

that are convergent.

a) [y ﬁdaz. f [ 621,6:_ 3d$

) T %dx. 0 fom% )

) [ i e

d) fi)ool‘e_xda:. h) J; \/ﬁdm
) H ) f e

Exercise 84. Determine whether the improper integral is convergent or divergent.

1

2) J.” x(lnx)pdx' ) o 7=z
b) i m £ [ (VP +1—x)de.
oI x? jitﬁ_ 1d ) o Siza:dx'
fo \/_dx ) foo cos T — cosBxd

VI—it O 22In(1+ /x) v

Exercise 85. Find the value of the constant C' for which the integral fooo ( 22 173 C_;_ 1) dx
x x

converges. Evaluate the integral for this value of C.

Exercise 86. Suppose f is continuous on [0,00) and lim f(z) = 1. Is it possible that

T—r00

Js° f(x)dx is convergent?
8.1 - 8.3. Functions of Several Variables 1

Exercise 87. Find and sketch the domain of the function.

a) flx,y) =v1—122—+/4—19y%

2 —1
b) f(z,y) = arcsin (22 + y* — 2). d) flz,y) = Vr—yln(z +vy).

14
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Exercise 89. Find the limit, if it exits, or show that the limit does not exist.

2., .2 2
a)  lim iy Q)  lim
(zy)=00) /1 + 22 +9y%2 —1 (x,y)—(00,00) T* + 3xyY
2 . r(e® —1)—2y(e® —1
I T — e) lim ( >2 2( )
(z,9)—(0,0) 222 + y* (z,y)—(0,0) ¢4y
, x%siny , 22 cosy + y® cosa
¢) lim ——. f)  lim B :
(2,9)—(0,0) 32° +y (2,y)—(0,0) re+y
rarctan ——, if (z,y) # (0,0)
Exercise 90. For what value of a is f(z,y) = z? +y?
a, if (z,y) = (0,0)
continuous at every (z,y)?
Exercise 91. Find the first partial derivatives of the function.
.
a) z = sin T ). d) z = z%sin—.
1+ a2y Y
x

c) z= fny sin (%) dt.

Exercise 92. Find 0z/0x and 0z/0y.
a) z = e“sin(uv), where u = zy* v =

x?y.

e) z = arctan

f) u = x*yarcsin(y + z).

b) z = arcsin(u — v), where v = 2% +

v =1-2zy.

8.4 - 8.6. Functions of Several Variables 2

Exercise 93. Find the second partial derivatives of the function.

a) f(x,y) = arctan Y.
x

b) flay) =

) f(z,y) = xln(a® +y?).

Exercise 94. Verify that the function u(x,t) = sin(z + at) satisfies the wave equation

Pu 0%

o2~ " a2

15
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Exercise 95. Show that the function u = sinzcoshy 4+ cosxsinhy is a solution of

Laplace’s equation

0*u N Pu 0
ox2 oy
By — oy
T 5, 9 if T,y 7A 0707
Exercise 96. Let f(x,y) = z? + y? (z.9) # (0.0)
0, if (z,y) = (0,0)

a) Find f,(z,y) and f,(x,y).
b) Show that f,,(0,0) = —1 and f,,(0,0) = 1.

Exercise 97. Find the linear approximation of the function f(x,y) = /20 — 22 — 7y> at
(2,1) and use it to approximate f(1.98,1.05).

Exercise 98. Find the differential of the function.

a) z=2%In(x + y?). c) z = zye™.
Y .
b) z = arctan ~ d) z = xy + sinh(zy).

8.7 - 8.9. Functions of Several Variables 3
Exercise 99. Find the d*f(z,y).

a) fz,y) =2y +y’z, (x,y)=(L1).

b) f(x,y) = sin(zy)e”, (z,y) = (0,1).

) flz,y,2) =2 +y* +2",  (z,y) =(-1,0,1).

d) f(z,y,2) =In(1 +2xyz), (z,y,2)=(0,0,0).
Exercise 100. Use the Chain Rule to find dz/dt.

a) z = \/m,x =lInt,y =sint.

b) z = cos(z + 2y),x = 3ty = 1/t.

¢) z=ay+yz+xz,x =sint,y = cost, z = tant.

r+y
y—z’

d) z = r=ty=12=1t"

16
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Exercise 101. Use the Chain Rule to find %, %
or’ 0s

a) z=cos(l+xy), z=r*y=s

b) z =a2%y®, 1 =rcoss,y=rsins.
c) z=e"siny, T =rs,y=r-+s.
x 2, 2
d) z:tan<—>, x=r"+ s,y =2rs.
Y

Exercise 102. Use the Chain Rule to show that if z = f(x,y) and x = rcosf,y = rsinf

then
Pz Pz Pz 1Pz 10z
ox2  oy?  Or2  r2002  ror

Exercise 103. Find the gradient of f.

a) f(z,y) = e"siny. c) flz,y) = ye.
b) f(x,y) = arctan(xy). d) f(x,y,z) = ze¥ + ye* + ze®.

Exercise 104. Find the directional derivative of f in the given direction v.

a) f(r,y) =e’cosz,v=(11). c) flz,y) =sin(a? +y?),v = (0,2).
22
b) flz,y) = xQ—JFyWV =(-1L1). d) flz,y) =22 +y%v=(1,-1).
. T . ., 0z 0z
Exercise 105. Use implicit differentiation to find — and —.
ox dy
a) zy = In(y + 2?). d) ® 4+ y? 4+ 2° + 6zyz = 1.
b) x — z = arctan(yz). e) 22%y + 4y? + 2%z + 23 = 3.
c) sin(xyz) = x + 2y + 323, f) xyz = arcsin(z +y + 2).

17
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8.10 - 8.11. Functions of Several Variables 4

Exercise 106. Find the local maximum and minimum values and saddle point(s) of the

function.
a) z = xy® — 8r + 12> e) z = e** (42? — 2zy + y?).
b) z =t + 9t — day + 2. f) z =o'+ yt — 2% — y* + 22y.
c) z =223+ zy* + bx? + 3> g) z=a*+ 4y* — day + 2.
d) z = e (y? — 2?). h) z = a2ye V"

Exercise 107. Find the absolute maximum and minimum values of f on the set D.
a) flx,y) =2 +y' —dzy+2,D ={(2,y) [ 0< 2 <30 <y <2}
b) flz.y) =ay®, D ={(z,y) | v > 0;y > 0;2% +y* < 3}.
) f(v,y) =2 +y* + 2y —Te =8y, D = {(z,y) |+ > 0;y > 0;2 +y < 6}.

2

Exercise 108. Find the points on the cone 22 = 2% + y? that are closest to the point

(4,2,0).

Exercise 109. Find the volume of the largest rectangular box in the first octant with

three faces in the coordinate planes and one vertex in the plane x + 2y + 3z = 6.

Exercise 110. Use Lagrange multipliers to find the maximum and minimum values of

the function subject to the given constraint.
a) f(z,y) =2x+ 3y,2* +y* = 13.
b) f(z,y) = 2%y, 2* + 2y* = 6.

c) fla,y) =e" 2’ +y* = 16.

18



