TRUONG PAI HOC BACH KHOA HA NOI
VIEN TOAN UNG DUNG & TIN HOC

BAlI HOC

BACH KHOA

BUI XUAN DIEU

Bai Giang

GIAI TicH II

(Iwu hanh néi bo)

CAC UNG DUNG CUA PHEP TINH VI PHAN, TiCH PHAN BOI, TICH PHAN
PHU THUOC THAM SO, TiCH PHAN DPUONG, TiCH PHAN MAT, LY THUYET
TRUONG

Tém tat ly thuyét, Cac vi du, Bai tap va 1oi giai

Ha Nbi- 2009



Muc Luc

< O Ot Ot

1.2 Tinh t1ch phéan kép trong_h.e_ts)_a_d.o_D_&s_car_tﬂ&J .............. 16

5i bién sé trong tich phan kép

|2 Tich phan béi ba

2.2

B3

Chuong 3 .

b




9 MUC LUC

|1.2 Céc tinh chit cta tich phan xic dinh phu thuoc tham séJ ....... 63

|1 3 Cac tinh chAt cia tich phan phu thudc tham sb véi cAn bién d(A;iJ ... 66

Il Tich phan dubni iga 5 79

18 BAGAD . . oo 95
2 Tich phAn maAtloai 1 . . . . o o o o oo e e 98
2.1  Dinhhudngmiteond . . . . oot 98

i fa tich phan matloaill . . . . . oo ooo 98

|2.3 Cac cong thic tinh tich phan mat loai l]l ................. 98
2.4 Cong thitc Ostrogradsky, Stokes . . . . ..o 102

A i 4 5 ilvaloaill ......... 105

Chuong 6 . Ly thuydt trusng. . . . . « o v v v v e e e e e 107




MUC LUC 3




MUC LUC




CHUONG 1

CAC UNG DUNG CUA PHEP TiNH VI PHAN
TRONG HINH HOC

§1. CAC UNG DUNG CUA PHEP TINH VI PHAN TRONG
HINH HOC PHANG

1.1 Phuong trinh tiép tuyén va phap tuyén cta duong
cong tai mot diém.
1. Piém chinh quy.
e Cho dudng cong (L) xdc dinh béi phudng trinh f (x,y) = 0. Diém M (xq, o)

dudc goi 1a diém chinh quy ctia dudng cong (L) néu ton tai cdc dao ham riéng
fr (M), f, (M) khéng déng thoi béng 0.

x = x(t)

y=y(t)
M (x (to),y (tg)) dudc goi 1a diém chinh quy ctia dudng cong (L) néu ton tai cac
dao ham x’ (ty),v' (ty) khong dong thoi bang 0.

e Cho dudng cong (L) xac dinh béi phuong trinh tham sb { . Diém

e Mot diém khong phai 14 diém chinh quy dudc goi la diém ki di.

2. Cac cong thic.

e Phuong trinh tiép tuyén va phap tuyén cta duong cong xac dinh bdi phuong
trinh tai diém chinh quy:
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- Tiép tuyén

(d): fx (M).(x—x0) + f, (M) . (y —yo) = 0.
- Phap tuyén

(@) : 0 _ I
fx (M) fy (M)

Chu y: Truong hgp dac biét, duong cong cho bdi phuong trinh y = f(x)

thi phuong trinh tiép tuyén ctia dudng cong tai diém M(x, yo) chinh quy la

v —1yo = f'(x0)(x — x0). Pay l& cong thitc ma hoc sinh da biét trong chuong

trinh phé théong.
e Phuong trinh tiép tuyén va phap tuyén ctia duong cong (L) xéc dinh bdi phuong
x = x(t)
y=y()

trinh tham s6 tai diém M (x (to),y (tp)) chinh quy:

- Tiép tuyén

- Phap tuyén

(@) = ¥ (to) . (x — x (tg)) +V' (t0) - (v —y () = .

1.2 Do cong cua duong cong.
1. Pinh nghia.
2. Cac cong thic tinh d6 cong ctia dudng cong tai mot diém.
e Néu duong cong cho béi phuong trinh y = f (x) thi:
"l

v
C (M) = (1 +]//2)3/2

£ ;| x=x(t
e Néu dudng cong cho béi phuong trinh tham so { (£) thi:

y=y(t)
x/ y/
x// y//
C(M) = —(x’2 )

e Néu duong cong cho béi phuong trinh trong toa do cuc r = r (¢) thi:

B ‘1,2 +2r2 — rr”|
R

c(M
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1.3 Hinh bao cua ho duong cong phu thuéc moét tham
s6

1. Pinh nghia: Cho ho dudng cong (L) phu thudc vao mét hay nhiéu tham sb. Néu mdi
dudng cong trong ho (L) déu tiép xic véi dudsng cong (E) tai mot diém nao d6 trén E
va ngudc lai, tai méi diém thuoc (E) déu ton tai mot duong cong ctia ho (L) tiép xic
v6i (E) tai diém d6 thi (E) dudc goi 1a hinh bao ctia ho dudng cong (L).

2. Quy téc tim hinh bao cta ho dudng cong phu thudc mot tham sb.

Pinh 1y 1.1. Cho ho dudng cong F (x,y,c) = 0 phu thuéc mét tham sé c. Néu ho

duong cong trén khéng co diém ki di thi hinh bao cia no dugc xdac dinh bang cach
khir ¢ tir hé phuong trinh

F(x,y,¢)=0

, (1)

F.(x,y,¢c) =0

3. Néu ho dudng cong da cho c6 diém ki di thi hé phudng trinh (1) bao gém hinh bao
(E) va quy tich cac diém ki di thudc ho cac dudng cong da cho.

Bai tap 1.1. Viét phuong trinh tiép tuyén va phap tuyén véi dudng cong:
a) y = x>+ 2x% — 4x — 3 tai (-2,5).
Phuong trinh tiép tuyén y=>5

Loi gidi. ) [
Phuong trinh phap tuyén x = —2

b) y= el_xztai giao diém cua duong cong véi duong thang y=1.

Phuong trinh tiép tuyén 2x —y +3 =0
Loigigi. - Tai My (—1,1), g priyen st~y
Phuong trinh phap tuyen x +2y —1 =0

Phuong trinh tiép tuyén 2x +y —3 =0
~ Tai My (—1,1), g priyen sty .
Phuong trinh phap tuyéen x — 2y +1 =0

x = Ut
c. £ tai A(2,2).

_ 3 .1
Y= tu
Loi gidi. - Phuong trinh tiép tuyén Yy =x.
— Phuong trinh phép tuyén x +y — 4 = 0. [
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d. x5 +v3 = a3 tai M(8,1).
Loi gidgi. - Phuong trinh tiép tuyén x + 2y — 10 = 0.
— Phuong trinh phép tuyén 2x —y — 15 = 0. [

Bai tap 1.2. Tinh d6 cong cua:
a. y = —x° tai diém c6 hoanh d6 x = 1.
Loi gidi.
| 192

oy _
C(M)—W—...—le .

b { XSt 0 ai didm bt ki,
y=a(t—cost)

Loi gidi.
x/ yl
C (M) B x// y// B B 1 1
(xIZ + y/2)3/2 2av/2 /1 — cos x |
2 2 2 . 2.0 % N
c. x3+y3 = a3 tai diém bat ki (a > 0).
NP . P’ X =acos’t .
Loi giai. Phuong trinh tham so: . 3, »nén
y=asmn’t
xl y/
x// y// 1
(M) (x72 +y/2)3/2 3a |sint cos t| -
d. r = ae’, (a,b > 0)
Loi giai.
C (M) = 2+ 22 —r"| 1
(P24 r2)¥?  aehy/1+ b2 n

Bai tap 1.3. Tim hinh bao ctia ho dudng cong sau:

a. y=24c?
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b. cx? +cty =1

c. y=c2(x—c)?

Loigidgi. a. PatF(x,y,c):=y—%—c*=0.

Diéu kién: ¢ # 0.

F/ — / —
Xét hé phuong trinh: ) (x/y,¢) =0 & Fe(xy,0) =0 , hé phuong trinh vo
F, (x,y,¢) =0 1=0

nghiém nén ho dudng cong khong c¢6 diém ki di. Ta c6
F(x,y,c) =0 —%_ 2= =203
l(x y,c) oV xc DI c2
Fl(x,y,c) =0 —2c+5 =0 y =3¢

nén (%)2 - (%)3 = 0. Do diéu kién c # 0 nén x,y # 0. VAy ta c6 hinh bao cta ho
dudng cong 1a duong (£)* — (¥)° = 0 trit diém O (0,0).
b. Pat F(x,y,c) := cx?> 4+ c®y — 1 = 0. Néu ¢ = 0 thi khéng thod man phuong trinh da
cho nén diéu kién: ¢ # 0.
FI 'Y, = 2 - o R N
Xét hé phuong trinh: ’ (x/y,¢) =0 & 2cx 0 < x = ¢ = 0, nhung diém ki
F, (x,y,¢) =0 cc=0
di d6 khong thudc ho dudng cong da cho nén ho dusng cong da cho khong cé diém ki

di. Ta co
F(x,y,c) =0 24ty =1 =2
/(xyc) N cazc +c%y ol c
F/(x,y,¢)=0 x“+2cx =0 y==
Do d6 x, y # 0 va ta c6 hinh bao cia ho duong cong la duongy = — 1—4 trit diém O(0,0).
c. Pat F(x,y,¢) =2 (x—c)?—y=0.
F, (x,y,¢c) = F, = . .
Xét hé phuong trinh: ) (x/y,¢) =0 & x =0 , hé phuong trinh vé6 nghiém
F, (x,y,c¢) :09 -1=0
nén ho duong cong da cho khong cé diém ki di.

Ta c6 )
F(x,y,c) =0 - (x—c) —y=0(1)
F! (x,y,c) =0 2c(x —c)—2c2(x—c)=0(2)
c=0
A N 4
(2) < | c=x ,thévao (1)tadudcy =0,y = f¢.
c=3 4
Vay hinh bao cia ho duong conglay =0,y = . [
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§2. CAC UNG DUNG CUA PHEP TINH VI PHAN TRONG
HINH HOC KHONG GIAN

2.1 Ham vécto
Gia st [ 1a mot khoang trong R.

[ — R"
e Anh xa dugce goi 14 ham vécto cia bién s6 t xac dinh trén R. Néu
t—=r ) e R"

n=3,tav1etm:x(t).z +y().] +Z().k.DatM( (t),y(t),z(t)), quy tich
M khi t bién thién trong I dudc goi 1a téc do ctia ham vécto r (¢

e Gi6i han: Ngudi ta néi ham vécts c6 gidi han 1a @ khi t — ty néu lim — 7‘ =
—1p

0, ki hiéu lim 7 (£ = @.

t—to

r(t

e Lién tuc: Ham vécto ﬁ xac dinh trén I dudc goi 1a lién tuc tai ty € I néu lim r (¢

t—to
r(to . (tuong duong véi tinh lién tuc ctia cac thanh phan tuong tng x (t),y (t),z (t))
.7 (ty+h) =T (to) 1 s
e DPao ham: Gidi han, néu cé, caa ti sb %m% h = }llm% —————> dudc goi la dao ham
— —
ctia ham vécto r (t) tai to, ki hiéu 7' (f) hay & ( o) khi d6 ta néi ham vécto r (t) kha

vi tai ty.
Nhan xg’;c rang néui(t) L,y (1) ,z_()t) kha vi tai ¢ thi m ciing kha vi tai tg va 7 (f) =
xl(to). i —|—y/(to). ] —|—Z/(t0). k.

2.2 Phuong trinh tiép tuyén va phap dién cta duong
cong cho dudi dang tham s6

x = x(t)
Cho duong cong { y = y(t)  va M(xo,Yo,20) 14 mét diém chinh quy.
z = z(t)

e Phuong trinh tiép tuyén tai M

Cx—x(t) y—y(t) z—z(t)
@ )~ V@) 7

e Phuong trinh phap dién tai M.
(P): x'(to) . (x —x(t0)) +y' (to) - (v —y (to)) + 2" (to) - (z — 2 (o)) = 0.

10
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2.3 Phuong trinh phap tuyén va tiép dién ctia mat
cong.

Cho mat cong S xac dinh béi phuong trinh f(x,y,z) = 0 va M(xo, yo,20) 12 mot diém
chinh quy cuaa S.

e Phuong trinh phap tuyén tai M

(d) X — Xp _ Y —1Yo _ Z— 2
M) fy (M) (M)

e Phuong trinh tiép dién tai M
(P) s L (M). (x —x0) + £ (M) (v — yo) + £ (M) . (z — z0) = 0.

Dic biét, néu mat cong cho béi phuong trinh z = z (x,y) thi phuong trinh tiép dién tai M
12 (P) :z —zo = 24 (M) . (x — x0) + 2, (M) . (¥ — yo)-

2.4 Phuong trinh tiép tuyén va phap dién cta duong
cong cho dudi dang giao cua hai mat cong

f(xy,2z)=0
g(xyz)=0"

bat n_f) = ( fr (M), fy (M), f; (M)), 14 vécto phéap tuyén clia mat phang tiép dién ctia mit
cong f (x,y,z) =0 tai M.

Dat n_>g = (g; (M), g’y (M), g, (M)), 12 vécto phap tuyén ctia méit phang tiép dién ciia mit

Cho duong cong xac dinh bdi giao cia hai mat cong nhu sau {

cong ¢ (x,y,z) = 0 tai M.
Khi do n_} A n_g> 12 vécto chi phuong ciia tiép tuyén ctia dudng cong da cho tai M. Vay phuong
trinh tiép tuyén la:

’PTTQ:{ L(M). (x = x0) + fy (M) (y = yo) + fL (M) . (z —z0) = 0.

8+ (M) . (x — x0) + g (M) . (y — yo) + 8 (M) . (z = 20) = 0.
PTCT : 0 = L = -

‘ fy (M) fz(M) ‘ |f7f (M) fx (M) | ‘ fx (M) fy (M) ‘

\ gy (M) gL (M) 8. (M) g (M) gx (M) g, (M)

Bai tap 1.4. Gia st 7 (¢)

%
a &(7(H)+7 (1) = Z0 4 410

7 (), @ (t) 1a cac ham vécto kha vi. Ching minh ring:
()
dt

11
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Bai tap 1.5. Viét phuong trinh tiép tuyén va phap dién ctia duong:
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4 . 2
X =asin“t
a. ¢ y=bsintcost taidiém ungvéit= %, (a,b,c>0).
| z=ccos?t
( __ elsint
x =7 9
b. y=1 tai diém Ung vé6i t = 2.
z = el cost
L V2
P P _a _b _c
Loigidgi. a. - Phuong trinh tiép tuyén: (d) : =2 = £2 = 2

) 0
— Phuong trinh phép dién: (P) :a (x —§) —c(z—5) =0.

N
N 3 A -1 — 5
b. - Phuong trinh tiep tuyen: (d) : é =1 = z 7@2 .
- Phuong trinh phap dién: (P) : \/Tix + @ (z — \/TE) =0 [
Bai tap 1.6. Viét phuong trinh phap tuyén va tiép dién ctia méit cong:
a) x2 —4y? + 272 = 6 tai diém (2,2,3).
b) z = 2x? + 4y? tai diém (2,1,12).
¢) z=In(2x +y) tai diém (—1,3,0)
Loi gigi. a. - Phuong trinh phap tuyén: (d) : XT_Z = y__—lé = 21;3
— Phuong trinh tiép dién: (P) : 4 (x —2) =16 (y —2) +12(z—3) =0
N . A Lx—2 _y-1 _ 712
b. - Phuong trinh phap tuyen: (d) : *g= = 5~ = *=°
— Phuong trinh tiép dién: (P) : 8 (x —2) +8(y — 1) — (z — 12) =
N P % -3
c. — Phuong trinh phap tuyen: (d) : "TH =1==%
— Phuong trinh tiép dién: (P) : 2 (x +1)+ (y—3) —z=0 n

Bai tap 1.7. Viét phuong trinh tiép tuyén va phap dién ctia duong:

24+y2=10 .
a { Y tai diém A (1,3,4)
y-+z-=25

tai diém B (—2,6,1)

b 2x2 +3y% + 2% = 47
T 242 =z2

13
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14
42 2 10 — _
Loi gigi. a. Tac6 fxy.z) x2+y2 0=0 . ) n (2,6,0)_
8 xy, —y +2z:-25=0 ng = (0,6,8)
Do d6 ny Ang = 2(21,-8,3). Vay:

= (-8,6,12)

n
b. Tuong tu, { ' —2(27,27,4) nén
gty {ng:(_4’4’_1) ( )

— Phuong trinh tiép tuyén (d) : 32 = L .
- Phuong trinh phap dién (P) : 27 (x +2) +27(y—1) +4(z—6) =0

14



CHUONG 2

TIiCH PHAN BOI

§1. TICH PHAN KEP

1.1 Pinh nghia

Dinh nghia 2.1. Cho ham sé f (x,y) xdc dinh trong mét mién dong, bi chidn D. Chia

mién D mét cach tuy y thanh n manh nhé. Goi cac manh do va dién tich cia chiing Ia

AS1,AS,, ..., AS,. Trong méi manh AS; I3y mét diém tuy y M (x;,y;) va thanh Iap téng tich

phan I, = i f (xi,y;) AS;. Néu khin — oo sao cho max {AS; — 0} ma I, tién tdi mét gid
i=1

tri hitu han I, khéng phu thuc vao cach chia mién D va cach chon diém M (x;,vy;) thi gidi
han 4y duoc goi la tich phan kép ctia ham s6 f (x,y) trong mién D, ki hiéu la

JJ £
D

Khi d6 ta néi rang ham sé f (x,y) kha tich trong mién D. Do tich phan kép khéong phu
thudc vao cach chia mién D thanh cdc manh nhé nén ta c¢6 thé chia D thanh hai ho duong

thang song song véi cac truc toa do, khi d6 dS = dxdy va ta c6 thé viét

[ eyas= [ £ (xy)axay
D D

Tinh chét co ban:

e Tinh chat tuyén tinh:

J 1 o)+ eyaxdy = | f(xy)ydudy + [f g (xy) dxay
D D

D

15



16 Chuong 2. Tich phdn boi

/kf (x,) dxdy = k//f(x,y) dxdy
D D

e Tinh chéat cong tinh: Néu D = D; U D, va D; N D, = @ thi

[ fyyaxay = [[ £ yyaxay+ [ £ (xy)dxdy
D D, D

1.2 Tinh tich phan kép trong hé toa do Descartes
Pé tinh cac tich phan hai 16p, ta can phai dua vé tinh cac tich phan lap.
1. Phéac thao hinh dang ctia mién D.

2. Néu D 1a mién hinh chit nhat (D) : a < x < b,c <y <dthitacé thé st dung mot
trong hai tich phan lap

//f(x,y)dxdyz /bdx/df(x,y)dyZ/ddy/df(x,y)dx
D a c c c

3. Néu D la hinh thang cong c6 cach canh song song véi Oy, (D) :a < x < b, ¢ (x) <
y < ¢ (x) thi dung tich phan lap véi thi tu dy trude, dx sau.

p(x)
/f(x,wdxdy:/bdx | £y
b T g(x)

4. Néu D la hinh thang cong c6 c4ch canh song song v6i Ox, (D) : c <y < d,¢(y) <
x < ¢ (y) thi dung tich phéan lap véi thi tu dx trude, dy sau.

d  py)
[ vy = [ay [ fxy)ax
D ¢ 9y

5. Néu D la mién c6 hinh déng phiic tap, khong c6 dang 3,4 thi thong thudng ta sé chia
mién D thanh mét s6 hitu han mién c6 dang 3 hoic 4 roi st dung tinh chat céng tinh
dé dua ve viéc tinh toan nhiing tich phan lap trén mién c¢6 dang 3, 4.

Cac dang bai tap co ban

16



1. Tich phén kep 17

Dang 1: P6i thit tu 1ay tich phan.

Trong phan trén, ching ta biét réng thi tu 1ay tich phan va hinh dang ctia mién D c6
lién quan chit ché dén nhau. Néu thi tu dy truée, dx sau thi mién D c¢6 dang hinh thang
cong song song véi truc Oy, va ¢ biéu dién 1a (D) :a < x < b, ¢ (x) <y < ¢ (x). Ngudc lai,
néu thit tu dx trudc, dy sau thi mién D ¢6 dang hinh thang cong song song véi truc Ox,
va cé biu dién 1a (D) : c <y < d, 9 (y) < x < ¢ (y). Do vay viéc d6i thit tu 1ay tich phan
trong tich phan lép ching qua la viéc biéu dién mién D ti dang nay sang dang kia.

1. Tt biéu thitc tich phan lip, vé phac thao mién D.

2. Néu D 12 mién hinh thang cong c6 cac canh song song véi Oy thi ta chia D thanh céc
hinh thang cong c¢6 cac canh song song véi Ox. Tim biéu dién giai tich cia cidc mién
con, vidu (D;) :¢; <y <di, ¢; (v) < x < ¢; (v), sau d6 viét

b y2(x) d ¥i(y)
/dx / f(x,y)dyzz_/dy / f (x,y)dx
a y(x) L gy

3. Lam tuong tu trong truong hop D la hinh thang cong c6 cac canh song song véi Ox.

Bai tap 2.1. Thay ddi thit tu 1ay tich phan ctia cac tich phan sau:

1 1—x2
a) /dx / f(x,y)dy
0 —/1—x2
Yy
1

N
o

Hinh[2.1]a)

Chia mién D thanh hai mién con Dy, D, nhu hinh vé,

-1<y<0 Osy<l1
D1: 4 ,Dz: 4

—/1—y2 < x < /1—92 —/1-y<x</1—y

I/jdy / f(x,y)dx+0/1dy / f(x,y)dx

17



18 Chuong 2. Tich phdn boi

b)/dy / f(x,y)dx y
0 2—y 2
\\\
\\
1“7%
4 |
4 |
/ |
|
O 1 2 x
Hinh 2.11b)
N 3 1<x<2
Loi giai. Ta c6: D : nén
2—x<y<V2x—x2
2 V2x—x2
1= fax [ fluydy
1 2—x
2 V2x !
c)/dx / f(x,y)dx )
0 V= b
1 - —
|
|
|
|
|
O 1 2 X
Hinh 2.1l c)
Loi gidi. Chia D thanh 3 mién nhu hinh v&,
0<y<l1 0<y<l1 I<y<2
I 2 / 5 ,Dy: y . ,Ds: 2 J
T<x<1l—y/1-y 1+y/1—-y~<x<2 TLXx<L2
Vay:
1 1=4/12 1 2 2 2
Iz/dy / f(x,y)dx+/dy / f(x,y)dx+/dy/f(x,y)dx
0 P2 0 14 /1P Loy

18



1. Tich phén kep 19

N 2 4-y?
d) /dy/f(x,y)dH/dy / f(x,y)dx
0 0 NGl 0
1
V2
|
|
]
@) V2 x
Ldi gidi. Hinh 2.1]d)
0<x< V2
D: V2
x <y < Va— a2
nén

=

Mot cau héi rat tu nhién dat ra 1a viéc d6i tha tu lay tich phan trong céac bai toan tich
phan kép c6 ¥ nghia nhu thé nao? Hay xét bai toan sau day:

1
Bai tap 2.2. Tinh [ = / dx / xet dy.
xZ

O 1
Hinh

Loi gidi. Chung ta biét rang ham sb f (x,y) = xe¥” lién tuc trén mién D nén chic chin
kha tich trén D. Tuy nhién cac ban c¢6 thé thay ring néu tinh tich phan trén ma lam theo

19



20 Chuong 2. Tich phdn boi

thit tu dy trude thi khong thé tinh duge, vi ham sb eV’ khong c6 nguyén ham so cap! Con
néu doi thit tu 14y tich phan thi:
1 1 , )
/dy/xeydx—/e \/—dy——/eyz.ydy:L—Leyz%zz(e—l)
0 0

Dang 2: Tinh cac tich phan kép thong thuong.

Bai tap 2.3. Tinh cac tich phéan sau:

a) //xsin(x+y)dxdy,D: {(x,y) eR*:0<y<F0<x<

SE

}

Ldi gidi.
77 - 77 -
I:/dx/xsin(x+y)dy:...:Ehoéclz/dy/xsin(x+y)dx:...:E
0 0 0 0
b) I = // y — x) dxdy, D giéi han béi y = x?*&x = y?
Hinh 2.3]
Loi gidi.
1 Vx 1
— 20 43 - =
I—/dx (xy x)dy 501
0 a2

20



1. Tich phén kep 21

Dang 3: Tinh cac tich phan kép c6 chita dau gia tri tuyét déi.

Muc dich ctia ching ta 14 pha bé dudc dau gia tri tuyét doi trong cac bai toan tinh
tich phan kép c6 chita dau gia tri tuyét d6i. Vi du, dé tinh cac tich phan kép dang
// |f (x,vy)| dxdy. Khao sat dau ctia ham f (x,y), do tinh lién tuc ctia ham f (x,y) nén
D

dudng cong f (x,y) = 0 s& chia mién D thanh hai mién, D*,D~. Trén D7, f (x,y) > 0, va
trén D, f (x,y) < 0. Ta c6 cong thic:

J[1f Geowlaxdy = | £ oy dady = ] £ (o) dxdy () 1)
D+ D—

D

Cac buéc dé lam bai toan tinh tich phan kép c6 chita dau gia tri tuyét doi:
1. V& dudng cong f (x,y) = 0 dé tim duong cong phan chia mién D.

2. Gia st dudng cong tim dudc chia mién D thanh hai mién. Pé xac dinh xem mién nao
la Dt , mién nao 1a D, ta xét mot diém (xo, yo) bat ki, sau dé tinh gia tri f (xo,yo).
Néu f (xo,10) > 0 thi mién chia (xo,yp) 1a D va ngugc lai.

3. Sau khi xéac dinh dudc cac mién D+, D, ching ta sit dung cong thiic (1) d€ tinh tich
phéan.

Bai tap 2.4. Tinh // Ix +yldxdy, D : {(x,y) € R?||x <1|,|y| <1}
D

Y
1
Dy
o) 1 X
D_
Hinh

Loi giai. Ta co:
Df=DN{x+y>0}={-1<x<1,—x<y<1}
D =DnNn{x+y<0}={-1<x<1,-1<y< —x}

21



22 Chuong 2. Tich phdn boi

12//(x+y)dxdy—//(x+y)dxdy=---zg
D+ D—

Bai tap 2.5. Tinh // Iy — @dxdy, D : {(x,y) € R*|]x| <1,0<y <1}
D

Yy

@) 1
Hinh

Loi gidi.
D*zDﬂ{(x,y)‘y—xZEO}:{—1<x<1,x2<y<1}
D_:Dﬂ{(x,y)‘y—x2<0}={—1<x<1,0<y<x}
I:/\/y—xzdxdy—F/\/xz—ydxdy211+Iz
D+ D-
trong do
11 5 1 s - 3
Ilz/dx/ y—xzdy=§/<1—x2)2dxx_§mt§ cos4tdt=...:%
1 -1 0
1 X2 1 1
Iz—/dx/ xz—yaly:%/|x|3alx:—/x3alx:1
3 3 3
“100 -1 0
Vay I =4 +3 ]

22



1. Tich phén kep 23

Dang 4: Tinh céc tich phan kép trong truong hép mién liy tich phan 1a mién d6i
xung.

Dinh 1y 2.2. Néu mién D la mién déi xitng qua truc Ox (hodc tuong iing Oy) va ham la
ham 1é doi vii y (hodc tuong iing doi vdi x) thi

/f (x,y)dxdy =0
D

Pinh 1y 2.8. Néu mién D Ila mién déi xiing qua truc Ox (hodc tuong iing Oy) va ham Ia
ham chdn déi véiy (hodc tuong ing dobi vdi x) thi

// f(x,y)dxdy =2 / f(x,y) dxdy
D D’/

trong do D’ 1a phin ndm bén phai truc Ox cia D (hodc tuong ing phia trén cia truc Oy
tuong iing)

DPinh 1y 2.4. Néu mién D la mién déi xiing qua truc goc toa do O va ham f (x,y) thod man
f(=x,—y) =—f(xy) thi

/f (x,y)dxdy =0

D

Bai tap 2.6. Tinh // x| + |y|dxdy.
i<t

Hinh [2.6]
Loi gidi. Do D dbi xing qua ca Ox va Oy, f (x,y) = |x| + |y| 12 ham ch&n véi x,y nén

1—x

1:4/f(x,y)dxdy=4/1dx / (x+y)dy:§
D! 0

0

23



24 Chuong 2. Tich phdn boi

1.3 Phép doi bién so trong tich phan kép
Phép d6i bién sb téng quat

Phép d6i bién s6 téng quat thuong dude st dung trong truong hop mién D la giao cta
hai ho duong cong. Xét tich phan kép: I = // f (x,y) dxdy, trong d6 f (x,y) lién tuc trén D.
D

Thuc hién phép d6i bién s6 x = x (1,v),y = y (u,v) (1)thod man:

e x = x(u,v),y = y(u,) la cac ham so lién tuc va c6 dao ham riéng lién tuc trong
mién dong D,,, cia mat phang O'uv.

e Cac cong thuc (1) xac dinh song anh tu D,,, — D.

« Dinh thiic Jacobi | = 5

D(u,v)

Khi doé ta c6 cong thic:

1= [ fGyydxay = [ f(x(w0),y(w0)) ]| dudo

D Dy

Chu y:

e Muc dich ctia phép ddi bién sb 1a dua viéc tinh tich phan ti mién D c6 hinh déng
phtic tap vé tinh tich phan trén mién D,,, don gian hon nhu 14 hinh thang cong hoic
hinh chit nhat. Trong nhiéu trudng hdp, phép d6i bién sb con ¢ tac dung lam don
gian biéu thic tinh tich phan f (x,y).

e Mot diéu hét stic chu ¥ trong viéc xac dinh mién D,,, d6 14 phép déi bién so tong quat
sé bién bién ctia mién D thanh bién ctia mién D,,, bién mién D bi chian thanh mién
D, bi chan.

, 2oL A _ _D(’)_
e C6 thé tinh J théng qua | 1_ﬁ_

<
<

Bai tap 2.7. Chuyén tich phan sau sang hai bién u, v:

1 X
a) /dx/f(x,y) dxdy, néu dat HExEy
A v=x—y

b) Ap dung tinh véi f (x,y) = (2 — x —y)*.

24



1. Tich phén kep

25

Ldi gidi.

hon nta

2
!
15
0 T o 2 U
Hinh [2.7]

Uu=x+y _ x =10 |”_D(x,y)_l 1
v=x—Y y:% ’ D(M,U) 1 -1
0<x<1 0<u<?2

D < Dyy
—X<Yy<x 0<ov<2—u
u
I =

1<xy<4
x <y < 4x
Y
y=4x
y=x
1F __| xy =4
: Xy =
|
o) 1 X
Hinh 2.8

25



26 Chuong 2. Tich phdn boi

Ldi gidi. Thuc hién phép ddi bién

Uu=x x = /% 1<u<4 \/
I * ,Duw J=1Y 1=2L=2Y" =2
v="1 y = \/uv 1<v<4 = 3 x 5
khi do
; ; 1 ; ; 2 ‘ 3 45
u u
I—/du/<45—2uv> .%dv— /du/(;—u)dv—/—iudu——z
1 1 1 1 1

Phép d6i bién s6 trong toa d6 cuc

Trong rat nhiéu truong hop, viéc tinh toan tich phan kép trong toa dd cuc don gian
hon rat nhiéu so véi viéc tinh tich phan trong toa do Descartes, dic biét 14 khi mién D c6
dang hinh tron, quat tron, cardioids,... va ham duéi dau tich phan cé nhitng biéu thic

—
. r= ‘OM‘
(x2 + yz). Toa d6 cuc caa diem M (x,y) la bo (r, ), trong dé L
Q= OM,0x

ot 2 X = rcos s 1 . R
Cong thic doi bien: ¢ , trong d6 mién bien thién cta r, ¢ phu thudc vao hinh
y=rsing
dang ctia mién D. Khi d6 | = ggf’(ypg =r,val= //f (rcos @, rsin @)rdrde
Dyy
) S¢<
Dic bist, néup: 1SS 92 . thi
ri(¢) <r<r(e
$2 ()
I = /dq) / f (rcos ¢, rsing) rdr

Bai tap 2.9. Tim can lay tich phan trong toa do cuc I = / f (x,y)dxdy, trong do6 D la
D
mién xac dinh nhu sau:
a) a2<x2+y2<b2

26



1. Tich phén kep

27

TN\
N\

Hinh [2.9a
Loi gidi.
27 b
0< <2 .
D: == /dqo/f(rcosq),rsmq))rdr
a<r<b 0 J

b) x?+y? > 4x, x> +y> < 8x,y = x,y < 2x

Hinh 2.9b
Loi giai. Ta co:
PP 3 8 cos ¢
D:{* o3 =1 = /dgo / f (rcos @, rsin @) rdr
4cosp <r < 8cosg S scosg

Bai tap 2.10. Dung phép déi bién sb trong toa d6 cuc, hay tinh cac tich phan sau:

R VRZ—x2
a)/dx / In(1+x%+y?)dy (R>D0).
0 0

27



28 Chuong 2. Tich phdn boi

(@) R x

Hinh a

NN
R

NN
-

° 2 «o . , o - X N 0
T biéu thic tinh tich phan ta suy ra biéu thiic giai tich cia miéen D la: {
0

<

NI

0 X = 1 COS 0< <
nén chuyén sang toa do cuc, dat: 4 thi 4
0<r<R

y=rsing

dq)/Rl 1—|—r rdr—4/1n 1+r>d(1+r2)
0

= 7 [(R+1)In (R?+1) - RZ]

"'>| | O\N\:

P+ (y-1)7=1

b) Tinh // xy2dxdy, D giéi han béi
/ y x% + y2 —4y =0

O X
Hinh b

28
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1. Tich phén kep

T 4sin @
d in )
/ / rcos ¢. (rsin @) rdr
0 2sin @

=0

Cach 2: Vi D déi xiing qua Oy va xy? 12 ham s6 18 d6i vi x nén I = 0

Bai tap 2.11. Tinh cac tich phan sau

Sx +y <8
// fXdyzz,trongdéD: < 4
(¥*+y?) <y<x xv/3
Y
8 y=xV3
y=x
4
@) x
Hinh[2.115
Lot gidi.
Dit X = 1COos @ N T<9< 73
y=rsing dsing <r < 8sing
1 1 3 1
dp=—— (1——=
16sin2go) ¢ 128( V3

s 8 s
1= fan [ =L (
— ) 2 64 sin” @
E

b) / Vi tdxdy trong d6 D : 2 + 2 <
D

29



30

Chuong 2. Tich phdn boi

Y
1
k 1 x
Hinh 2.11b
X = 7COS 0<ow<21
Pit ¢ ¢
y=rsing 0<r<1
Ta co:
27 1 1 72 ) 11 : -
I: ; H;}’Z /_ -
/dqo/\mrdr )2 1+udu
0 0 0
bat
4t
t = 1_u:> du = (1+12)?
14+u 0<t<1

X

P fyz dxdy trong d6 D :

c)/D/

1 1
4t 4dt dt
/t B 2 dt:_n/ 2—1—47‘(/ 5
(1+12) 1+t (1+12)
0 0 "
1 ¢t
—4marctg t ‘(1) + 47 {Etz 173 arctgt} ‘(1)

N N -
SRI\J
W
<

v VoWV A

@)

w
(e



1. Tich phén kep

31
Y
2V/3 D,
Dy
@) 2 2\/5 X
Hinh 2,17k
Loi gidi. Chia mién D thanh hai mién nhu hinh vé,
0<op< X TLp<L X
D=DyUDy,Dy={ 750 D= 8PS
2cosp <1 <23 2¢/3sing < r <23
Vay I = [ + I, trong d6
e 1% cos @ sin : 17
Ilz/dq) / 90 q)dr— /cosq)smq) 12 4cos q))dgo— .= o
r2 32
0 2cos ¢ 0
3 23, 2
- < cos ¢ sin ¢ 1/ . B ) .z
I = /dq) / a7 rdr = 5 | cosgsing (12 12 sin q)) dp = ... = o
z 21/3sin ¢ z
nén [ = % [

Phép d6i bién s6 trong toa d6 cuc suy rong.

Phép doi bién trong toa do cuc suy rong dude st dung khi mién D c6 hinh dang ellipse
hodc hinh tron cé tAm khéng nam trén céc truc toa do. Khi stt dung phép bién d6i nay, bat
budc phai tinh lai cac Jacobian ctia phép bién d6i.

) 2 e .. |x=arcos
1. Néeu D : Z—; + % = 1, thuc hién phép d6i bién ¢

, ] = abr
y = brsing

¢ (1.2 | x=a
2. Néu D : (x —a)* + (y — b)* = R?, thuc hién phép ddi bién Treosy

J=7
y=>b+rsing

3. X4c dinh mién bién thién cta r, ¢ trong phép ddi bién trong hé toa do cuc suy rong
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32 Chuong 2. Tich phdn boi

4. Thay vao cong thiic d5i bién tong quat va hoan tat qua trinh déi bién.

Bai tap 2.12. Tinh || |93* — 4y2|dxdy, trong d6 D § + § <1,
D

y
3
2 X
Hinh
Loi gidi.
—2 0<¢<2
Dt x = 27 cos @ S —er ¢ <21
y = 3rsin¢ 0<r«<l1
Ta c6:
27 1
I=6 // 3612 cos? ¢ — 36+ sint g |rdrdp = 6.36/ lcos 29| d(p/r3dr — .. =216
Dry 0 0
R VR2—x2
Bai tap 2.13. Tinh / dx / VRx — xZ —2dy, (R > 0)
0 _VRZ_32
y
—0 R
Hinh [2.13]

Loi gidi. Tu biéu thic tinh tich phan suy ra biéu thic giai tich caa D la:

0<x<R R\ , R
D: S |lx—=) ty < —
—VRx— x> <y < VRx—x? 2 4

32



1. Tich phén kep

33

R
x = 5 +rcos 0<
pat ¢ 2T =,
y=rsing 0<

Vay

27T

I:/dgo
0

Bai tap 2.14. Tinh

O\N\w

xydxdy, véi

=

D
a) D lamit tron (x —2)* + 12 < 1
y
Hinh 2.74k
Lo giai.
X =2+ rcos 0<r«<l1
bat ¢ =
y=rsing 0< <2
nén
271 1

I= /d(p/(Z—I—rcosq))rsinqo.rdr:O
0 0

R
[R? -1} [R2 R?2 7R3
= 2pdy =2 —— S g =) =
1 rérdr nzo/ 1 rd<4 r) B

Cach 2. Nhan xét: Do D 1a mién dbi xting qua Ox, f (x,y) = xy 1a ham 1& d6i véi y

nén [ = 0.

b) D la ntta mat tron (x—2)2+y2 <lLy=0
y

AN

O 1 3 X

Hinh 2.174b

33
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Ldi gidi.

r<i1
@ <

NN

X =2-+rcos 0
bat ¢ =
y=rsing 0

T 1

4

I:/dgo/ 2+rcos @) rsmq)rdr—g
0 0

7T
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2. Tich phdn boi ba 35

§2. TICH PHAN BOI BA

2.1 Pinh nghia va tinh chét

Pinh nghia 2.2. Cho ham s6 f(x,y,z) xdc dinh trong mét mién dong, bi chdnV ctia khong

gian Oxyz. Chia mién V mét cdch tuy y thanh n mién nhé. Goi cdc mién do va thé tich

ctia chiing 1a AV, AV;, ..., AV,. Trong méi mién A; 1dy mét diém tuy y M(x;,y;,z;) va thanh

I4p téng tich phan I, = ilf (xi,Yi,zi) AV;. Néu khin — +o0 sao cho max {AV; — 0} ma I,
i

tién tdi mot gid tri hitu han I, khong phu thudc vao cach chia mién V va cach chon diém
M(x;,v;,2;) thi gidi han 4y duodc goi la tich phan bdi ba ctia ham sé f(x,y,z) trong mién 'V,
ki hiéu I3 /// £ (x,y,2)dV.

%

Khi d6 ta néi rang ham sb f(x,y,z) kha tich trong mién V.
Do tich phan boi ba khong phu thudc vao cach chia mién V thanh cédc mién nhé nén ta c6
thé chia V béi ba ho mit thang song song véi cac mét phang toa do, khi d6 dV = dxdydz

va ta ¢ thé viét
// f(x,y,2z)dV = //f (x,y,z) dxdydz
14 v

Cac tinh chit co ban

e Tinh chat tuyén tinh

///[f (x,y,2) + g (x,y,2)] dxdydz = //f(x,y,z) dxdydz+// g (x,y,z) dxdydz
% v v

//V/kf (x,y,z) dxdydz = k/{ f(x,y,z)dxdydz

e Tinh chat cong tinh: Néu V = V; UV, va Vi NV, = @ thi:

// f(x,y,2)dxdydz = // f(x,y,z) dxdydz-i—//f(x,y,z) dxdydz
14 7 A

2.2 Tinh tich phan boi ba trong hé toa @6 Descartes

Ciing gidong nhu viéc tinh toan tich phan kép, ta can phai dua tich phan ba 16p ve tich
phan lap. Viéc chuyén d6i nay sé dudc thuc hién qua trung gian la tich phan kép.

Tich phan ba 16p = Tich phan hai 16p = Tich phan lap
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36 Chuong 2. Tich phdn boi

So d6 trén cho thay viéc tinh tich phan ba 16p dude chuyén vé tinh tich phan kép (viéc
tinh tich phan kép da dudc nghién ctu 6 bai trudc). Puong nhién viéc chuyén déi nay phu
thudc chat ché vao hinh dang ctia mién V. Mot 1an nita, ki néng vé hinh 1a rat quan trong.
Néu mién V dudc giéi han béi cac mét z = z; (x,y),z = z3 (x,y), trong d6 z; (x,v), 22 (x,y)
12 céc ham s6 lién tuc trén mién D, D 14 hinh chiéu ctia mién V 1én mat phang Oxy thi ta
co:

I = // f(x,y,z)dxdydz = //dxdy Zz7ly)f (x,y,z)dz (2.1
14 D z1(xy)

Thuét toan chuyén tich phan ba 16p vé tich phan hai 16p
1. X4c dinh hinh chiéu ctia mién V 1én mét phéng Oxy.
2. Xac dinh bién dudi z = z; (x,y) va bién trén z =z (x,y) caa V.
3. St dung cong thiic dé hoan tat viéc chuyén ddi.

Peéen day moi viéc chi méi xong mot nita, van dé con lai bay gic la:

X4c dinh D va céac bién z = z1 (x,v),z = 23 (x, y) nhu thé no?

C6 hai cach deé xac dinh: Dung hinh hoc hoic 1a dua vao biéu thitc giai tich ctia mién V.
Mbi cach déu c6 nhitng uu va nhude diém riéng. Cach dung hinh hoc tuy khé thuc hién
hon nhung ¢6 uu diém la rat truc quan, dé hiéu. Cach dung biéu thic giai tich caa V tuy
c¢6 thé ap dung cho nhiéu bai nhung thuong khé hiéu va phic tap. Ching t6i khuyén cac
em sinh vién hay c¢b ging thit cach vé hinh truée. Mudn lam duge diéu nay, doi héi cac ban
sinh vién phai c6 ki néng vé cac mét cong cé ban trong khong gian nhu mat phang, mét
tru, mat nén, mat cau, ellipsoit, paraboloit, hyperboloit 1 tang, hyperboloit 2 tang, hon
nita cac ban can c6 tri tudng tugng tét dé hinh dung ra su giao cat clia cac mat.

Chu y: Ciing giéng nhu khi tinh tich phan kép, viéc nhan xét dudc tinh dbi xiing ctia mién
V va tinh chn 18 ctia ham 14y tich phan f (x,y,z) déi khi gitip sinh vién gidm dugc khoi
lugng tinh toan dang ké.

DPinh 1y 2.5. Néu V la mién doi xiing qua mét phang z = 0(Oxy) va f(x,y,z) 1a ham sé6 16
déi véi 7 thi // £ (x,y,2) dxdydz = 0.
14

Pinh 1y 2.6. Néu V Ia mién déi xiing qua mét phang z = 0(Oxy) va f(x,y,z) la ham sé

chén déi véi z thi // F(x,y,2) dxdydz = 2 // F(x,y,2) dxdydz, trong d6 V" 13 phan phia
] v v+

trén mat phangz =0 caa V.
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2. Tich phdn boi ba 37

T4t nhién ching ta c6 thé thay ddi vai tro cia z trong hai dinh ly trén bang x ho#c y. Hai

dinh 1y trén c6 thé dude ching minh dé dang bang phuong phap ddi bién sb.

Hinh
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38 Chuong 2. Tich phdn boi

Loi gigi. Do tinh chat dbi xiing, /// (x® + y?) dxdydz = 2 // (x? +y?) dxdydz = 214, trong
v

Vi
Viiy/x2 412 <z< /1T —x2—y2

dé V4 1a nta phia trén mit phang Oxy caa V. Ta cé

D:x2+y2<%,
v6i D 1a hinh chiéu ctia V; 1én Oxy. Ta c6
1—x2—
11://x2+y2dxdy / dz—// 24 y? (\/ — Xt — —\/x2+y)dxdy
D N D
. | x=rcosg SPS .
bat ‘ =J]=r, 0< nén
y=rsing r < 7
5 o
2 7T 2
o [ (VTP )i [t =2 | (VT ) = ) 21 8=V
5 12
0 0 0
Vay
_ans o5y
50 12 m

2.3 Phuong phap d6i bién so trong tich phan boi ba
Phép d6i bién sb tong quat
Phép d6i bién s6 téng quat thuong dude st dung trong truong hep mién V 1a giao cta

ba ho mit cong. Gia stt can tinh I = // f (x,y,z) dxdydz trong d6 f(x,y,z) lién tuc trén V.

Thuc hién phép ddi bién s6
x=x(u,0,w)
y=vy(uvw) (2.2)
z=12z(u,v,w)
thoa man
e x,1,z cung véi cac dao ham riéng ctia n6 la cac ham s6 lién tuc trén mién déng Vyuew
ctia mét phang O'uvw.

e Cong thic2.2lx4c dinh song anh V,,,y, — V.
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2. Tich phdn boi ba 39

¢ ] - 1?((5,133) 7£ 0 trong Viow- Khi d6

I—//f X, Y,z dxdde—//f (u,v,w),y(u,v,w),z(u,v,w)||J| dudvdw

uvw

Ciing giéng nhu phép doi bién trong tich phan kép, phép ddi bién trong tich phan boi ba
ciing bién bién ctia mién V thanh bién ctia mién V4, bién mién V bi chan thanh mién
Viow bl chan.

x+y+z==3
Bai tap 2.17. Tinh thé tich mién V giéi han béi { x + 2y —z = =+1 biét V = // dxdydz.
xX+4y+z==x2

u=x+y+z
Loi gidi. Thuc hién phép d6i bién { v = x + 2y —z . Vi phép dai bién bién bién ctia V
w=x+4y+z
u==+3
thanh bién cua V), nén V,y, gidi han béi: { v = +1
w = £2
D ( ) b 1 1 1
-1 u,o,w) . - - // - -
= _ 777 = 1 |=6=]==-=V=- dudvdw = ~.6.24 =8
J D (x,y,2) 12 -1 J c 3 udvdw = -

—_
e
| |

Phép d6i bién sb trong toa do6 tru

Khi mién V ¢6 bién 1& cdc mat nhu mat paraboloit, mat nén, mét tru, va cé hinh chiéu

D 1én Oxy 12 hinh tron, ho#ic ham 14y tich phan f(x,y,z) ¢6 chita biéu thic (¥ + y?) thi ta

hay stt dung cong thiic ddi bién trong hé toa d6 tru. Toa d6 tru ctia diém M(x,y,z) 1a bd ba

(r,9,z), trong d6 (r, ) chinh 1a toa d6 cuc ctia diém M’ 12 hinh chiéu ctia diém M 1én Oxy.
X = 7C0oS @

Coéng thtc d6i bién { y = rsin ¢ . Dinh thiic Jacobian ctia phép bién déila | = g(f

z=1z
ta co:

I—// f(xy,z dxdde—// f (rcosq,rsin @, z) rdrdpdz

Vi @z
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40 Chuong 2. Tich phdn boi

(x,y) €D 1< Q< P2

r(g) <r<r(e)

Néu mién V : { , trong d6 D : { thi:

z1(x,y) <z<zo(x,y)

() 2z (1 cos @,rsin @)

P2
I:/dqo / rdr / f(rcosg@,rsing,z)dz
1 ri(e)

z1(r cos @,rsin @)

2 .2
x*+y- <1
Bai tap 2.18. Tinh [[| (x* +?) dxdydz, trong déV:{ S
1<z<K2
14
z
1%
| |
| |
I [ I
I _ -7 | ~§\\l y
B R e
x
Hinh 2.18
X =7CoS ¢ 0< <2
Loi gidi. Dat { y=rsing thi { 0<r<1 .Tacé
z=12z 1<zK2
21 2 3
I:/dq)/rzdr/zdz:...:zn
0 0 1 n

Bai tap 2.19. Tinh /// z+/x? + y2dxdydz, trong do6:
v
a) V 1a mién giéi han bdi mét tru: x> + y? = 2x va cdc mit phang z = 0,z = a (a > 0).
b) V 1a nita ctia hinh cau x? + y*> + 22 < a?,z > 0(a > 0)
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2. Tich phdn boi ba

e

Hinh

T T
X = 1COS ¢ _§<¢<§
Loi gidi. a) Pat y:rsinq).Tﬁx?-H/?:2xsuyrar:2cosq).Dod6: 0<r<2cosg
zZ=2 0<z<a
Vay
z 2cos ¢ a
16a®
I:/dq) r2dr | zdz = :Ta
_z 0 0

Hinh
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42 Chuong 2. Tich phdn boi

X = 1cos ¢ 0 ¢<2m
Loi gidi. b) Dat ¢ y =rsing,taco < 0<r<a . Vay
z2=2z 0<z< Va2 —r2

r a* —r? 2ma’
— 2 _ 24— _
—/dq)/rdr 0/ de—Zno/r. 5 dr = 15

0 n
— 4/ 2+ 2
Bai tap 2.20. Tinh [ — / ydxdydz, trong d6 V gidi han béi: {y ; =
y:
z
X =7COS ¢ 0< <2
Loigiai. Dat { y=rsing,taco ¢ 0<r<h .Vay
z=1z r<y<h
27 h h h
h2_2 h4
I:/dq)/rdr/ydy:ZTC/r. 2rdr:n4
0 0 r 0 n

42



2. Tich phdn boi ba 43

X =7COS ¢ 0< 9o <2n
Loigiai. Dat { y=rsing,taco ¢ 0<r<1 .Vay
z=12z r<z<l1
211 1 1
I=/dq)/rzdr/dz:2n/r2(1—r)dr=g
0 0 r 0 [ ]

|z <1

Bai tap 2.22. Tinh // Dyl ong @6V
: v 2 +y?+(z—2)

43



44 Chuong 2. Tich phdn boi

\;_/
I
I
O y
- I
//
//: ————————— =~
//\_/\

X

X =7COS ¢ 0< <2
Loi gidi. Dat S y=rsing = |J| =7, Vi : { 0<r <1 ,ta co
7 =z-2 -3 <1
2 1 ~1 0
z
= [ag [rar [
R B AN
1
— n/r. In <z’—|— V r2—|—z’2> Zi:é dr
0
1 1
=27 /rln(\/rz—i—l—l) dr—/rln(x/r2+9—3) dr
0 0
:27'[([1—12)
Vilimrln <\/r2+1—1> = limrln< r2-|—9—3> = 0 nén thuc chat I;, I, 1a cac tich phan
,r(—i>ph r—0
xac dinh.

bat Vr2 +1 =t = rdr = tdt, ta co
/rln(x/rz—l—l—l) dr
:/an—nﬂ

t2 1/ #
2 2
It PR L S e

4 2
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2. Tich phdn boi ba 45

I = {tz_lln(t—l)—ﬁ—f] ﬁ:lln(\fz—l)—

Tuong tw, [, = £52In (t —3) — & — 3 + Cnén

Vay

Phép d6i bién trong toa d6 cau

Trong truong hdp mién V c¢6 dang hinh cau, chém cau, mui cau,... va khi ham lay tich
phan f(x,y,z) ¢6 chia biéu thic (x> + y + z2) thi ta hay st dung phép déi bién trong toa
do cau.

Toa d6 cau cta diém M(x,y,z) trong khong gian 1a bo ba (7,6, ¢), trong dé:

(= oM
92(()—&,\02)
o= (0M.0%)

x = rsinf cos ¢

Cong thiic ciia phép d6i bién 1a: { y = rsin@sing .

z=rcost
Pinh thic Jacobian | = r’g’ ) = _#2gin 6, ta co:
)
/ f(xy, z)dxdydz = //f (rsin @ cos @, 7 sin § sin ¢, 7 cos 8) r* sin Odrdfd
Vrfhp

Dic biét, néu Vig, : § 6 (q)) 0 <0,(9) thi

P2 Oa(e r2(6,9)
I = /dgo / sin 0d6 / f (rsinf cos ¢, rsin O sin @, r cos 8)r*dr
1 91 " (Gr(P)
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46 Chuong 2. Tich phdn boi

1<x2+y2—|—22<4

Bai tap 2.23. Tinh /// 22 4 2 + 22) dxdydz, trong d6 V -
ap ) ( y ) Y g x2+y2 < 22

Hinh

x = rsinf cos ¢
Loi gigi. Pat ¢ y =rsinfsing.Do 1 < xz-l—yz—f—zz <4nénl <r < 2;trén mat non co

z = rcosf
7T

phuong trinh x? + y?> = z> nén 0 = 7. vay

0< <21
T

0K —
4

1<r<?2

2 % 2 5
i . 2
I = Z/dqo/sin(?d@/rz.rzdr =22m. (—cosb) |; % )% _ 29ln (1 - £>
0 0 1

Bai tap 2.24. Tinh /// JZF 2 T 2dxdydz trong 46 V : 2 +12 + 2 < z.
1%
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2. Tich phdn boi ba 47

N

Hinh [2.24

x = rsinf cos ¢

Léi gidi. Dat { y = rsinfsin ¢ . Nhin hinh vé ta thAy 0 < ¢ < 277,0 < 0 <

SE

z = rcosf
Do x> +y?> +2z?> < znén 0 < r < cos 6. Vay

7T
27 7 cos 0

I = /dgo/sin@d@ / rr’dr = 27
0 0

0

N o
sm@.:L cos™ 0df = 10

O\Nlll

Phép d6i bién trong toa d6 ciu suy rong.
Tuong tu nhu khi tinh tich phan kép, khi mién V ¢6 dang hinh ellipsoit ho#c hinh cau

c¢6 tam khong nam trén céc truc toa d6 thi ta sé s dung phép d6i bién sb trong toa dd cau
suy rong. Khi d6 ta phai tinh lai Jacobian ctia phép bién déi.

1. Néu mién V c¢6 dang hinh ellipsoit hodc hinh cdu cé tém khéng nam trén cdc truc toq
d6 nén nghi t6i phép doi bién s6 trong toa d6 cau suy rong.
A 2 .« A - e « A
2. - NeuV: Z—i + Z—z + i—; = 1 thi thuc hién phép doi bien
x = arsin 6 cos ¢
y=brsinfsing ,] = —aber? sin 0

z = crcos0
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48 Chuong 2. Tich phdn boi

- NéuV: (x —a)*+ (y — b)* + (z — ¢)* = R? thi thuc hién phép d6i bién

x = a+rsinf cos ¢
y=>b+rsinfsing ,] = —1?sin @
z=c+rcosf

3. Xac dinh mién bién thién caa ¢, 0,r.

4. Dung cong thiic d6i bién téng quat dé hoan tat viéc ddi bién.

Bai tap 2.25. Tinh ﬁ zy/x% + y2dxdydz, trong d6 V 14 ntta ctia khdi ellipsoit x2;y2 + i—i <
14
1,z>0,(a,b>0)

Loi gigi. Cach 1: S& dung phép d6i bién trong toa do tru suy rong.
bat

z = b7
D
x:arCOSQDi]:%:ﬂbr,vﬂpyz{O<¢<2n,0<r<1,0<2/<m}
y =arsinf T
Vay
27 1 1—12 .
1— 2 213 b2
I:/dq)/dr / bz ar.a”brdz’ =2a3b2ﬂ/r2- 2r dr = n1a5b
0 0 0 0

Cach 2: Sit dung phép d6i bién trong toa d6 ciu suy rong.
bat

x = arsin 6 cos ¢

D 7 7 .
y=arsinfsing = | = % = azbrzsm(?,qu,Z/ = {O <@ <2m,0<0< g,() <r< 1}
z = brcos¥6
Vay
2 71 2 1
T - 29 o 372 i ) 4 21a’b?
I = /d¢/d9/brcos(9.arsm9.a bsin® = 2a°b n/cos@sm nd@/r dr = 5
0 0 0 0 0 L]

2 2
2

segn p 2 2 2 " 32 2
Bai tap 2.26. Tinh [[| (5 + 4 + 5 )dxdydz 640 V: 5+ +5 <1, (a,b,c > 0).
|4
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2. Tich phdn boi ba 49

Loi gigi. Dat

x = arsin cos ¢
. D (x,y,z) 5 .
y="brsinfsing = | = ———= = abcr sm(?,qu,Z/ ={0<9p<2,0<0<m,0<r<1}

D (r,0,¢)
z = crcos @
Vay
27T T 1 4
I = abc/dqo/d@/rz.rz sinf = %abc
0 0 0 ]
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50 Chuong 2. Tich phdn boi

§3. CAC UNG DUNG CUA TICH PHAN BOI

3.1 Tinh dién tich hinh phang

Coéng thic tong quat: |S = / dxdy
D

Bai tap 2.27. Tinh dién tich cia mién D giéi han béi: { y =277,

s W Y A

Hinh

Loi giai. Nhan xét:

S= /dxdy://dxdy+/dxdy:2//dxdy:...:2(8—%)
Dy

D Dy D,

50



3. Cdc ung dung ctia tich phdn boi 51

y? = x, % = 2x

2

Bai tap 2.28. Tinh dién tich ctia mién D giéi han béi: )
X =1y,x" =2y

" y=2x> A>=2y
2x =12
x = 12
®) X
Hinh [2.28]
Loi gigi. Taco S = // dxdy. Thuc hién phép déi bién
D
2
_Y
W= 1<u<?2
5 = Dyy: ,
— X 1<v<?2
Y
thi
22
]—1 — D(M,U) — ' T2 Tyz = _3
2x X
D (x,y) YOy
Vay
S = ngdv = %
Dy |
y = 0,1> = dax

Bai tap 2.29. Tinh dién tich mién D giéi han béi .
x+y=3ay<0 (a>0)
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52 Chuong 2.

Tich phdn boi

(@)
—6a
Hinh [2.29]
—6a<y<0
Loi gidi. Nhin hinh vé ta thay D : 2 nén
—<x<3a—y
4a
0 3a—y )
S = /dxdy: /dy / dx = / <3a—y—i—) dy = 18a°
D —6a 2 —6a

Bai tap 2.30. Tinh dién tich mién D gi6i han béi {

x=y,y=0
y
y=x
0] 2 4 X
Hinh [2.30]
0< s
X = rCOS —
Loi gidi. Ta coS—//dxdy, dat{ q)thiD: P 4
y=rsing 2cosp <r<4cosg
z 4cos ¢ T
1
S:/dq) / rdr = E/lZcos godq0—3—n+§
0 2cos ¢ 0

X? +y? = 2x, x% +y? = 4x

A
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3. Cdc ung dung ctia tich phdn boi 53

Bai tap 2.31. Tinh dién tich mién D giéi han béi dudng tronr = 1,7 = % cos ¢.
Chuy:
e 7 = g la phuong trinh dudng tron tam O(0,0), ban kinh 4.
e r = acos ¢ la phudng trinh duong tron tam (a,0), ban kinh a.
Y
O X
Hinh 2.37]
Loi gidi. Giao tai giao diém ctia 2 dudng tron:
2 T
r=1=—cosp < @==+—
RSP 9 =g
nén )
z 2z cos z
1 [/4 VER:
s=2/4d / dzz_/ oo 1)doY3_ T
/4) ar=2g (3COS(P =% 18
0 1 0 m

Bai tap 2.32. Tinh dién tich mién D giéi han béi dudng (x2 + yz)z = 2a%xy (a > 0) (duong
)

r=a./sin2¢

Hinh 2.32]
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54 Chuong 2. Tich phdn boi

) X = rCos
Loi giai. Tham s6 hoa duong cong da cho, dat { 90’ phuong trinh duong cong

y=rsing

tuong duong véi r? = a® sin 2¢. Khao sat va vé duong cong da cho trong hé toa do cuc (xem
hinh veé [2.32). Ta c6

3

0< <@ < —

D- % T ¢ >
0<

<
2
r < ay/sin2¢

Do tinh doi xiing cta hinh vé nén

Bai tap 2.33. Tinh dién tich mién D gi6i han béi dudng x> + 13 = axy (a > 0) (L4 Descartes)

y
10 __
2
:
1
Y 2 X
Hinh [2.33] TCX:y = —x — 1

3
PO _ . | x=rcosg . .
Tham so hoa dudng cong da cho, dat ~, phuong trinh duong cong tuong ducng
y=rsing
voi
asin ¢ cos ¢
sin® ¢ + cos?® ¢

Y =

Khao sat va vé duong cong da cho trong hé toa do cuc (xem hinh vé [2.33). Ta co
0<g<y
D: :
0<r< ‘aimq)cosqo
sin® ¢ + cos3 @
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3. Cdc ung dung ctia tich phdn boi 55

asin ¢ cos ¢
sin: (p+cos3 [

%
a
O/dqo / rdr—E

_|_
sinzq)coszq) p l‘:ig(pa_ 1 / t3 + 1 _a-
= 23
0

N
O\Nm

(sin® ¢ + cos? qo)z

Bai tap 2.34. Tinh dién tich mién D giéi han béi dudng r = a (1 + cos @) (a > 0), (dudng
Cardioids hay dudng hinh tim)

a /_\
O

2a X
—a

Hinh

Loi giai. Ta co
D={0<¢<2m,0<r<a(l+cosg)}

nén
T a(14cos ¢) T 37242
S=2/d(p / rdrzaz/(l—i—cosq))qu):...: 7;1
0 0 0 [

3.2 Tinh thé tich vat thé

Coéng thic tong quat:
V = // dxdydz
14

Cac truong hgp dac biét

1. Vat thé hinh tru, mat xung quanh 14 mat tru cé duong sinh song song véi truc
Oz, day 1a mién D trong méit phang Oxy, phia trén giéi han bdéi mat cong z =
f(x,y),f(x,y) > 0 valién tuc trén D thi V = /f (x,y)dxdy. (Xem hinh vé duéi

D
day).
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56 Chuong 2. Tich phdn boi

. z=f(xy)

S

/=)
/

2. Vat thé 1a khéi tru, giéi han béi cac dudng sinh song song véi truc Oz, hai mit
z = z1(x,y),z = 22 (x,y). Chiéu cdc mit nay 1én mit phang Oxy ta dudc mién D,
z1 (x,¥),22 (x,y) la cac ham lién tuc, c6 dao ham riéng lién tuc trén D. Khi doé:

V= [l () =22 (5 p)ldxdy
D

. z=f(xy)
o .
<= z=g(xy)
O Y
(o ™

x
3x+y=>1
Bai tap 2.85. Tinh dién tich mién giéi han béi { 3x + 2y < 2
y=>200<z<l—x—vy
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3. Cdc ung dung ctia tich phdn boi 57

Z
g y
X
Hinh 2.35]
Li gidi.
1 % 1 1
_ — _ _ — — 2 = —
V—//f(x,y)dxdy— dy/(l ¥ —y)dx 6/(1 2y + ) dy =
D 0 Ly 0 n

z=4—x2—y2

Bai tap 2.36. Tinh thé tich cia mién V giéi han béi .
2z =2+ x> +y?

Hinh
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58 Chuong 2. Tich phdn boi

z=2
2,2
OxylaD:x?+y? <2 Honnira trén D thi4 — x> — % > 2erfﬂ/néntac():

24,2
V:/<4—x2—y2—2+xf+y)dxdy
D

Loi gidi. Giao tuyén ctia hai mat cong: {

o |lx=rcosp . |0< <21 )
bat thi , do do
0<r<V2

y=rsing
27T \/5 3
V:/dq)/<3—§r2)rdr:...:37t
0 0

, nén hinh chiéu cua V 1én mat phang

Hinh

Loi giai. Dox <y < \/3x nén x,y > 0. Taco

V=/<1—x2—y2)dxdy
D

58



3. Cdc ung dung ctia tich phdn boi

59

T
X = 7COS <¢< =
Dt { 7t 3 . Vay

T
1 ¢
y=rsing 0<r<1

<
I
”“‘:'\_,mm
[
S
O\_,,_x
/
—_
|
<
N
N—
=
[
~
I

Bai tap 2.38. Tinh thé tich V :
X2+ y* —2ay <0

Hinh

Loi gidi. Do tinh chat d6i xiing ca mién V nén

V=4 / 402 — x2 — y2dxdy,
D

e s Wyt —2ay <O
trong d6 D la ntta hinh tron D : <0 .bat
Xz

59
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60 Chuong 2. Tich phdn boi

Vay
Z 2asin ¢
V:4/dqo / 402 — r2rdr
0 0
1 %2 ;
4 2 2\ 2 |r=2asin ¢
—4.7/§<4a —r) r—0 de
0 ]
4 3
= 5/ <8a3 — 84 cos® qo) de
0
32 (m 2
3 \2 3
(2=0
. 2P
Bai tap 2.39. Tinh thé tich cia mien V gi6i hanbéi § 2= 7 + 37
ey _x
La2 b2 a

N
N

N

I
mN|><

_|_
TS

’ Hinh

) . \ 2 .
Loi gigi. Ta c6 hinh chieu cia V 1én mat phang Oxy la mién D : Z—i + g—z = 27’“ Do tinh chat
d6i xting ctia mién V nén:
2P
V:2// (a—2+b—2)dxdy,
D+
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3. Cdc ung dung ctia tich phdn boi 61

trong d6 DT 1a nta ellipse D™ : -|— v = 27’“,]/ >0

a
T
X = ar cos 0 < =
Dét{ %7 tni|J| = abr, PS2 vy
y = brsing 0<r<2cosg
z 2cos ¢ 3
V:Z/dgo / rrdr = :77-(
0 0 n
az:x2+y2

Bai tap 2.40. Tinh thé tich ctia mién V : :
7z = 1/ x2 + yZ

N

g Hinh

Loi gidi. Giao tuyén ctia hai duong cong:

2 2 x2 + 2 —
z= /2 y2=" ;Ly (:){ y
Vay hinh chiéu ctia V 1én mit phang Oxy la

D:x*+y* =a?

Nhén xét rang, & trong mién D thi mit nén & phia trén mit paraboloit nén:

2, .2
V= // ( X2+ y? — %)dxdy
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Chuong 2. Tich phdn boi

. |lx=rcosp [0< <2
bat thi . Vay
0<r<

y=rsing a
2
7T a rz
1% /dgo/ r— — |rdr =
0 0

3.3 Tinh dién tich mat cong

Mit z = f (x,y) gi6i han bdi mot dudng cong kin, hinh chiéu ctia mit cong 1én mat

phéng Oxy 1a D. f (x,y) 1a ham s6 lién tuc, c6 cdc dao ham riéng lién tuc trén D. Khi dé:

o= //\/1+P2+q2dxdw=f!aq=f§
D

§

. z=f(xy)

]
abh
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CHUONG 3

TiCH PHAN PHU THUOC THAM SO.

§1. TICH PHAN XAC PINH PHU THUOC THAM SO.
1.1 Giéi thiéu

b
Xét tich phan x4c dinh phu thudc tham sé: I (y) = /f (x,y)dx, trong d6 f (x,y) kha
a

tich theo x trén [a,b] v6i méi y € [c,d]. Trong bai hoc nay chiing ta sé& nghién ciu mot sb
tinh chat ctia ham s6 I (y)nhu tinh lién tuc, kha vi, kha tich.

1.2 Cac tinh chéat cua tich phan xac dinh phu thudc
tham s6.
1) Tinh lién tuc.

Dinh 1y 8.7. Néu f (x,y)la ham sé lién tuc trén [a,b] x [c,d] thi I (y)la ham sé lién
tuc trén [c,d|. Tuc la:

b b
Jim 1(y) =1 (v0) | lim / f(x,y)dx = / £ (x,y0) dx

2) Tinh kha vi.

Pinh 1y 8.8. Gis stz véi méiy € [c,d], f (x,y) a2 ham s6 lién tuc theo x trén [a,b] va
f; (x,y) 1a ham s6 lién tuc trén [a,b] x [c,d] thi I (y) 1a ham sé kha vi trén (c,d) va

63



64 Chuong 3. Tich phdn phu thubc tham sé.

"(y) = /f]; (x,v) dx|, hay ndi cdch khdc chung ta cd thé dua diu dao ham vao trong

a
tich phan.
3) Tinh kha tich.

Dinh 1y 8.9. Néu f (x,y) la ham s6 lién tuc trén [a,b] x [c,d] thi I (y)la ham sé kha
tich trén[c,d| , va

d

/I(y)dy:/d(/bf(x,y)dx) dy=/b (/dﬂx,y)dy) x

c

Bai tap

1
Bai tap 3.1. Khao sat su lién tuc cta tich phan I (y) = / g{f;)zdx , v6i f (x) 1a ham s
0

duong, lién tuc trén [0,1] .

Loi gidi. Nhan xét rangham sb g (x,y) = ysz(r )2 lién tuc trén madi hinh chit nhat [0,1] x [c, d]
va [0,1] x [-d,—c] v6i 0 < ¢ < d bat ki, nén theo Dinh Iy B.7, I (y) lién tuc trén méi
[c,d],[—d, —c] , hay néi cach khac I (v) lién tuc v6i moi y # 0.

Bay gid ta xét tinh lién tuc ctia ham s6 I (y) tai diém y = 0. Do f (x) 12 ham sb duong, lién
tuc trén [0, 1] nén ton tai m > 0 sao cho f (x) > m > 0Vx € [0,1] . Khi d6 véi e > 0 thi:

dx

V

1
X
/ e ———=dx = m.arctgg

1

—ef (x —em x

I(=¢) = / x2+52 /x2+52 - —m.arctgg
0 0

Suy ra |I (¢) — I (—¢)| > 2m.arctgs — 2m.7 khi a|I(e) — I (—e)| khong tién t6i
Okhie -0, (y) gidn doantaiy =0. n

Bai tap 3.2. Tinh cac tich phéan sau:
1
a) I, (v) = /x”‘ In" xdx , n 1a s6 nguyén duong.
0

Loi gidi. - V6iméi a > 0, ham sb6 fn(x,0) = x*In"x,n = 0,1,2, ... lién tuc theo x
trén [0, 1]

64



1. Tich phén xdc dinh phu thudc tham so. 65

- Vi lilrg+ 2 In" 1 x = 0 nén 224 — i+ v jign tuc trén [0,1] x (0, 4c0).
x—

Nghia 12 ham s f, (x,a) = x*In" x thod mén céc diéu kién ctia Dinh Iy nén:

1 1 1

I,/q_l () = % /x“ In" ! xdx = /% (x“ In"*! x) dx = /x“ In" xdx =I,, (a)

0 0 0

Tuong tu, [, , = Ly_1,..,1, = I, I, = Iy , suy ra I, (&) = [l (@)]™. Ma Iy () =
1

(1) —1)"n!
/x“dlex%léln(a)z[alq] =#. ]
0

b) [ In(1+ysin®x)dx, véiy > 1.

O\Nm

Loi gigi. Xét ham sb f (x,y) = In (1 + ysin® x) thod man céc diéu kién sau:
e f(x,y) = In(1+ysin®x) xéc dinh trén [0, %] x (1,+c0) va v6i méiy > —1 cho
trudc, f (x,y) lién tuc theo x trén [0, 5] .

e Ton tai fy (x,y) = 1:;% xac dinh, lién tuc trén [0, 5] x (1, +o0) .

sm x
y sin? x

Theo Pinh Iy B8, I (y) = / sin x /
0
Dit + = tgx thidx = 12,0 <t < +o0.

—+o00 —+o00
1’()—/ tdt _/1 1 1 ”
y= P A+E+y?) | y [P+ I+ +1)P

0
=1[arctgt|a“°°— ! arctg(tﬁ) |a“°°]
Y Vy+1
_n (1_ 1 _ T 1
2y Vity) 2yT+y1+/1+y
Suy ra
/I' Ydy = /2ﬁ1+\/ﬁdy—ﬂln<l+\/ﬁ)
Dol(0)=0nénC=—-nln2val(y)=nln(1+,/1+y)— nin2. l

1
Bai tap 3.3. Xét tinh lién tuc ciia ham sb I (y) = / Pox
0

(2+y2)?
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66 Chuong 3. Tich phdn phu thubc tham sé.

1
Loi giai. Taiy=0,1(0) = / % = —oo, nén ham so I (y) khong xac dinh tai y = 0
0
Lo ) 1
. + X. x N P . < 1sa

Taiy # 0, I(y / x2y+y = /d (xZiyZ) = 1J:y2, nén I (y) x4c dinh va lién tuc

0 0
véimoiy # 0. ]

1.3 Cac tinh chat cua tich phan phu thuoéc tham so véi
can biéen doi.
Xét tich phan phu thudc tham s6 véi can bién doi
b(y)
J) = [ fey)dx viy e led,a<aly),by) <bvyeled
a(y)
1) Tinh lién tuc

Dinh 1y 8.10. Néu ham s6 f (x,y) lién tuc trén [a,b] x [c,d] , cdc ham s6 a (y),b (y)
lién tuc trén [c,d] va thod man diéu kiéna < a(y),b(y) < bVy € [c,d] thi ] (y) la
mot ham sé lién tuc déi vdi y trén [c,d] .
2) Tinh kha vi
Dinh 1y 8.11. Néu ham sé f (x,y) lién tuc trén [a,b] x [c,d] , f; (x,y) lién tuc trén
[a,b] x [c,d] , vaa(y),b(y) kha vi trén [c,d] va thod man diéu kiéna < a(y),b(y) <
bVy € [c,d] thi] (y) la mét ham sé kha vi doi vdi y trén [c,d), va ta co:
b(y)
] (y) = / fy (o y)dx+ f(b(y),y) b, (y) — f(a(y),y)a, (v)

a(y)

Bai tap
1+y

d
Bai tap 3.4. Tim ilgcll 1+x72x+y2

y
1+y
Loi gidi. D& dang kiém tra duge ham s6 I (y) = / 71 . lién tuc tai y = 0 dua vao dinh
y
1+y 1
WEIO nenlim [ 8 =10 = [ 25 = .
y 0



§2. TICH PHAN SUY RONG PHU THUOC THAM SO.

2.1 Cac tinh chét cua tich phan suy réng phu thuéc

tham so.

~+o00

Xét tich phan suy rong phu thudc tham s6 I () = / f(x,y)dx, y € [c,d]. Cac két qua

dudi day tuy phat biéu d6i véi tich phan suy rong loai II (c6 cin bang v6 cung) nhung déu

c6 thé 4p dung mot cach thich hop cho trudng hop tich phan suy rong loai I (c6 ham duéi
d4u tich phan khéong bi chan).

1)

2)

3)

4)

DAu hiéu hoi tu Weierstrass

Dinhjy 8.12. Néu |f (x,y)| < g(x)V (x,y) € [a,+oo]+>< [c,d] va néu tich phan suy
rong / g (x)dx hoi tu, thi tich phan suy rong I (y) = / f (x,y)dx héi tu déu déi vdi
VRS [c,ad].

Tinh lién tuc

Dinh ly 3.13;L Néu ham 56 f (x,y) lién tuc trén [a, +0] x [c,d] va néu tich phan suy
rong I (y) = / f (x,y)dx héi tu déu doi véiy € [c,d] thi I (y) 1a mot ham sé lién tuc
trén [c,d|.

Tinh kha vi

Dinh 1y 8.14. Gid sir ham s6 f (x,y) xdc dinh trén |a, +-c0] X [c,d] sa0 cho vdi méiy €
[c,d] , ham 56 f (x,y) lién tuc doi vdi x trén [a, +0] va f]; (x, y) lién tuc trén [a, 00| X

[c,d]. Néu tich phan suy réng I (y / f (x,y)dx hoi tu va / fy x,y)dx héi tu déu
déi vdiy € [c,d] thi I (y) l1a ham s6 kha vi trén [c,d] val' (y / fy x,y)d
Tinh kha tich

Pinh 1y 8.15. Néu ham s6 f (x,y) lién tuc trén [a, +-oo] X [c,d] va néu tich phan suy
rong 1 (y) héi tu déu déi vdiy € [c,d] thi I (y) 1a ham s6 kha tich trén [c,d] va ta c¢
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68 Chuong 3. Tich phdn phu thubc tham sé.

thé doi thu tu Iy tich phan theo cong thic:

d d +o0 +o0 d
/I(y)dy ==/ (/f(x,y)dx) dy:/ (/f(x,y)dy) dx.

C a C

2.2 Bai tap

Dang 1. Tinh tich phan suy réng phu thuéc tham sé bang cach déi thi tu lay
tich phan

Gia sit can tinh I (y) = / f(x,y)dx

B1. Biéu dién f (x,y) = /F (x,v) dy.

B2. Sit dung tinh chét doi thi tu lay tich phan:

+o00 400 d d 400
= /f(x,y)dx: / (/F(x,y)dy)dx/(/F(x,y)dx)dy

a c a

Chu y: Phai kiém tra diéu kién d6i thi tu lay tich phan trong Dinh ly doi véi tich
phén suy rong ctia ham sb F (x,y).

Bai tap 3.5. Tinh cac tich phan sau:
a) /xh;f dx, (0<a<b).

Loi gidi. Ta co:
b

= F(x,b) — F(x,a) = /F;(x,y)dy=/bxydy; ( (xy) = xy)

In x

xb — x?

Inx
a

1 1 b b 1

b
xb — x4 1 b+1
/ — dx /(/x dy) dx /(/x dx) dy /y 1dy 11’1a+1

0 0 a a 0 a

Kiém tra diéu kién vé doi thi tu lay tich phén: m
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2. Tich phén suy rong phu thubc tham sé. 69

—+o0
b) / e Py, (2, B> 0).
0

Loi gidi. Ta co:

o B
0 _ e—,Bx <F(x,y)::%> o , B
— = F(x,a) — F (x,B) =/Fy(x,y)=/e Ydy
’B e
nén
teo e Bx +oo [/ P B [+ p
/76 ¢ dxz/(/eyxdy dx:/ /e‘yxdx dy:/d—yzlné.
x y «
0 0 ® ® 0 ®
Kiém tra diéu kién vé doi thi tu lay tich phén: m
+o0
c) / de (DC ﬁ > 0)
xz 7 7 .
0
Loi gidi. Ta co:
2
ot _ e (Pley=5-) . £,
e = T Fao-Fap) = [Raydy= [y
’B ©
nén p ;
T —Bx? oo oo
[ e [ (fean)ore [ o)
0 0 ® ® 0
+o00 +0o0
Véi diéu kign da biét [ e Vdx = T taes [ e ¥dx = .
0 0
p
Suyralz/%dy:ﬁ(\/ﬁ—\/&).
14
Kiém tra diéu kién vé doi thit tu lay tich phén: m
—+00
e) /e_“xsmbxw, (a,b,c > 0).
0
Loi giai. Ta co:
_ e Mginyx b
JaxSinbx — sincx (F(x’y)* e )

b
z = F(x,b) —F(x,c) = /F; (x,y)dy = /e_”x cos yxdx
Cc



70 Chuong 3. Tich phdn phu thubc tham sé.

nén
+o0 b b +0c0
I= / (/ e " cos yxdy) dx = / (/ e " cos yxdx) dy
0 \c c \0
—+00
Mé/e‘“x cos yxdx = —ﬂziyze_“x CoS yx + ﬂzzyze_“x sinyx, suy ra / e~ " cosyxdx = aZi—yZ’
0

b
a

val = /mdy = arctg ! — arctg ¢.

c
Kiém tra diéu kién vé doi thit tu lay tich phén: m

Dang 2. Tinh tich phan bang cach dao ham qua diu tich phéan.

—+00
Gia sit can tinh I (y) = / f (x,y)dx.
a

—+o0
B1. Tinh I' (y) biing céch I (y) = / £, (x,y) dx.
a

B2. Dung cong thitc Newton-Leibniz dé khoi phuc lai I (y) bang cach I (y) = / I' (y)dy.

Chu y: Phai kiém tra diéu kién chuyén dau dao ham qua tich phan trong Pinh ly

—+00
Bai tap 3.6. Chiing minh rang tich phan phu thuéc tham s6 I (y) = / %dx la mot

ham s6 lién tuc kha vi dbi véi bién y. Tinh I’ (y) réi suy ra biéu thic cta I (y).
Loi gidi. Ta cé:

e f(x,y)= arcg(x ) lign tuc trén [—oo, +0o] X [—0c0, +00].

1+x2
+o00 400
%(ij)‘ < %'1+le , Ma / ﬁ = 7t hoi tu, nén I (y) = / %dx héi tu déu
trén [—oo, +00]. . )

Theo Dinh Iy [3.13] I (v) lién tuc trén [—oco, +o0].
+o0

Hon nta ‘f; (x,y)‘ = (1+x2)[11+(x+y)2] < 1 Vy; do dé /f; (x,y)dx hdi tu déu trén
oo N

. . - 2 . A _ N. 1/ — 1

[—00, +0c0]. Theo Pinh 1y[3.14] I (y) kha vi trén [—oo, +-00], va: I’ (y) / EES ey dax.

—00
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2. Tich phén suy rong phu thubc tham sé. 71

5 1 _ Ax+B Cx+D
bat (sz) o] 1+x2 N )2 , dung phuong phap dong nhat hé sé ta thu dugc:A =
_ 2 _
y(y2+4) B= i C= 2+4’ b= 2+4 Do do:

2x+y 2x + 3y
T T ()

y+4/

[— In <1 + xz) + yarctg x + In (1 + (x+ y)2> + yarctg (x + y)] 2

_ Arn
Yy +4
—+00
Suyral(y) = /I’ (y) dy = 2arctg § + C, mat khéc I (0) = / afi:fzxdx =0nén C =0va
I(y) =2arctg ¥ ]

Bai tap 3.7. Tinh cac tich phan sau:

a)/x_xdx (0<a<b).

><
S

. Ta co:

Inx

=

1
Loi giGi. Pat I (a) = / DXy £ (x,0) = 2=
0

o f(x,a)= xl;r:;‘u lién tuc trén theo x trén [0,1] v6i mdi 0 < a < b.
e f,(x,a) = —x?lién tuc trén [0,1] x (0, +c0).
1

o /f; (x,a)dx = / x'dx = —m héi tu déu trén [0, 1] vi né 1a TPXD.
0

Do d6 theo Dinh 1y [3.14],
| 1
1’(a):/f;(x,a)dx=—a+1:z(a):/1’(a)da=—1n(a+1)+c.
0
Mat khéc I (b)) =0nén C =In(b+1) vadodé I (a) = In 2. n
+o0

b) / e Py (w, B> 0).
0
+oo
Loi gidi. Dat I (x) = / e P g, £ (x,0) = <= Ta ¢
0
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72 Chuong 3. Tich phdn phu thubc tham sé.

o f(x,a)= M lién tuc theo x trén [0, +-00) v6i moi &, B > 0.

o f(x,0) = —e " lién tuc trén [0, +co) x (0, 400).
—+00 —+00

. / £ (x,0) dx = / — e~y = —1 hoi tu déu dbi véi a trén méi khoang [¢, +o)
0 0

—+o00
theo tiéu chuin Weierstrass, that vy, |—e **| < e™¢*, ma / e dx = % hoi tu.

Do d6 theo Dinh 1y [3.14]

—+00

=/f;(x,o¢)dx:——:l /I/ :—1].’10(-|—C.

0
Métkhéc,[(ﬁ)=0nénC:1n,BvéI:1n§. ]
—+00

—axz_ —/sz
c) /%dx, (a, 6 > 0).
0
—+o0

_ax? x —ax?_ ,—px?
Loi gigi. Pat I (a) = / e P e, F(x0) = o Ta e
0

—IXXZ

— ‘Cz . A A e &
o f(x,a)= % lién tuc theo x trén [0, +o0) v6i moi &, f > 0.

o fi(x,a)= —e~* ]ién tuc trén [0, +00) x (0, 4-00).

—+o0 —+o00 \/_ —+o00
! X N

o /f,x (x,a)dx = / e dx Y /e‘yz% = —@ﬁ héi tu déu theo «
0 0 0
trén moi [¢, +00) theo tiéu chuidn Weierstrass, that vay, —e| < o7& ma
—+00
/ e—e% dx hoi tu.
0

Do d6 theo Dinh 1y [3.14]

/f,x X, 0) \/ZEL:I(“):/I/(DC)OI&:—\/%_\/E_FC.

Mit khéc, I (B) = 0nén C = /. /Bval(a) =/ (\/B— V«). m

—+00
dx
o / (x24y)" "
0
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2. Tich phén suy rong phu thubc tham sé. 73

“+o0
Loi gidi. Pat I, (y) = / ) B fa (xy) = W Khi do:
+o00 ' +0o0
/ dx dx 1 /
L Oy = | [ s | =0 [ g =l () = b= = (1)
g (x2+y) , )24y ot

/! !

Tuong tu, I,—1 = —5 (In—2) , Ina = — 25 (Ii—3) , ... 1 = — (Ip) -

+o0
Do d6, L (y) = CX [ (1)) ™. Ma Iy (y) = / hdx = Jarctg 5[5 = ;T nén
0

L) = 555

Van dé con lai 14 viéc kiém tra diéu kién chuyén dao ham qua dau tich phan.

s 2 1/ (-1)" ‘A
e Cac ham so f (x,y) = x2+y’f¥ (x,y) = (x2+ fy (x,y) = @iy lién tuc
trong [0, +o0) X [¢, +00) v6i moi € > 0 cho trudc.
o 1 o 1 ~1 1 (=" 1
X2—|—y X x2_|_€/ (x2+y)2 X (x2+£)2/"-/ (x2+y)"+l ~X (x2+€)n+1
—+00 —+00
Ma cac tich phan / x%ﬂdx, vy / de déu hoi tu, do d6
0 0
+o00 400 +0oo
/ f(x,y)dx, / f (x,y)dx / f (x,y) dx héi tu déu trén [e, +00)véi mbie >
0 0 0
0. [
—+o00
e) / e—axsinbx;sincxdx (a, b,c> O) )
0
—+o00

X X

Loi gidi. Pat I (b) = / e-oxsinbx_sinex gy f(y p) = p-oxsinbx_sinex my cg:
0

o f(x,b) = e-axsinbr—sincx Jjan tyc theo x trén [0, +o0) v6i méia, b,c > 0.
) fl; (x,b) = e~ ™ cos bx lién tuc trén [0, +o0) x (0, +0).
—+00

ax _ ([ _ _a —ax ax o3 +oo __ a
/fb x,b dx—/ cosbx-( Fawtd cosbx+a2+bze smbx) ’o = e

0
h()l tu déu theo b trén méi (0, +-o0) theo tidu chudn Weierstrass, that vay,
—+00

2 < 42 A~
le" ™ cosbx| < e ™ ma / e~ dx hoi tu.
0
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74 Chuong 3. Tich phdn phu thubc tham sé.

a2+ b2
Mit khdc I (c) =0 nén C = —arctg € va [ = arctg ! — arctg €. ]

Do d6 theo Dinh 1y B.14, T, (x,b) = 47, [ = / tpdb = arctg  + C.

—+o00

) [ e cos (yx) dx.
4

—+00
Loi giai. bat I (y) = / e~ cos (yx)dx, f (x,y) = e~ cos (yx) .Ta co:
0

e f(x,y) lién tuc trén [0, +-00) X (—00, +-00).

° f]; (x,y) = —xe ¥ sin yx lién tuc trén [0, +00) x (—oco, +00).
400 +o00 +o00

o / f; (x,y)dx = / —xe™* sinyxdx = %e‘xz sin yx ‘a‘w -1 / ye~* cos yxdx = 1 (y)
0 0 0

—+o00
2

f]; (x,y)‘ < xe ™, ma / xe ' dx =

héi tu déu theo tiéu chudn Weierstrass, that vay,
% hoi tu.

v
1

Do d6 theo Pinh 1y [3.14], III((yy)) =—4=1=Ce"

MaI(0)=C=Y"nénl(y) = e

o

Nhan xét:

e Viéc kiém tra cac diéu kién dé dao ham qua dau tich phan hay diéu kién ddi thi tu
14y tich phan déi khi khong dé dang chit nao.

+oo
e Cac tich phan / f; (x,&)dx & cau b, c, d chi hoi tu déu trén khoang [e, +o0) v6i mbi
0
e > 0, ma khong hoi tu déu trén (0, 4-c0). Tuy nhién diéu d6 ciing dt dé khang dinh

—+o00
rang [, = / fo (x,a) dx trén (0, +o0).
0
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3. Tich phdn Euler 75

§3. TICH PHAN EULER

3.1 Ham Gamma

+00
I'(p) = / xP~le~¥*dx x4c dinh trén (0, +-c0)

0
Cac cong thuc

1. Habac: T (p+1) = pl' (p), T (& — 1) = ooty
Y nghia ctia cong thtic trén 1a dé nghién ctu I' (p) ta chi can nghién ctu I (p) véi

0 < p < 1ma thoéi, con véi p > 1 chung ta sé sit dung cong thic ha bac.

2. Pachbiét,I'(1) =1nénT (n) = n—l)'VnelN
F(%) nnenl"(n—f— ) 2" DL

+o0
3. Pao ham ctia ham Gamma: T'®) (p) = / xP~1 <1nk x) e *dx.
0

4. 1"(;9).1"(1—;9)—511”07T VO<p<1.

3.2 Ham Beta

1

Dang 1: B (p,q) /xpll—x .
0
+

(ee]

Dang 2: B (p,q) / 1f;7ﬁq
0

Dang ludng giac: B(p,q) = 2 [ sin®’ 1 tcos?~!tdt, B <T+,%1) = 2 [ sin™ tcos™ tdt.

O\Nlll
O\.'NI:I

Cac cong thuc:
1. Tinh dbi xtng: B (p,q) = B(q,p).

2. Ha bac:

1 "
Y nghia ctia ¢éng thiic trén 6 chd mudn nghién citu ham béta ta chi can nghién ctu

n6 trong khoang (0,1] x (0, 1] ma thoi.
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76 Chuong 3. Tich phdn phu thubc tham sé.

3. Pachbiét, B(1,1) =1 nén
{B(m,n) = %, Vm,n € N

_ (n—1)!
B(p,n) = (P+n—1)(p;-1&-n—2)...(p+1)p Vn € IN.

4. Cong thic lién hé gitta ham Béta va Gamma: B (p,q) = rr(p+q) :

5. B(p,1-p)=T(p)T(1-p) =g
3.3 Bai tap

Bai tap 3.8. Biéu thi [ sin™ x cos” xdx qua ham B (m, n).

O\N\:u

Loi gidi. Patsinx = vt = 0 <t < 1,cos xdx = 2%/?‘#

7 7 1 3
2 1 m n—1 1 1 1
/sinmxcos” xdx = /sinmx (1 — sin? x) L cosxdx = = /t7 (1—1) =34t = -B ﬁ, nt
2 2 2 2
0 0 0
Pay chinh la cong thic 6 dang ludng giac cia ham Beta. [

Bai tap 3.9.

a) [ sin® x cos* xdx.

O\..Nltt

Loi giai. Ta co

1 1
=1s(23)-1 1 TEH)T(24) 1 $ERE o
R A O I (6) T2 s 512

a
b) [/ = dx (a>0).
0
Loi giai. Pat x = a\/f = dx = %

1 1
1 At 2n+2 1 2n-+2 1
1= [araq-nt 20 = [ nta= "B nts>
/ / 2 2°2

2/t 2
|
B a2n+2r <1’l—|—%> F(%) B a2n+2 @ﬁ@ _ na2n+2 (27[—1)!!
2 T'(n+2) 2 (m+1)! 7 2 (2n+2)!



3. Tich phdn Euler

77

“+o00

¢) / x10,=2% gy

0

Loi gidi. Pat x = Vt = dx =

f
b 1\  190/F 97
I_/t5 -t /tze—fdt _ VR _ZVE
) 2\/ 2 2) 27 26
—+o0
NES
d) / (1+x2)2dx
0
Loi gidi. Dat x% = t = 2xdx = dt
+o0 t‘ll di’ . 1 3
£ dt -1=-} —
I = 2/ ! (p,q) véi P oo P :
2 1+t 1+t p+gqg=2 q=73
Vay
I—EB(§5)—1 2-1 B<§1)_1 (31) 1 n
27 \4'4 2345 1 \4'4 8 \4'4 8'sinf 442
—+00
1
e) /1+x3dx

0

—+00
f) /%dx, (2<neN)
0

Loi gigi. Dat x" =t = dx = 1t ta—1dt




Chuong 3. Tich phdan phu thuéc tham so

78

1
g)/1%%ﬁdm11emﬁ
0
1
=

Loi gii. Pat x" =t = dx = La—1dt
1
2

1 1d 1
t
/ /‘i (1—t) " dt =
n
0 0

:\H

t
1-—

S|
Slr—\

~~
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CHUONG 4

TicH PHAN DUGONG

§1. TICH PHAN PUONG LOAI I

1.1 Pinh nghia

Cho ham sb f (x,y) xac dinh trén mét cung phang AB . Chia cung AB thanh n cung
nhé, goi tén va do dai ctia ching 1an lugt 1a Asy, Asy, ...As,,. Trén méi cung As; 1y mot diém
M; bat ki. Giéi han, néu cé, cia tong i f (M;) As; khi n — oo sao cho max As; — 0 khong
phu thudc vao cach chia cung AB va lc_a'lch chon cac diém M; dudc goi 1a tich phan duong
loai mét ctia ham sb f (x,y) doc theo cung AB, ki hiéu 1 / f(x,y)ds.

AB
Chuy:

e Tich phan dudng loai mét khong phu thudce vao huéng ciia cung AB.

e Néu cung AB c6 khbi lugng riéng tai M (x,y) 1a p (x,y) thi khéi lugng ctia né 1a
/ o (x,y)ds. néu tich phan dé ton tai.
AB

e Chiéu dai cta cung AB dudc tinh theo cong thic [ = / ds.

AB
e Tich phan dudng loai mot c6 cac tinh chat giébng nhu tich phan xac dinh.
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80 Chuong 4. Tich phdn duong

1.2 Cac cong thuc tinh tich phan duong loai I

1. Néu cung AB cho béi phuong trinh y = y (x),a < x < b thi
b
[ fyyas = [ £y )y /14y (x)dx. M
1@ a

2. Néu cung AB cho béi phuong trinh x = x (y), ¢ < y < d thi

d

[ Fyyds = [ £, v)y/1+x2 ). @
AB c

3. Néu AB cho béi phuong trinh x = x(t),y =y(t), 1 <t <t thi

[ Fexppds = [ Fxenyo)y/x20) + y2(epat )

4. Néu cung AB cho béi phuong trinh trong toa do cuc r = r (¢), 91 < ¢ < @y thi coi né
nhu 14 phuong trinh duéi dang tham sb, ta dudc ds = /72 (@) + 2 (¢)dg va

P2
[ rwds= [ £ir(g)cosgr(p)sing)y/12 (9) + 72 (g)dg @)
AB P1

1.3 Bai tap

Bai tap 4.1. Tinh / (x —y)ds, C la duong tron cd phuong trinh x> + y?> = 2x.
C

N . x =1+4cost
Loi giai. Dat ,0<t <2
y =sint

27
I:/(l—i—cost—sint) \/(—sint)z—i—cosztdt:Zr(
0

A / ) oL x =a(t—sint)
Bai tap 4.2. Tinh /y ds, C la duong cong ,0<t<2m,a>0.
C

y=a(l—cost)
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1. Tich phdn duong loai 1 81
Loi gidi.
x'(t) =a(1l—cost t
®) ( ) :>\/x’2(t)—|—y’2(t):2asin—
y' (t) = asint 2
2
- s . 2563
= I = /a (1 —cost) .2asm§dt: 5
0
A / . x =a(cost+tsint
Bai tap 4.3. Tinh / Vx%2 +y2ds, C la dudng ( ) ,0<t<2m,a>0.
z y=a(sint—tcost)
Loi gidi.
x'(t) = atcost
( ) COS - \/x/z (t) +y/2 (t) = at
y' (t) = atsint
T 2 2 a 3
=1= / \/az [(cost-l—tsint) + (sint — tcost) ]atdt =3 <\/ (1+4mr2)” — 1)
0
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82 Chuong 4. Tich phdn duong

§2. TICH PHAN PUONG LOAI II

2.1 Pinh nghia

Cho hai ham s6 P (x,v), Q (x, y) xéc dinh trén cung AB. Chia cung AB thanh 1 cung nhé
As; béi cac diém chia Ag = A, Ay, Ay, ..., Ay = B.Goi toa d0 ctia vecto A; 1 A; = (Ax;, Ay;) va

2 ° Z ~ £ ° 1
lay diém M, bat ki trén moi cung As;. Gidi han, néu c6, cta tong Y [P (M;) Ax; + Q (M;) Ay;]
i=1
sao cho max Ax; — 0, khong phu thudc vao cach chia cung AB va cach chon cac diém M;
dudc goi 1a tich phan duong loai hai ctia cac ham s6 P (x,y), Q (x,v) doc theo cung AB, ki
hiéu la / P(x,y)dx+ Q (x,y)dy.
AB

Chuy:

e Tich phan duong loai hai phu thudc vao huéng ctia cung z@, néu d6i chiéu trén duong

&y tich phan thi tich phan d6i d4u, / P(x,y)dx+Q (x,y)dy = — / P (x,y)dx +Q (x,y) dy.
AB BA

e Tich phan dudng loai hai cé cac tinh chat gidng nhu tich phan xac dinh.

2.2 Cac cong thuc tinh tich phan duong loai I1

1. Néu cung AB dugc cho béi phuong trinh y = y (x), diém dau va diém cubi ing véi

x=a,x =bthi
b
[ PaxQay = [ [P(xy () +Qxy () ()] dx. (5)
z@ a
2. Néu cung AB dugc cho béi phuong trinh x = x (y), diém dau va diém cudi tng véi
y=c,y=dthi
d
[ Pax+Qdy = [P (x(y) &' ()] dy,y) +Q(x () ). (6)
A\B c

x = x(t)

y=y(t)

3. Néu cung AB duge cho béi phudng trinh { , diém dau va diém cubi tuong

I'Ing viit = t1,t =1t thi



2. Tich phdan duong loai 11 83

Bai tap

Bai tap 4.4. Tinh / (x2 — 2xy) dx + (2xy — y?) dy, trong dé AB la cung parabol y = x* tir
, ib
A(1,1) dén B (2,4).

Loi gigi. Ap dung cong thic (5) ta c6:
I= /2 [(xz — 2x3) + <2x3 — x4) .Zx] dx = —%.
1

R . ) ) J x =a(t —sint)
Bai tap 4.5. Tinh / (x* —2xy) dx+ (2xy — y*) dy trong do C la duong cong
Z y=a(l —cost)

theo chiéu tdng ciat,0 < t < 2m,a > 0.
o ) x'(t) =a(l —cost) |
Loi giai. Ta co nén:
y'(t) = asint
27
= / {[2a(t —sint) —a(1 — cost)]a(l — cost) +a(t — sint).asint} dt
0

2

=a° [ [(2t —2) +sin2t + (t — 2) sint — (2t — 2) cos t]dt

a2

—p oy

[(2t —2) + tsint — 2t cos t]dt

— O

47 — 67T> .

Bai tap 4.6. Tinh / 2 (22 +12) dx + x (4y + 3) dy 6 d6 ABCA la duong gép khiic di qua

ABCA
A(0,0), B(1,1), C(0,2).
y
C
1___ B
|
0 I
A 1 X
Hinh 4.6
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84 Chuong 4. Tich phdn duong

phuong trinh duong thang AB : x = y
Loi gidi. Ta c6 phuong trinh dudng thang BC : x =2 — y nén
phuong trinh dudng thang CA : x =0

I= [t [ [

AB BC CA

1

= [[2(P+v?) +v@y+3)]dy+ [2[@=y)’ +¥]. (-0 + @~y Gy +3)dy+0
0
3

Bai tap 4.7. Tinh / &4 trong d6 ABCDA I dubng gp khiic qua A(1,0), B(0,1), C(~1,0), D(
ABCDA
y

AN
N

D

Loi gidi. Ta c6 Hinh 4.7
(AB:x+y=1 =dx+dy=0
BC:x—y=-1 =dx=dy
CD:x+y=-1 =dx+dy=0
(DA:x—y=1 =dx=dy

/+///

de
_O+/x+

_/de+/2dx
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2. Tich phdan duong loai 11 85

X = tsin \/_
Bai tap 4.8. Tinh / e +y dx +dy trong do { y = tcos+/t theo chiéu ting cia t.

0<t < 7T
e s x = u?sinu x' (u) = 2usinu + u?cos u
Loi gidi. Patu =+t=0<u<m, =
y = u?cosu y' (u) = 2ucosu — u?sinu

2

—~
I

[% (Zu sinu + u? cos u) +2ucosu —u sinu] du

Ot —y s

43
(7 + Zu) cos udu

3 2
— x40
X

2.3 Cong thuc Green.

Huéng duong cua duong cong kin: Néu duong 1y tich phan 1a duong cong kin thi
ta quy uéc huéng duong ctia dusng cong la huéng sao cho mét ngusi di doc theo dusng
cong theo hudéng 4y sé nhin thiy mién giéi han béi né & gan phia minh nhit nam vé phia
bén trai.

Gia stt D C R? 1a mién don lién, lién théng, bi chan véi bién giéi oD 1a duong cong kin véi
huéng duong, hon nita P, Q cung cac dao ham riéng cip mot ciia ching lién tuc trén D.
Khi do

/de+Qdy / 2% S ) dudy
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86 Chuong 4. Tich phdn duong

e Néu 9D c6 huéng am thi /de + Qdy = — //(%—8 - %)dxdy
C D

e Trong nhiéu bai toan, néu C 1a dudng cong khong kin, ta c6 thé bs sung C dé dudc
duong cong kin va ap dung cong thic Green.

Bai tap 4.9. Tinh cac tich phan sau / (xy +x +y)dx+ (xy +x —y)dy bang hai cdch:

C
tinh truc tiép, tinh nho cong thiic Green roi so sanh cac két qua, vdi C la duong:

a) X+ =R
y
/"
Hinh[4.9 a
Cach 1: Tinh truc tiép Cach 2: Su dung cong thuc Green
=R t P(x,y) =
Dit X cos L0<t<n (xy) =xy+x+y ﬁg_g_g_i:y_x
y = Rsint Qx,y)=xy+x—y
I=.. == / (v — x) dxdy
271

R3 x24+y2<R?
= / (costcos 2t + sin t cos 2t) dt

2 / = // ydxdy — // xdxdy

x2412<R2 x24+y2<R2

=0

4
)

Hinh %6



2. Tich phdan duong loai 11 87

Céach 1: Tinh truc tiép. Ta c6 x> +y? = 2x < (x — 1) +y? = 1 nén

. | x=1+4cost
Pat ,0<t<2m1
y =sint

21
I = /{[(1—|—cost) sint + 1+ cost+sint] (—sint) + [(1 4 cost)sint + 1+ cost — sin t] cos t }dt

0
27T

= / (—ZSinzt—i—coszt —costsint + cost —sint —costsinzt-i—cosztsint) dt
0

Cach 2: S dung cong thuc Green.

P(x,y) =
Ta co: () =xy+x+y :%—%—%—I;:y—x
Qx,y) =xy+x—y

// (y—x)dxdy, dat 4"

(x=1)242<1 y=rsing
2cos ¢
de / (rsing —1 —rcos @)rdr
0

N[N
IN
BS)
IN

N[N

=1

|
\NI:{ Nl:l\N\:l

I

[1 (sin ¢ — cos @) .4cos®> ¢ —2cos ¢| dg

2

|
[SE]

I
|
3

N
N

)5 +5L=1(ab>0)
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88 Chuong 4. Tich phdn duong

Céch 1: Tinh truc tiép Cach 2: St dung céng thic Green
0<t<2m =
pat ] C T ’(_t)  asing {P(x'y) e =R - =y
a X = —asin = —
y = bsint Qlx,y) =xy+x—y
y'(t) = bcost
== / (y — x)dxdy
I

2 2
X ¥
a_2+h_2<1

/ ydxdy — / xdxdy

y

2

/ <—ab sin? t + ab cos? t) dt
0

0

Bai tap 4.10. Tinh / 2 (y+ ) dy — 2 (x + 1) dx.
x24y2=2x

4
A

Hinh

Loi gigi. Ap dung cong thitc Green ta c6:

I:/ 9Q _aP dxdy = / 4xy+ x + dxdy :é/ x +v° dxdyv1/4xydxdy—0
J ox ay 4

. Jx=rcosg — - )
bat _ ytaco —5 < ¢ < 75,0 <r <2cos¢. Vay
y=rsing

2cos ¢
de / r2.rdr =
0

| Ne)

\N\::
»J>I w
\N\::

3
I:Z 4 cos* P=3

NN
|
NN

Bai tap 4.11. Tinh § ¢*[(1—cosy)dx — (y —siny)dy] trong do OABO la dudng gap
OABO
khiic 0(0,0), A(1,1), B(0,2)
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2. Tich phdan duong loai 11 89
y
B
1 . _ A
|
o/ |
1 X
Hinh
P(x,y) =¢e*(1—
Loi giai. Pas 4T V) = COS;V) =30 = oy,
Q(x,y) = —¢* (y —siny)
Ap dung cong thic Green ta c6:
I = //—exydxdy
1 _
/ / —e'ydy
0 x [
. 1
E/e (4x — 4
0
=4—2e

Bai tap 4.12. Tinh f
x24y2=2x

Loi giai. Dat {

(xy +e*sinx+x+y)dx — (xy —e ¥ +x—siny) dy

4

P(x,y) =xy+e“sinx+x+y 0
Q(x,y) =xy—e ¥ +x—siny

)

Hinh

P __

x oy = YT x—2

89



90 Chuong 4. Tich phdn duong

Ap dung cong thic Green ta c6:

I://—y—x—dedy
D
=//—x—2dxdyvi//ydxdy:0
D D

X = 1 COS
dat L L
y=rsing 2

2cos ¢

de / (—rcos ¢ —2)rdr
0

,0<r<2cos¢ [

N[

——

NI

= —3n

Bai tap 4.13. Tinh § (xy* + x* +y cos xy) dx + <%3 + xy? — x + x cos xy) dy
C

X =acost
trong do C (a >0).
y =asint

Yy
N

Hinh

P (x,y) = xy* + x> + ycos x
(x,y) = xy ycos xy S99 22 g

Loi giai. Dat { %

Q(x,y) = % + xy2 — x + x cos xy
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2. Tich phdan duong loai 11 91
Ap dung cong thic Green ta c6:
I = //x2 + y? — 4xy® — 1dxdy

D

_ 2 .2 N 3 _

= /x +y° — ldxdy vi /4xy dxdy =0
D D

.. | x=rcosg
dat =0<¢<2m,0<ra -

y=rsing

27 a
:/dg0/<r2—1>rdr
0 0

2.4 Ung dung cua tich phan duong loai II

Ap dung cong thiic Green cho ham sb P(x,y), Q(x,y) thoa man 92 — 92 — 1 ta c6:

ox ay

5(D) = /dey - /de +Qdy
D JaD

e Lay P(x,y) =0,Q(x,y) = x thi S (D) = /xdy
aD

e Lay P(x,y) = —y,Q(x,y) =0 thi (D) = /_ydx
oD

e Lay P(x,y) = %x,Q(x,y) = %y thi S (D) = %/xdy — ydx
aD

Bai tap 4.14. Ding tich phan dudng loai II, tinh dién tich ctia mién gidi han béi mét nhip

| x=a(t —sint) .
xycloit va Ox(a > 0).

y=a(l—cost)
y m
A
@) n 27 X

Hinh 91



92 Chuong 4. Tich phdn duong

Loi gigi. Ap dung cong thic

0
S(D) = /xdy = / xdy + / xdy = /a(t—sint) .asin tdt = 37a’
oD AmO OnA 2

2.5 Piéu kién dé tich phan duong khong phu thudc
duong lay tich phan.

Gia st rang D 1a mién don lién, lién théng, P, Q cung véi cac dao ham riéng cap mot
cta ching lién tuc trén D. Khi d6 bén ménh dé sau la tuong duong:

0Q 9P .. .
1. P @VOI moi (x,y) € D.

2. / Pdx + Qdy = 0 v6i moi dudng cong dong kin L nam trong D.
L
3. / Pdx + Qdy = 0 khong phu thudc vao dudng di tit A dénB, v6i moi dudng cong AB
i
nam trong D.
4. Pdx + Qdy 1a vi phan toan phan. Nghia 1a ¢6 ham s6 u(x,y) sao cho du = Pdx + Qdy.
Ham u c6 thé dude tim theo cong thic:
X y X ¥
u(xy) = [ Pxyo)dx+ [ QG y)dy = [ Pxy)dx+ [ Qlxoy)dy
X0 Yo X0 Yo

Giai bai toan tinh tich phan duong khong phu thudéc duwong di:

1. Kiém tra diéu kién P; =Q,. (1)

2. Néu diéu kién (1) dudc thoa man va dudng 14y tich phan 1a duong cong kin thi I = 0.

3. Néu diéu kién (1) dudc thod méan va can tinh tich phan trén cung AB khéng déng
thi ta chon duong tinh tich phan sao cho viéc tinh tich phan la don gian nhét, théng
thuong ta chon 1a duong thang néi A véi B, hoac duong gap khic cé cac canh song
song véi cac truc toa d6. Mat khéc, néu tim dude ham F sao cho du = Pdx + Qdy thi
I=u(B) —u(A).
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2. Tich phdan duong loai 11 93

(3,0)
Bai tap 4.15. Tinh / (x* + 4xy®) dx + (6x%y* — 5y*) dy.
(=21)

Y
-2 B
l 0) X
i
A —1 C
Hinh
Loi gidi. Nhan xét rang (x*+ 4xy3)/y = (6x%y? — 5y4); nén tich phan da cho khong phu

thudc vao dudng di. Vay ta chon dudng di 14 dudng gip khiic ACB nhu hinh vé.

I = /de+Qdy+/de+Qdy:62
AC CB

(2,7)
2
Bai tap 4.16. Tinh / (1 — % cos %) dx + (sin + Lcos ¥) dy
(1,7)
Yy
2n---3B

|
|
|
|
h-HA |
L
| |
| |
| |

PR I N N

O 1 2 x
Hinh [4.76]

2
P=1-%cos? 2
N v X X oP _ 0Q __ 2y y YooY A . A ~
. Dg I = 9x — 2 Cosyt msiny
Loi gigi. Dat = —=2cos Z + Ly sin Z nén tich phan da
Q=sinZ + Zcos < % o g o !
- x T x x

cho khong phu thudc vao dudng di tit A dén B. Khi dé ta chon duong lay tich phan la
duong thing AB, né c6 phuong trinh Yy = 7X.
2 2
I = / <1 — nzcosn) dx-i—/(sinrc—i— rmecos ) mdx =1
1 1
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CHUONG 5

TICH PHAN MAT

§1. TICH PHAN MAT LOAII

1.1 Pinh nghia

Cho ham sbé f(x,y,z) xdc dinh trén mit cong S. Chia mit cong S thanh n mat nhé
AS1,ASs, ..., AS,. Trén mdi AS; 1y mot diém M; bat Ki. Giéi han, néu ¢6, ctia tong Y. f(M;)AS;
khi n — oo va max d(AS;) — 0 khong phu thudc vao cach chia mat cong S va clé:gh chon
cac diém M; dudc goi 1a tich phan mait loai I ctia ham s6 f(M) trén mét cong S, ki hiéu 1a

//f(x,y,z)ds.
S

1.2 Cac cong thuc tinh tich phan mat loai I

Gia st S 1a mit duge cho béi phuong trinh z = z(x,y); ((x,y) € D C R?), hay 1a hinh
chiéu ctia S 1én mat phang Oxy 1a D, & d6 z(x,y) cung véi cac dao ham riéng ctia ching
lién tuc trén D. Khi do

/f(x,y,z)ds ://f(x,y,z(x,y))\/1+<§—i)2+<g—;)2dxdy
S D

1.3 Bai tap

Bai tap 5.1. Tfnh//(z-l—Zx-i—%y) dS trongdoS = {(x,y,2) |3+ 4 +2=1,x>0,y >0,z >0}
S
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96 Chuong 5. Tich phdn mat

Hinh

Loi gidi. Ta c6 hinh chiéu ctia méit S 1én mat phang Oxy 1a

D:{(x,y)|§+%<1,x>0,y>0}={(x,y)l0<X<zfo<y<3<1_g)}

— — —2
Mit khac z = 4(1— % — §)= {p “ —dS = \/1+ p? + dxdy = Ydxdy nén
q

3x
2

B SR e Y

S

=

Hinh
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Loi gidi. Ta c6 hinh chiéu cia mat cong 1én mat phang Oxy 1a D = {(x,y) [x*> + y* < 1}

—5 =92
Mat khac, z = x? + = P Z,x * nén
g=2zy=2y
I= / <x2+y2) \/ 1+ 4x2 + dy2dxdy
D

y X = rCos @
dat =20<¢9p<21,0<r<1
y=rsing
27 1
I:/dqo/rzx/1+4r2rdr
0 0
1
=g/r2\/1+4r2d (1+4)
0
5t 1
_n - Y 2
—4/ 1 ﬁdt(datt—l—kélr)
1

_ 7 (20v5 4
- 16 3 15
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98 Chuong 5. Tich phdn mat

§2. TICH PHAN MAT LOAI II

2.1 Pinh huéng mat cong

Cho mit cong S trong khong gian. Tai méi diém M chinh quy cia méit cong S c6 hai
%

vecto phap tuyén don vi 1a W ova—T1i.
e Néu c6 thé chon dudc tai mbi diém M ctia mat mét vects phap tuyén don vi n sao cho
vecto 1 bién thién lién tuc trén S thi ta néi mat S dinh huéng dude. Khi d6 ta chon

mot huéng lam huéng duong thi huéng con lai dude goi 1a huéng am.

e Ngudc lai, thi mat S goi 1a khong dinh huéng dude. Vi du nhu 1a Mobius.

2.2 DPinh nghia tich phan mat loai II

Cho mot mit cong dinh huéng S trong mién V C R3 va n = (cosa,cosf,cosvy) la
vécto phap tuyén don vi theo huéng duong da chon ctia S tai diém M(x,v,z). Gia truong
vects F (M) = (P(M),Q(M),R(M)) bién thién lién tuc trén V, nghia la cac toa do
P(M),Q(M),R (M) cta né la nhitng ham sb lién tuc trén V. Chia mit S thanh n mat
cong nhé, goi tén va ca dién tich cta ching lan lugt 1a AS;, AS,, ..., AS,,. Trén méi AS; lay
mot diém M; bat ki va goi vecto phap tuyén don vi theo huéng duong da chon ciané la n; =

2z o n
(cos a;, cos B;, cos ;). Gidi han, néu c6, cia tong ) [P (M;) cosa; + Q (M;) cos B; + R (M;) cos v;]AS;
i=1
dudc goi 1a tich phan miit loai IT ctia cac ham s6 P (x,v,z),Q (x,v,z), R (x,y,z) trén mét S,
va dudc ki hiéu la:

// P(x,y,z)dydz + Q(x,y,z)dzdx + R(x,y, z)dxdy
5

2.3 Cac cong thuc tinh tich phan mat loai I1

1= // Pdydz + // Qdzdx + // Rdxdy.
S S S

I I I

Gia su

Ngudi ta tinh tich phan mat loai II bang cach dua vé tich phan kép. Chang han xét tich
phéan I3. Gia st mat S c¢6 phuong trinh z = z(x,y), z(x,y) cung vdi cac dao ham riéng ctaa
ching lién tuc trén mién D 1a hinh chiéu cta S 1én mat phang Oxy. Khi do:
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2. Tich phdn mat loai 11 99

e Néu vectd phap tuyén don vi theo huéng duong 7w tao v6i Oz mot goc nhon thi

/Rdxdy = /R(x,y,z(x,y))dxdy
S D

e Néu vectd phap tuyén don vi theo huéng duong 7w tao v6i Oz mot goc tu thi

/Rdxdy = —/R(x,y,z(x,y))dxdy
S D

Tuong tu nhu vay ching ta cé thé dua I, I, vé tich phan kép.

Bai tap

Bai tap 5.3. Tinh / 2 (X + y?) dxdy, trong d6 S Ia nita mat cdu x>+ +2> = 1,z > 0,
S

hudng cia S la phia ngoai mat cau.

Loi gidi. Ta ¢6 mit z = /1 — x2 — y2, hinh chiéu cia S 1én mit phang Oxy 12 mién D :
x% + y2 <1, hon nta 7w tao v6i Oz mot goc nhon nén:

I=/\/1—x2—y2 <x2+y2> dxdy
D

y X = 1COS ¢
dat =>0<¢9p<2m,0<r<1
y=rsing

27 1
— /dgo/\/l—ﬂr3dr
0 0

_d4m
15
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100 Chuong 5. Tich phdn mat

Bai tap 5.4. Tinh // ydxdz + z?dxdy trong do S la phia ngoai mét x* + yzz +22=1,x>
S

0,y=>0,z=0.

Ldi gigi. Tinh I, = / ydxdz
S

e Mt S:y=2v1—x2—22
e Hinh chiéu ctia S 1én Oxz la  hinh tron, D; : x2+22 < 1,x > 0,z > 0.
e p = (7,0y la géc nhon.

nén:

I = /2\/1 — x2 — Z2dxdz

Dy

.. |x=rcose¢ s
dat =20<¢< ,0<r<1
z =rsin¢g 2

Tinh I, = /zzdxdy
s

o MitS:z2=1-22—L

e Hinh chiéu ctia S 1én Oxz la § elip, D, : x* + % <1,x>0,y>0.

oy = (7, Oz la géc nhon.
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101
nén
2
I:/l—xz—y—dxdy
4
5 X = 1COS ¢ T
dat =20< < ,0<r<1,]=-2r
Yy =2rsin¢ 2
7 1
/dqo/l—r )2rdr
0 0
_r
4
Vélylz%r [

Bai tap 5.5. Tinh // x?y?zdxdy trong do S la mét trén cia nita mat cau x> + y*> + 22 =

R%,z <0.

Hinh

Loi giai. Ta co:
e MatS:z=—/R>—x%2—y?
e Hinh chiéu ctia S 1én Oxy 1a hinh tron, D : x> + y? < R2,

e f= (77, 0z) 1a gée nhon.
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102 Chuong 5. Tich phdn mat

S // x*y?/R2 — x2 — y2dxdy
D

y X = 1COS ¢
dat =20<¢9<27,0<r<R,J=-r
y=rsing

21 R
I= /dgo/sinzq)coszq)\/ R2 — r2.7%dr
0 0

_®
105

2.4 Cong thuc Ostrogradsky, Stokes

Gia st P, Q, R 1a cac ham kha vi, lién tuc trén mién bi chan, do dudc trong V C R3. V
gidi han béi mat cong kin S tron hay tron tung manh, khi do:

// Pdydz 4+ Qdzdx + Rdxdy = /// <8P %—f + a—) dxdydz

trong d6 tich phan 6 vé trai lay theo huéng phap tuyén ngoai.
Chuy:

e Néu tich phan 6 vé trai lay theo huéng phap tuyén trong thi

// Pdydz + Qdzdx + Rdxdy = /// (ap %—S + a—) dxdydz

e Néu mat cong S khong kin, cé thé b6 sung thanh mit cong S’ kin dé 4p dung céng
thiic Ostrogradsky, roi trit di phan bé sung.
Bai tap 5.6. Tinh // xdydz + ydzdx + zdxdy trong do S la phia ngoai clia mat cau x* +
2

v+ 22 = a®.
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2. Tich phdn mat loai 11 103

7 (x,y,2)

X Hinh

Loi gigi. Ap dung cong thitc Ostrogradsky ta c6

// xdydz + ydzdx + zdxdy = // 3dxdydz = 3V = 4ra?
S 14

Bai tap 5.7. Tinh // x3dydz + y3dzdx + z3dxdy trong do S 1a phia ngoai cia mét cau x* +
5
y? + 22 = R2.

Loi gidgi. Xem hinh vé 5.6, 4p dung cong thitc Ostrogradsky ta co:
I = //3 (xz + 2+ zz> dxdydz
%

x = rsinf cos ¢ 0<¢<2n
dat ¢y =rsinfsing =40<60<n ] = —r*sin@
z =rcosf 0<r<R [
R

27 T
1:3/dq)/d9/r4sin9dr
0

0 0
_ 127R°
-5
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104 Chuong 5. Tich phdn mat

Bai tap 5.8. Tinh // y?zdxdy + xzdydz + x*ydxdz trong do S la phia ngoai ciia mién x <

S
0,y<0,x*+y?<1,z<x>+y%

z
D (R
-7 | RS
4 7 ll N\
( TT
AN I Il
NSl | N /
\ ——- /
\ /
\ \ o /
\ \ [ Vi
\ \ [ //
\ /
N R e
//’ \ | ] 7/ // \\\
-~ N \ 7/
RO N Wy
\
\\

Hinh

Loi gigi. Ap dung cong thitc Ostrogradsky ta cé:

I = // (yz +z+ x2> dxdydz
v

X = rCos @ 0<¢p<7
dat fy=rsing =40<r<1 ,J=-r
z=2 0<z<r? "

1 r2
dq)/dr/ <r2+z> rdr
0 0

|y @ ~—ux

Bai tap 5.9. Tinh / xdydz + ydzdx + zdxdy trong do S 12 phia ngoai ctia mién (z — 1)
x> +y?a<z<1,a>0,
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2. Tich phdn mat loai 11 105

z
w
S I I y
a—1 O 1—a
X
Hinh 5.9

Loi gigi. Ap dung cong thitc Ostrogradsky ta cé:

= // 3dxdydz = 3V = 3.%3;1 — (1 —a)
14

2.5 Cong thuc lién hé giua tich phan mat loai I va loai
II

[P(x,y,z) cosa + Q(x,y,z) cos B+ R(x,y,z) cos | dS
(5.1)

P(x,y,z)dydz + Q(x,y,z)dzdx + R(x,y,z)dxdy

m\ m§

trong d6 cos «, cos B, cos 7y 1 cosin chi phuong ctia vécto phdp tuyén don vi cia mit S.

Bai tap 5.10. Goi S la phan mét cau x*> + y> + z> = 1 nam trong mat tru x> + x + 2> =
0,y > 0, hudng S phia ngoai. Chung minh rdng

//(x —y)dxdy + (y — z)dydz + (z — x)dxdz = 0
5
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106 Chuong 5. Tich phdn mat

Hinh

Loi gidi. Ta ¢6y = /1 — x2 — 2 nén vécts phap tuyén ctia S1a 7 = +(—vy.,1,—y.). Vi
(77,0y) < 7 nén

= 1 ) — i -
n=(-y%1 yz)_(\/1_3(2_22'1'\/1—952—22)

Do ds || =/t + 1+ 5= = . Vay
(cosa = cos(7,0x) = % =X
cos B = cos(77,0y) = % =y -
cosy = cos(ﬁ, Oz) = % =z

\

Ap dung cong thic lién hé gitta tich phan mat loai I va II ta co

Iz//[(x—y)cos’y—i—(y—z)cosﬁ—i—(z—x)coszx]ds
S

://(x—y)z—i—(y—z)x—i—(z—x)yds
S

=0
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CHUONG 6

LY THUYET TRUONG

§1. TRUONG VO HUONG

1.1 Pinh nghia
DPinh nghia 6.3. Cho Q) 1a mét tap con md ciia R? (hodc R?). Mot ham sé

u:0Q—NR
(x,y,z) — u=u(x,y,z)

duoc goi la mét truong vo hudng xac dinh trén Q).

Choc € R,khidomat S = {(x,y,z) € Q|u(x,y,z) = c} dude goi la mat mic ding vdi gia tri
¢ (dang tri).

1.2 Pao ham theo hudng

Dinh nghia 6.4. Cho u = u(x,y,z) la mét truong vé hudng xac dinh trén Q) va My € Q.
e A P A £, 78 s R P S
Voi | la mét vécto khac khong bat ki va M(x,y,z) sao cho MgM cung phuong vdi 1, dat

(6.1)

_ V(x—2x0)2+ (y — y0)2 + (z — z0)? HéUWTT?
V&30 Tyt -2 néuMoM*tL T

p p AN —
Gidi han (néu co) cua ti so lim i dugc goi la dao ham theo hudng | tai My cua truong

p—=0 0
v6 hudngu va duge ki hiéu Ia 2% (My).
3l

Chu y:
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108 Chuong 6. Ly thuyét truong

e Gidi han trong cong thiic[6.1 c6 thé dudc thay bang

lim u(xo + tcosw, yo + t cos B, zp + t cos ) — u(xo, Yo, 20)
t—0 t

7

7z BN 2, . 2 k] %
trong d6 cos a, cos B, cos7y la cac cosin chi phuong caa [ .

e Néu l ™ Ox thl (Mo) = a—u(Mo)
e Dao ham theo hudéng l tai diém My cta truog vo huéng u thé hién téc do bién
thién ctaa truong vo huéng u tai M, theo huéng I .

Dlnh 1y 6.16. Néuu = u(x,y,z) kha vi tai M(xo, yo,zo) thi né cé dao ham theo moi hudng
Z # 0 tai My va

ou ou

-7 — (M) = 8_( ou (Mp). cos,B-i—a (Mp). cos 7, (6.2)

My).cosa + — 3y

7 \ Z . kd 2 %
trong do cos a, cos 3, cos7y la cac cosin chi phuong cua | .

1.3 Gradient

Pinh nghia 6.5. Cho u(x,y,z) la truong vé hudng co cac dao ham riéng tai My(xo, Yo, z0)-
Nguoi ta goi gradient cua u tai M la vécto

(55 (M), 5o, 51 ))

—
va dugc ki hiéu la gradu(M).

Dinh 1y 6.17. Néu truong vo hudng u(x,y,z) kha vi tai My thi tai do ta co

%(Mo) — gradu.l

, -, a 2 N A N < A LN ) N A P . P 7
Chu y: E)_Lli(MO) thé hién toc do bién thién cta truong vé huéng u tai My theo hudng I.

ou
— (M
az( 0)

dat gia tri 16n

— —
Tu cong thic %,(Mo) = gradu.] = ‘gradu‘ m .COS (gradu,l) ta co
2 N — I — 0
nhat bang ‘gradu‘ ‘l‘ neu / ¢6 cung phuong véi grad u. Cu thé

e Theo huéng I, truong vo huéng u tang nhanh nhat tai My néu I'co cung phuong, cung
huéng véi grad u.

e Theo hudng I, truong vé huéng u gidm nhanh nhét tai M, néu I ¢6 cung phuong,
ngudc hudéng véi grad u.
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1. Truong v6 hudng 109

1.4 Bai tap

— —
Bai tap 6.1. Tinh dao ham theo huéng | cia u = x® +2y% — 32 tai A(2,0,1), | =
AB,B(1,2, 1),

Ldi gidi. Ta ¢6 AB = (—1,2,~2) nén

cosa:ﬁ:%l, 3—1;:3x2:>3—Z(A):12
cosﬁ:mzﬁzé, g—u:6y2:>g—Z(A):0
cos'y:%:%z, 3—22—922:3—1;(14):—9 n
Ap dung cong thicl6.2ta c6
:j‘l‘(A) _ 12._71 +0.§ + (—9).%2 _

—
Bai tap 6.2. Tinh méndun cta gradu véi u = x> + y® + 2% — 3xyz tai A(2,1,1). Khi nao thi
gradu 1 Oz, khi nao gradu = 0.

Loi giai. Ta co

gradu = (S_Z’ g—;, ?TZ) = (3x% = 3yz,3y* — 3zx, 32> — 3xy)
nén gradu = (9,—3,—-3) va ‘gradu‘ =1/92 432 432 = 3/11.

o — =
. graduJ_Oz(:><gradu, k>:0(:>g—;‘:0<:>22:xy

2

xXT=yz
—
egradu=0& 1y’ =2zx ©x=y=z n
22 = xy

o
Bai tap 6.3. Tinh gradu véiu =12+ 1 +Inrvar=/x2+y2 + 22

Bai tap 6.4. Theo hudéng nao thi su bién thién ctia ham s6 u = xsinz — ycosz tu gbc toa
dd 0(0,0) 1a 16n nh4t?
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110 Chuong 6. Ly thuyét truong

e

Loi gidgi. Tu cong thiic 2—7;( ) = gradu.l = ’gradu’ H cos <gradu T) ta co ?)—;(O)‘ dat gia

!

2 N —
tri 16n nhat bang ‘ gradu| |I| néu I ¢6 cing phuong véi gradu(O) (0,—1,0). |

Sepn , P . .
Bai tap 6.5. Tinh géc gitta hai vécto gradz ctia cac ham z = \/x2 + 42,z = x — 3y + /3xy
tai M(3,4).

Loi giai. Ta co

e gradz; = <\/x2+y \/x2+y ) nén gradz; (M) = <%,%>
e gradz; = <1 + ;/\;, -3+ %) n gradz;(M) = (2,—3). Vay m
<grad21 , gradz > 12
cos o = . A

‘gradzl ) . ‘gradzz ) 5145
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§2. TRUONG VECTO

2.1 Pinh nghia
Cho Q 1a mét mién mé trong R3. Mot ham vécto
? Q) — R?
M— F = F(M),

trong do
g —

— —
F=FM)7 +F,(M)] +EM)K

2.2 Thong luong, dive, trucng ong
a. Thong lugng: Cho S 1a mot mat dinh hudéng va ? la mot truong vécto. Pai luosng

¢ = // Fedydz + Fydzdx + Fdxdy (6.3)
S

dudc goi la thong lugng cua ? di qua mat cong S.

b. Dive: Cho ? 12 mét truong vécts c6 thanh phan F,, Fy, F; la cac ham s6 ¢6 dao ham
riéng ciAp mét thi tong %% + a(_)_z;y + % dudc goi la dive cua truong vécto ? va ki hiéu
ladiv F.

c. Truong vécto T xac dinh trén Q dudc goi 14 mét truvng 6ng néu div ?(M) = 0 véi
moi M € Q).

Tinh chit: Néu T la mot trudng ong thi thong lugng di vao bang thong luong di ra.

2.3 Hoan luu, vécto xoay
a. Hoan luu: Cho € 1a moét dudng cong (cé thé kin hoac khong kin) trong khong gian.
Pai lugng
| Fedx + Fyy + Fdz 6.4)
e
dudc goi la hoan luu caa ? doc theo dudng cong C.

b. Vécto xoay: Vécto

- =
i ]k
SF._ |2 o 2
rot? =l & ==
Fr F, E
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112 Chuong 6. Ly thuyét truong

dudc goi la vécto xoay (hay vécto rota) caa truong vécto ?

2.4 Truong thé - ham thé vi

Truong vécto ? dudc goi 1a truvng thé (trén Q) néu ton tai trudng vé huéng u sao cho
— ? A~ . . < RN < A .
gradu = F (trén (1). Khi d6 ham u dudc goi la ham the vi.

DPinh 1y 6.18. Diéu kién can va dii dé trudng vécto T = ?(M) 14 mét truong thé (trén
Q) Jatot F (M) = 0 vdi moi M € Q.

Chu y: Néu ? la truong thé thi ham thé vi u dudc tinh theo cong thic

x y 4
U= /Fx(x,yo,zo)dx-i—/Fy(x,y,zo)dy—i—/Fz(x,y,z)dz—i—C (6.5)
X0 Yo Z0

2.5 Bai tap

Bai tap 6.6. Trong cac trudng sau, truong nao 1a trudng thé?
a. @ =5(x2— 4xy)7> + (3x? — 2}/)7> LK.

b. @ = yz7> + xz7> + xy?.

c. @ = (x-i—y)?—f— (x—i—z)?—i— (z-l—x)?.

Loi giai. a. Taco

d d
%
rot?z(

W oz

Q R

0 0

ax oy

o ) = (0,0,6x — 20y) # 0

9 90
dJdz Jdx
R P

7 4

nén truong da cho khong phai 1a truong thé.

b. Ngoai cach tinh 7ot @, sinh vién c6 thé d& dang nhan thay ton tai ham thé vi u = xyz
nén 7 13 truong thé.

c. Taco
9 91 19 9 |9 9
]ﬁ? _ |9y oz |9z ox ox dy| | — (0,0,0)
Q R| |[R P||P Q
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2. Truong vécto 113

nén 7 12 trusng thé. Ham thé vi dude tinh theo cong thiic

X y z
U = /Fx(t,yo,zo)dt+/Fy(x, t,zo)dt+/Fz(x,y,t)dt+C
X0 Yo 20

X y z
=/tdt+/(x+0)dt+/(t+y)dt+c
0 0 0
2

x 2
2

z
+xy+5+yz+c

<. A _.> ﬁ — / A ” o A
Bai tap 6.7. Cho T = x27 +2 j +zy? k. Tinh théng lugng cta T qua mat cau S :
x? 4+ y? + z? = 1 hudéng ra ngoai.

Loi gidi. Theo cong thic tinh théng luong [6.3]ta co

P = // xz?dydz + yx*dxdz + zy*dxdy
S

Ap dung cong thic Ostrogradsky ta c6

¢ = //(x2 + y? 4 2%)dxdydz
v

x = rsinf cos ¢ 0< ¢ <27
Thuc hién phép doi bién trong toa d6 cau y=rsinfsing ,{0<60<nm ,] = —r?sin@
z =rcos6 0<r<i1

ta co

4
r2.r? sin Odr = ?n

-e_

Il
—
[

s
—
=3
o

e gn - — - .. A s o
Bai tap 6.8. Cho F = x(y+z)i +y(z+x)j +z(x+y) k va L la giao tuyén cia mat
tru x> + 2 +y = 0 va ntta méat cau x? + y> + z2 = 2,z > 0. Chiing minh rang luu sb cia T
doc theo L bang 0.

Loi gidi. Theo cong thic tinh luu sb

I= %x(y-i—z)dx—i—y(z +x)dy + z(x +y)dz
L
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114 Chuong 6. Ly thuyét truong

Ap dung cong thic Stokes ta c6

-

_ // (z — y)dydz + (x — z)dzdx + (y — x)dxdy
S

5 2laies B Floans[® 3
Vo 9% dydz + |92 9| dzdx + |9 Y| dxd
QRy R P P Q 4

= 0 (theo bai tap 6.10)). m
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