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CHUONG 1

HAM SO MOT BIEN SO (13LT+13BT)

§1. SO LUQC VE CAC YEU TO LOGIC; CAC TAP SO:
IN,7Z,0Q, R

1. Phan Légic khong day truc tiép (phan nay Pai s6 da day) ma chi nhic lai nhiing
phép suy luan co ban théng qua bai gidng cic ndi dung khac néu thay can thiét.

2. Giéi thiéu céc tap sb; caAn néi ré tap Q tuy da rong hon Z nhung van chua lap day

truc s6 con tap R da lap day truc sb va chita tat ca cac giéi han cta cac day s6 hoi tu,
ta c6 bao ham thic

NcZcQcCR.

§2. TRI TUYET POI VA TINH CHAT
Nhéc lai dinh nghia va néu céc tinh chat sau
o x| 20, [x[=0=x=0[x+y|] <|x|+]y];
o |[x—y| >||x|—1yll, |x]| > A<= x> Ahodcx < —-A

e x| <B<+<= —-B<x<B.



6 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

$3. PINH NGHIA HAM SO, TAP XAC DPINH, TAP GIA TRI VA
CAC KHAI NIEM: HAM CHAN, HAM LE, HAM TUAN
HOAN, HAM HOP, HAM NGUOC

1. Pinh nghia ham sb6:
Nhic lai dinh nghia & pho thong. Chd y néu viét duéi dang anh xa f: X — Rthitap
xac dinh da rd chinh 1a X con biéu thic cua f (dudi dang biéu thic giai tich) la chua
16, c6 thé khong tim dude biéu thitc Ay. Con néu ham s6 dude cho duéi dang biéu thiic
giai tich thi can phai xac dinh rdé mién xac dinh cia ham s6. Trong chuong trinh chi
tap trung vao cach cho ham s6 dang moét hay nhiéu biéu thic giai tich.
Mobt s6 ham Dirichlet, ddu, phan nguyén cé thé néu duéi dang vi du hay thé hién qua
cac phan day khac.
Tap gid tri ctia ham s6:

2. Ham s6 don diéu
3. Ham s6 bi chan (chan trén, chan dudi, bi chén).
4. Ham chan, ham 18 (tinh chat ctia d6 thi va két qua f(x) = ham chn + ham 18).
5. Ham tuan hoan:
Néu qua dinh nghia, vi du 14 cdc ham s6 lugng giac.

Trong pham vi chudng trinh chti yéu 1a xem ¢6 s6 T # 0(T > 0) nao dé théa man
f(x+ T) = f(x) ma khéng di sau vao viéc tim chu ky (s6 T > 0 bé nhat).

2}

. Ham hdp: dinh nghia va vi du.

]

. Ham ngudc:

(a) Pinh nghia
(b) Mbi quan hé giita d6 thi ctia hai ham
(c) Pinh 1y vé diéu kién du dé ton tai ham ngude, (tang hay gidm)

(d) Trén co s6é dinh 1y trén xay dung cac ham sb lugng gidc ngude va vé d6 thi caa
ching. O phd thong hoc sinh da biét y = a*,y = log, x 1a cac ham ngudc cua
nhau

8. Ham s0 so cap



3. Dinh nghia ham sb, tdp xdc dinh, tap gid tri va cdc khdi niém: ham chin, ham 16, ham
tuan hoan, ham hdp, ham nguoc 7

(a) Néu cac ham sb so cip co ban:
y=x% y=a*, y=1log,x, y=sinx, y=cosx,y =tgx, y=cotgx
y = arcsinx, Yy = arccosx, Yy = arctgx, y = arccotg x.
(b) Pinh nghia ham sb so cap:
Néu vi du vé 3 16p ham so cap: da thiic, phan thic hitu ty, hyperbolic.
3.1 Bai tap

Bai tap 1.1. Tim TXD ctia ham sb6

a)y = N lg(tan x) b) y = arcsin 1?3(

Jx

sin 7tx

oy= d) y = arccos(2sin x)

Lai gidi.

aTXD ={n/4+kn<x<mn/2+kmkeZ} b.TXD={-1/3<x<1}

¢. TXD = {x > 0,x ¢ Z} d.TXD:{—%+kngxgg+kn,kEZ}

Bai tap 1.2. Tim mién gia tri cia ham so

, X

a.y=Ig(1 —2cosx) b. y = arcsin <lg E)
Loi gidi. a. MGT = {—o0 <y <lIg3} b. MGT ={—n/2 <y < m/2} n
Bai tap 1.3. Tim f(x) biét

1y, 1 x 5
a.f(x—i—;)—x +F b'f(l—i—x)_x'

£ \2

Loi gidi. a. DS: f(x) = x> — 2 véi |x| > 2. b. BS: f(x) = (1—x> Vx#1. =

Bai tap 1.4. Tim ham ngudc ctia ham s6 (trén mién ma ham sé ¢6 ham ngugc)

1-— 1
a.y=2x+3. b'yzl—ki c.yzi(e"—ke_")
. 1.3
Loi gigi. a) DS.y—zx 5
1—x
bS:y=y=
b) BS:y =y 1+x
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c) Tacéy’ = =(e¥ — e ¥) nén ham sb da cho khong 12 mét don anh. Ta phai xét trén 2

N[ —

mién:

N 1
Trén mien x > 0, thy = E(ex +e )= =yt —1=x=In(y++/y>*—1). Ta
co song anh:

[0, +00) — [1, +00)
1 X —X
xn—)y:E(e +e )
In(y+4/y*—1) <y

Vay ham ngudc trén mién x > 0la y = In(x +vx2 — 1), x > 1.

Trén mién x < 0, tuong tu ta c6 ham ngudc 1a y=In(x —vx2—1),x <1. n

Bai tap 1.5. Xét tinh chan 18 ctia ham s

a. f(x) =a*+a*(a>0)

b. f(x) = In(x + V1 — x2)

c. f(x) =sinx + cosx
Loi gidi. a. PS: ham sb da cho 1a ham s6 chan.

b. PS: ham s6 da cho 1a ham s6 1é.

c. PS: ham s6 da cho khong chén, khong 1é. [
Bai tap 1.6. Chiing minh rang bat ki ham s6 f(x) nao xac dinh trong mét khoang dbi

xting (—a,a) cling déu biéu dién dudc duy nhéat duéi dang téng ctia mot ham sb chén va
mot ham sb 1é.

Loi gigi. V6i méi f(x) bat ki ta luén c6

Fx) = S1FG) + F(=0)) + 5 [F(x) = F(-)

S S

8(x) h(x)

trong d6 ¢(x) 12 mot ham sé chén, con /(x) 12 mét ham s6 1&. ]
Bai tap 1.7. Xét tinh tuan hoan va chu ki cia ham s6 sau (néu co)

a. f(x) = AcosAx + Bsin Ax



3. Dinh nghia ham sb, tdp xdc dinh, tap gid tri va cdc khdi niém: ham chin, ham 16, ham
tuan hoan, ham hdp, ham nguoc 9

1 1
b. f(x) =sinx + 5 sin 2x + 3 sin 3x

c. f(x) =sin’x
d. f(x) =sin(x?)
Loi gidi. a) Gia st T > 01a mét chu ki ctia ham s6 da cho. Khi dé
f(x+T)=f(x)Vx € R

<AcosA(x+T)+ BsinA(x+T) = AcosAx + BsinAx Vx € R
& AlcosAx —cosA(x + T)] 4+ B[sinAx —sinA(x+T)] =0 Vx€R

&2 sin —

T AT AT
[Asin(Ax + 7) + Bcos(Ax + 7)] =0 VxeR

. AT
<:>5m7 =0
‘an

27

Vay ham s6 da cho tuan hoan véi chu ki T = W

b. Theo cau a) thi ham sb6 sinx tuan hoan véi chu ki 277, ham sb sin2x tuan hoan véi
< N 27T 1 1
chu ki 77, ham s0 sin 3x tuan hoan véi chu ki KR Vay f(x) = sinx + 5 sin 2x + 3 sin 3x
tuan hoan véi chu ki T = 27

1_ 2 X . N
c. f(x) =sin®x = %xtuénhoénvélchukﬂ“:n

d. Gia st ham sb da cho tuan hoan véi chu ki T > 0.Khi d6
sin(x 4 T)? = sin(x?)Vx.

1. Chox =0=T = Vkm, ke Z,k > 0.
2. Cho x = y/r=k 1a sb chinh phuong. Gia st k = I%,1 € Z,1 > 0.

3. Cho x =,/ % ta suy ra diéu mau thuan.

Vay ham s6 da cho khéng tuan hoan. [

Bai tap 1.8. Cho f(x) =ax+b, f(0) = =2, f(3) = —5. Tim f(x).
Loi gidi. BS: f(x) = gx —2. ]
Bai tap 1.9. Cho f(x) = ax? +bx+c, f(—2) =0, f(0) =1, f(1) = 5. Tim f(x).

9
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7 17
Loi gidi. DS: f(x) = gxz +x+l n

Bai tap 1.10. Cho f(x) = = (a* +a~%),a > 0. Chting minh rang :

N~

flx+y)+ flx—y) =2f(x)f(y).

Bai tap 1.11. Gia st f(x) + f(y) = f(z). X4c dinh z néu:

a. f(x) =ax,a # 0. b. f(x) = arctan x
e flx) =~ d.flx) =g
' Cx ' T
Lui gidi.
abSz=x+y b. PS:z = Xty
1—xy
¢.DS:iz= Y d.PSiz=2"Y .
x4y 1+ xy

§4. DAY SO

Pinh nghia day s6, cac khai niém vé day don diéu, bi chén, giéi han va cac phép toan.
Cac tiéu chuén ton tai giéi han (tiéu chuén kep, tiéu chuén don diéu, tiéu chuan Cauchy).

1. Nhéc lai dinh nghia day sb va cac khéi niém vé day bi chin, don diéu

2. Pinh nghia giéi han day s6 va néu moét vi du. Cac khai niém vé day s6 héi tu, phan
ky. Néu tinh chat giéi han néu c6 1a duy nhét, moi day hoi tu déu bi chén.

3. Cac phép toan
4. Y tudéng vé giéi han oo
5. Céc tiéu chuin hoi tu

(a) Pon diéu bi chén, vi du mo ta sb e.
(b) Tiéu chuin kep
(c) Pinh nghia day Cauchy, tiéu chuin Cauchy. Néu vi du day (a,):

1 1 1 A s
an—1+§+§+---+E phan ky.

10



4. Day sb 11

4.1 Bai tap
Bai tap 1.12. Tim giéi han cta cac day sé sau:

a.x,=n—\Vn:—n b. x, =/n(n+a) —n c.x,=n+v1—nd

2 3

n . nw sin“n — cos’ n
d. x, = Esm—2 e. X, = -
C oy 1 A T
Loi gidi. a. bS: 5 b. BS: % c. bS: 0 d. BS: phan ki e. bS: 0 [

\ e A , ~ A ].
Bai tap 1.13. Xét day so x, = x,_1 + x—,xo =1
n—1
a. Chiing minh rang day {x,} khong c6 giéi han hitu han.

b. Chiing minh rang li_r>n Xy = +oo.
n—oo

Cegn . 1 . : y C A as A s <1 1
Bai tap 1.14. Xét u, = (1+ E)”.Chlmg minh rang {u,} la moét day so tang va bi chan.

Loi gigi. Ap dung bat ddng thitc Cauchy ta c6 :

T4+ )b+ (@4 5) 2 (4 1) " (1 e

1
=1 _n+1>1 ~\n
(+n—|—1) _(+n)
Hon nwra ta ¢6
= (1 1n_nck1
= (142" = 1, G

k=0
Kl=12...k>2"1yk>2

1 nm-1)...n—k+1) 1 1 1
kLo
= = ! WSk S R
1 1 1

Cegn 1 1 . : S y e s
Bai tap 1.15. Chos, =1+ T +...+ E.Chlmg minh rang {s,} tang va bi chan.
Loi gidgi. Chuy: lim u, = lim s, =e. [

n——4o00 n—r—4o00

Seogn ) . 14a+...+a"

Bai tap 1.16. Tinh lim Jlal < 1,1b] < 1.

n—+tool+b4...+b"

11
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Ldi gidi.

nte I bt ...+ b7 note 1—a 1—ptl  1—a

1+a+...+a" y 1—a™1 1-—p 1-b

Bai tap 1.17. Tinh lim \/2 +V2+...4+ V2 (n dau can).
n—+o00

Loi giai. Pat u, = \/2 +V2+...+V2tacéu? ; =2+ u,. Trude hét chiing minh {u,}
14 mot day s6 téng va bi chin, 0 < u, < 2. Theo tiéu chuin don diéu bi chan, {u,} 12 mot
day s6 hoi tu. Gia st nl1_r>ro10 uy, = a,0 < a < 2 thi tu phuong trinh ”121+1 =2+ uy, chon — oo
ta co

> =a+2

Vay a = 2 hay grﬂ \/2+\/2+...—|—\/§:2 [
n (o]

Bai tap 1.18. Tinh lim (n — vn? —1)sinn.

n—-+o00

NPT . . sinn
Loi gigi. lim (n—+vn?—1)sinn = lim ————
n—+o00 n—+oo 4+ 4/n2 —1

Bai tap 1.19. Tinh lim [cos(Inn) — cos(In(n +1))].

n——+00

= 0 (theo tiéu chuén kep) n

Loi giai. Ta co

cos(Inn) — cos(In(n + 1)) = —2sin (lnn +1n(n + 1)> sin <1nn —In(n + 1))

2 2 .
1 1 In 15
= —2sin nn(rzl—i— ) sin ;H
nén
Ingy
0 < |cos(Inn) —cos(In(n+1))| <2 Sin ——-—
n_
Mat khac lgn sin #H = 0 nén theo nguyén ly gidi han kep
n—0oo
nngrrloo[cos(ln n) —cos(In(n+1))] =0
Bai tap 1.20. Chiing minh riing lim — = 0.
* n—s—+oo 21
Loi gidi.
n(n—1) n 2
2"=1+1D)"> —=0< — .
I+1)"> == R TI—
Dung nguyén Iy kep ta c6 diéu phai chitng minh. n

12



5. Gidi han ham sé 13

n

Bai tap 1.21. Ching minh rang lim = = 0.

n——+oo 1!

Loi giai. Ta co

2n 222 2 2
S ofii S <2vn>
0<n! 123 n<2nVn 2
Bai tap 1.22. Tinh
1 1 n
a Hm Gttt
b. 1 (1 +om et )
s teo'3 | 32 31
Loi gidi. Goiy:
. 1 .
a. Tinh S, — =S,= lim S, =2.
2 n— 400
. 1 ) 3
b. Tinh S,, — =S,= lim S, = -. m
3 n—r—+oo 4

Bai tap 1.23. Chiing minh rang EIE Yn=1; ET Va=1,a>0.
n (o) n (o)

n(n—1)

2 .
5 2=l < — Ap dung nguyén

Loi gici. Dt an — i —1=n = (1 +an)" >
ly giéi han kep ta c6 li_I;n &y, = 0. Vay lim {/n =1.
n—oo

n—oo

1. Néua = 1, xong.

2. Néua>1,1<a<{ynV¥n>a= lim Ya=1

n—r+oo
. 1
3. Néua<1,déta’:E:>1im\”/a’:1:> 1_1&1 Va = 1. n
n e}

\ e A N .« A 2 - . M ~ A 1 1
Bai tap 1.24. Dung tiéu chuan Cauchy ching minh rang day so u, = 1+ 5 +...+ .

phan ki.
ar+a)—+...ay

Bai tap 1.25. Ching minh rang néu lim a, = a thi lim =a.
n—-+oo n——+00 n

Bai tap 1.26. Ching minh ré“lng néu lim a, =a,a, >0Vnthi lim /a;.a;...a, = a.

n—-+4o00 n—-+4o00

13
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§5. GIOI HAN HAM SO

1. Pinh nghia giéi han ham s6
(a) Néu céac dinh nghia: lim f(x) trong qua trinh
X = Xo, X — X0, X —> X, ,X — 00
(b) Tinh duy nhéat ctia giéi han
2. Cac phép toan

3. Gi6i han ciia ham hgp:
Néu c6 lim u(x) = u,, uh_g} f(u) = f(u,) va c6 ham hgp f (u(x)) thi lim f (u(x)) =

X—Xo X—Xo

f(uo). Jim B(x)In A(
Ap dung Tim A(x)B() = ¢, PEImAG)
X—X,
4. Giéi han vo cung
Bai tap 1.27. Tinh
a. lim 20 —2x+1 (0

. (x"—a")—na""Yx—a) [0
bt S ()

P (x) — ) = 0. lim P (x) — lim (x —x0).Pn_1(x) _
TQ : Pn(x0) = Qm(xo) = O.XI_>X0 O () X1_>X0 x %) 01 0] —Am S

NP 49 nn-1) .,
Loi giai. a. BS: Y b. BS: 5 a

Bai tap 1.28. Tim gidi han
_ \/x +Vx+Vx 00 Vx
a. lim <—) bS:~ *==1
X—+o00 w/x_i_l
b. lim (Vx3+x2—1—x) (c0 — o)

X—+oo

o0

Lii gidi.  a.

\/x+\/m:1. JE

lim m-——=1

1
x—+o00 Vx+1 Vx

lim (Vx3+x2—1—x) = lim -1 _1
X— 00 X—00 \3/(x3-|—x2—1)2+x«3/x3+x2—1+x2 3

14



6. V6 cung lén, vé cung bé 15

§6. VO CUNG LON, VO CUNG BE

6.1 Vo cung be (VCB)
1. Pinh nghia; néu moi lién hé

lim f(x) = ¢ < f(x) = L+ a(x);

x—a
trong d6 a(x) — VCB trong qué trinh x — 4. Phan biét véi khai niém rat bé.
2. Mot sb tinh chat:
(a) Tong hai VCB (d6i v6i mét VCB nguoi ta khong quan tAm dén dau cta né).
(b) Tich ctia VCB véi mot dai lugng bi chan.
(¢) Tich cac VCB.

3. So sanh cac VCB trong cung mot qua trinh

(a) VCB cung bac, VCB tuong duong
Neéu cac cong thic thay tuong duong hay dung trong qua trinh x — 0

X ~ sinx ~ tan x ~ arcsin x ~ arctan x

X1
~et o1~ ~In(a + x)
1
Vitax—1~In \m/1+p¢x:E1n(1+ax)N‘;‘n_x

2
X
1-— ~—.
cosx ~ -
(b) V6 cung bé bac cao
i. Pinh nghia
ii. Hiéu hai VCB tuong duong
iii. Tich hai VCB
4. Qui tic ngat bd cac VCB va qui téc thay tuong dudng
(a) Nbua ~®, B~ Bthi
o«

lim = = lim %; lim (w.y) = lim (a.7y)

(b) Néua; =0 (a), B1 =o0(p) thilim
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5. Ung dung khit mét s6 dang vo dinh
Chd y: Hoc sinh hay nham

e Thay tuong duong khi c6 hiéu hai VCB
e Néu f1a mot ham, « ~ & &= f(a) ~ f(&).

6.2 Vo cung l6n (VCL)
1. Pinh nghia

2. Méi lién hé giita VCB va VCL. T d6 suy ra cac két qua tuong tu nhu d6i véi cac
VCB.

3. Qui tic thay tuong duong va ngit bé VCL.
4. Ung dung khit dang (g)
Chu y: Con ton dong mot s6 dang vo dinh, vi du

. Xx—sinx .
Iim ————; lim x

sin x,
x—0 x3 x—0t ’

6.3 Bai tap
Bai tap 1.29. Tim gidi han

T (1

a. lim

x—0 X 0

b. lim

x—0 X

V1+ax.y/14+px—1 (9)
0

Loi gigi.  a.

Vidax — 14+ px "C/l-i—zxx—l_ Y1+ px—1

X X X

Vi \m/1+zxx—1~%x, {’/1+,8x—1~§x,nén

. T/l—kucx—(/l—kﬁx: « B

li

x—0 X m n
b.
V1 A1 -1 /1 -1 1 -1
lim VL0014 pr :lim<\m/1—|—txx. thr-1, Vitax >:ﬁ+é
x—0 X x—0 X X m n

16



6. V6 cung lén, vé cung bé

17

Bai tap 1.30. Tim gidi han

sinx —sina [0

a. lim (—) b. lim (sinvx+1—siny/x)
x—a X—a 0 X—>+00
_ 3 _
e lim Veosx — y/cosx (0 4 Lim 1 —cosxcos2xcos3x (0
x—0 sin? x 0 x—0 1—cosx 0
—1
Loi giai. a. bS: cosa b.bS: 0 c. bS: T d.bS:14 [
Bai tap 1.31. Tim gidi han
x—1
. x2— 1\ . 1o
a. lim (xzi—f—l) b. xlg&(cos Vx)x (1%)
c. lim [sin(In(x + 1)) — sin(In x)] d. lim n?(Yx — "Vx),x >0
X—00 n—oo
x—1
o A 1n \e s . s . (xF =1\
Loi gigi. a) Pay khong phai la dang v6 dinh, xh_rggo <x2 - 1) =1.
s , . B lim B(x)In A(x)
b) Ap dung cong thic| lim A(x) (¥) = g¥=%0 .
X— X
N o
lim In (cos /%)F = lim SV _ iy ZSIVE L pprogpital)
x—0* x—0F X x—0t 24/x
nén )
S 1
lim 1 X — o2
lim In (cos v/x) e
c) bS: 0.
d)
nlggonz(c/z— "/x),x >0
= lim nz(x% — x%ﬂ)
n—oo
1 1
= lim n?x (x70F 0 — 1)
n—oo
T 2 Ll xn(n1+1) —1 1
= n+
ngrc}on A 1 ‘nn+1) u
n(n+1)
1. n 1 xn(n1+1) — 1
= n+1
T R
n(n+1)
=Inx

17
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Bai tap 1.32. Khi x—0 cap VCB sau c6 tuong duong khong ?

a(x) = \/x +xva B(x) = ¥ —cosx
Loi gidgi. BS: B(x) = o(a(x)) ]
Bai tap 1.33. Tim gidi han

A lim B(x)InA
Ap dung| lim A(x)B®) = =% (1) In Ax)

X—XQ

a. lim (1—2x)% (1°) b. lim (sinx)'* (1%)

x—0F =%
1 sinx
1 sinx 1 X—sinx

c. lim (ﬂ> (1) d. lim (Smx) (1)

x—0 \ 1+ sinx x—0 x
Thay tuong duong :
Y _ e,Bx 0 Y _ e,Bx 0

e. im—— | = f. lim — - —

x—0 X 0 x—0sinax —sin fx \ 0

. a‘ —x* /0
g X—a 0

Loi gidi.
a. PS: e 2 b. BS: 1 c. bS: 1 d. bS: e
e.DS:a—p f.bS: 1 g. bS:a"(Ina —1) ]

§7. HAM SO LIEN TUC
1. Pinh nghia: Cho f(x) xac dinh trong mot lan can nao doé caa x, (xac dinh ca tai x,)

neu c6 xh—>n;clo = f(x)

(Ve > 0,35(g,x0) >0:Vx,|x —x,] <dtaco|f(x)— f(x)] <e).

2. Lién tuc mét phia va mdi quan hé véi lién tuc.
3. Cac khai niém ham lién tuc trén mot khoang, mot doan. Hinh anh hinh hoc.

4. Cac phép toan so hoc doi v6i cac ham so cung lién tuc (tai x,, bén phai x,, bén trai

Xo).

5. Su lién tuc ciia ham ngudc

18



7. Ham sé lién tuc 19

Pinh ly 1.1. (Su lién tuc cua ham ngugc)
Néu X 1a mét khoang, v = f(x) dong bién (nghich bién) lién tuc trén X. Khi do co
ham ngugcy = g(x) ciing dong bién (nghich bién) va lién tuc trén f (X).

Vi du: Cac ham s6 luong gidc ngudc 1a lién tuc trén tap x4c dinh ctia ching.

6. Su lién tuc caa ham hgp
Suy ra két qua: X-khoang, doan, ntta doan.
Moi ham sb so cap xac dinh trén X thi lién tuc trén X.

7. Céc dinh 1y vé ham lién tuc

Dinh 1y 1.2. Néu f(x) lién tuc trén khodng (a,b) ma gid tri f(x,),x, € (a,b) duong
(hay 4m) thi ton tai mét lan can U(x,) sao choVx € U(x,), f(x) ciing duong hay am.
Hinh anh hinh hoc.

Pinh 1y 1.8. Néu f(x) lién tuc trén doan [a, b] thi no bi chin trén doan do. Hinh 4nh
hinh hoc.

Dinh 1y 1.4. Néu f(x) lién tuc trén doan [a,b] thi né dat dugc GTLN, NN trén doan
nay. Hinh anh hinh hoc.
* Lién tuc déu, hinh anh hinh hoc caa lién tuc déu.

Dinh ly 1.5. (Dinh Iy Cantor)
Néu f(x) Iién tuc trén [a,b] thi no lién tuc déu trén do (thay [a,b] bang khoing (a,b)
thi dinh Iy khong con diung). Mo ta hinh hoc.

Dinh ly 1.6. (Pinh Iy Cauchy)

Néu f(x) lién tuc trén doan [a,b] va cd f(a).f(b) < 0 thi 3w € (a,b) dé f(«) = 0.

Néu mot vi du, néu tng dung dung dé thu hep khoang nghiém ctia phuong trinh.
Hinh anh hinh hoc.

Hé qua 1.1. Néu f(x) lién tuc trén doan [a,b], A = f(a) # B = f(b) thi né nhan
mol gia tri trung gian gitia A va B.

Hé qua 1.2. Cho f(x) lién tuc trén [a,b] ,m, M I4n lugt Ia cic GTNN, LN ctia ham sé6
trén doan nay thi [m; M| la tap gid tri cia ham so.
8. Piém gian doan ctia ham sb6

19



20 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

(a) Pinh nghia: Néu ham s6 khéng lién tuc tai diém x, thi ta néi né gian doan tai
Xo; Xo goi 12 diém gian doan ctia ham s6. Hinh anh hinh hoc (d6 thi khéng lién
nét tai diém gian doan).

Nhu vy néu x, 14 diém gian doan ctia f(x) thi hodc x, ¢ MXD hoic x, € MXD
nhung khong xay ra xh_)ng}o f(x) = f(x0), x — x, theo nghia (c& hai phia hay mot

phia). O day ta quan tam dén X nhu 12 mét khoang, ntta khoang hay mét doan.
Do x, ¢ MXD ctia f(x) nén c6 thé c6 rat nhiéu diém gidn doan, ta chi quan tam
dén nhitng diém gian doan thudc tap xac dinh hay 14 nhitng diém dau muit caa
khoang xac dinh.

(b) Phan loai diém gian doan
Gia st x, 1a diém gidn doan cta f(x)

i. Piém gian doan loai 1:
Néu 3 lim+f(x) = f(xf) va lim f(x) = f(x;) thi x, dugc goi 1a diém gian
. d

X—X, X—Xo
doan loai 1 ctia ham sb f(x). Gid tri |f (x) — f (x; )| goi 1a buéc nhay cta
ham sb.

Dac biét: néu f (x) = f (x;) thi x, dudc goi 12 diém gian doan bé dudc clia
ham s6. Khi d6 néu ham sé chua xac dinh tai x, thi ta c¢6 thé b6 sung thém
gia tri ctia ham s6 tai x, d€ ham s6 lién tuc tai diém x,. Con néu ham sb xac
dinh tai diém x, thi ta c6 thé thay d6i gia tri cia ham sb tai diém nay dé
ham sb lién tuc tai x,.

ii. Piém gian doan loai 2:
Néu x, khong 12 diém gian doan loai 1 thi ta néi né 1a diém gian doan loai
2.

(c) Chu y: Vé6i quan diém xem diém gidn doan bd dudc 12 truong hop dac biét caa
diém gian doan loai 1 véi x, 1a diém gian doan (dau mit ctia khoang hay doan)
caa f(x), ma cé xli_)n;g f(x) hitu han thi ta cting xem x, 1a diém gian doan bé dugc
cta ham s6.

(d) Cac vi du.

7.1 Bai tap
Bai tap 1.34. Tim a dé ham s6 lién tuc tai x = 0
a/
1=cosx  pEux #£0

a néux =0

20



7. Ham so lién tuc

PS:a=1

NI

b/

g(x) =

ax? +bx +1 néux >0
acosx +bsinx néux<0

PS:a=1

Bai tap 1.35. Diém x = 0 1a diém gian doan loai gi cia ham s6

8 sin% emx ebx
ay:l_zw by:e%_l C.y= T
Goi y & Ddp sé.
a. BS: Loai I b. BS: Loai II c. BS: b6 duoc

Bai tap 1.36. Xét su lién tuc ctia cac ham s6 sau

a/
fa) = xsinl  néux#0
0 néu x =0
DS : lién tuc.
b/
-~ bux £ 0
e 2 neéux
fx) = )
0 néux =0
DS : lién tuc.
c/

sin7tx néu x vo ti

0 néu x hitu ti
DS : gian doan.
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22 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

Bai tap 1.37. Ching minh ring néu f, ¢ 1a cac ham s6 lién tuc trén [a,b] va f(x) = g(x)
v6i moi x 12 s6 hitu ti trong [a,b] thi f(x) = g(x)Vx € [a, b].

Bai tap 1.38. Chiing minh rang phuong trinh x° — 3x — 1 ¢6 it nhat moét nghiém trong
(1,2).

Bai tap 1.39. Cho f(x) = ax? + bx + c, biét 2a + 3b + 6c = 0. Chiing minh rang f(x) c6 it
nhat mét nghiém trong (0,1).

Bai tap 1.40. Ching minh réng néu f : [0,1]—[0,1] lién tuc thi ton tai xo € [0,1] sao cho
f(x0) = xo.

Bai tap 1.41. Ching minh rang moi da thiic bac 18 véi hé sb thuc déu cé it nhat mot
nghiém thuec.

§8. PAO HAM VA VI PHAN
1. Pinh nghia dao ham

(a) Néu lai dinh nghia dao ham, y nghia hinh hoc, co hoc

(b) Pao ham mét phia, mébi quan hé giita dao ham va dao ham trai, phai, méi quan
hé gitta dao ham va lién tuc.

2. Cac phép toan

3. Pao ham ctia ham hop: ¢6 chitng minh [f (u(x))]" = f.u’.
Y tuéng ching minh: ta ¢6

u(xo+Ax) =u(x,) + i (x0) Ax + 0 (Ax)

£l (%o + 8x)] = f [ (x0)] = f | tto + 1 (x0) 8% + 0 (AX) | — f (%0) = f, (o) -0y +0 (&)

\~

dy

g Fl G0 X)) — £ (x)
Ax—0 Ax

4. Pao ham ctia ham ngudc:
Dung 1 trong 2 dinh ly sau (c6 ching minh)

Pinh 1y 1.7. Néu x = ¢ (y) cd dao ham taiy, va ¢ (y,) # 0, cé ham ngudcy = f(x)

va ham ngudc nay lién tuc tai x, = ¢ (y,), suy ra né ¢é dao ham tai diém x, va
/ 1
f (%) = ——.
@ (Yo)
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8. Dao ham va vi phédn 23

Pinh ly 1.8. Néu x = ¢(y) cd dao ham va y, va ¢ (y,) # 0, bién thién don diéu

trong lan can diém v, thi nd sé toén tai ham nguocy = f(x) va ham nay ciing cé dao
1

¢ (Yo)
Tt do xay dung cong thic dao ham cua cac ham so luong giac nguoc.

ham tai diém x,, f (x,) =

5. Bang dao ham co ban
Néu ¥ tudng tinh dao ctia cac ham sb so cip va cac ham s cho duéi dang nhiéu biéu
thuc giai tich.

6. Vi phan ciaa ham so

(a) Pinh nghia
i. Néu dinh nghia Af = A.Ax + 0 (Ax)
ii. Néu y nghia: biéu thic df (x,) = A.Ax 1a tuyén tinh véi Ax nén tinh né don
gian.
(b) Mbi lién hé giita dao ham va vi phan, tit 6 suy ra df (x,) = f (x,) .Ax.
Lap luan suy ra Ax = dx = df (x,) = f (x,)dx.
(c) Tinh bat bién cta dang thic vi phan (cap 1)
Vi du: Tinh (23 —2x6 —x?).

d
d (x3)
(d) Y nghia hinh hoc ctia vi phan
Yo+ AY

df(xo) = MT

Yo

(e) Ung dung tinh gin ding, néu mot vi du.

(f) Qui tac lay vi phan
7. Pao ham va vi phan cap cao:

(a) Pao ham cap cao:

¢ DPinh nghia, ¥ nghia co hoc ctia dao ham cap 2;
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24 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

e Cac phép toan (Cong thic Leibniz chi n6i phuong phap ching minh).

(u _|_ 'U) (1’1) — M(”) _|_ U(”)

(w0)") = Y CpulnH) o0
k=0

e Cac vi du vé dao ham cap cao ctia cac ham:

_xDC _ 1
y=* V= T

y=cos(ax+b), y=-er, y:<x2+1>e", y =e'sinx.

, y=sin(ax+7b),

Pao ham cép cao cua mot s6 ham sb co ban:
o (x)W =p(a—1)... (x —n+41)x*"
e [(14+ )Y =a(a—1)...(a =n+1).(1+x)*"
1

(n) u
— (—1)m
* (1—|—x) (=) (14 x)nHl
1 \™ n!

[ ]

(1—x) (1 —x)ntl
o (sinx)" =sin (x+ %)
o (cosx)™ = cos (x+2F)
o (a*)") =4a* (Ina)"
° (lnx)(”) — (—1)”_1 ( xnl)!

(b) Vi phan cap cao:
e Dinh nghia
e Biéu thic cta vi phan cap cao
e Cac phép toan

e Dang thiic ctia vi phan cip cao khéng con ding d6i véi ham hop.

8.1 Bai tap

Bai tap 1.42. Tim dao ham ctia ham s6

1—x khix <1
fX) =3 (1—x)2—x) khil<x<2
x—2 khi x > 2
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8. Dao ham va vi phédn 25

Bai tap 1.43. Véi didu kién nao thi ham s

n oaim 1 :
f(x):{x.smx khi x #0

0 khix =0
a.lién tuctaix =0 b.khavitaix =0 c. c6 dao ham lién tuc tai x =0
Goi y & Ddp sé.
a.bS:n >0 b.DbS:n>1 c.bDS:n>2

Bai tap 1.44. Ching minh rang ham s6 f(x) = |x — a|.¢(x), trong d6 ¢(x) 12 mot ham sb
lién tuc va ¢(a) # 0, khong kha vi tai diém x = a.

Ldi gidi.

fi(a) = (a) # f(a) = —¢(a)

Bai tap 1.45. Tim vi phan ctia ham s

a.y= %arctgg(a #0) b.y = arcsing(a #0)
1 X —a
= — = 2
c.y 2a.ln|x_|_a|(a;«£0) dy=In|x+ Vx*>+a4|
Goi ¥y & Pdp sb.
dx d :
a. dy—a2+x2 b. dy = —~ xz.(51gna)
dx dx
c. dy 2 d.dy—\/m
Bai tap 1.46. Tim
d 4 6 .9 _d sinx _ d(sinx)
a.I—d(x3)(x 2x°—x7) b ]_d(xz)( , ) C'K_d(cosx)
Goi y & Pdp sb.
a. ] =—3x0—4x3+1 b.]zzixz(cosx—suzx) K= —cotgx,x #km,k e Z

Bai tap 1.47. Tinh gan ding gi4 tri ctia biéu thic
2—0,02
e 11 b. { d
*8 V20,02
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26 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

1
10In10 1,043

2—-0,02 4 I
7 ’ 7 _ . _ 74 _ _
b) \/2+0,02 o \/2_,_0,02 1. Xét f(x) \/i,xo 2,Ax =0,02

Ta co
4 1 4 6 —4 1
Ax)=([=—1 2 (= —1)7—=1-0,02.= = ...
f(x+ Ax) 5 +0,0 7(2 ) > 0,0 5

Bai tap 1.48. Tim dao ham cap cao ctia ham sb

Loi gigi. a) Xét f(x) =1gx,x0=10,Ax =1,tacolgll ~1g10+

2
— Y tinhy® _ Lhx o (100)
a.y =1 tinh y b.y i tinh y
c. y = x%.¢*, tinh y1°) d. y = x% sinx, tinh y©®%
Goi y & Ddp sb
®__ 8 (100) _ 197 _
a.y (1_x)9,x7é1 b. y 2100(1—x)100\/m(399 x),x <1
45

c. y19) = 2192 (52 4 10x + d. y® = —x2sin x + 100x cos x 4 2450 sin x

>)

Bai tap 1.49. Tinh dao ham cap 7 ctia ham sb

g y= " by — 1
YT VT et 2
C.y = 1x+ = d. y = e™.sin(bx +¢)

. p _ (=1 1 1
Loi gigi. a. y( ) = n! (x — 1)+t + (x + 1)1

1 1
() — 1 _
b 4 | g~ g

-1 n—1 2
(=1) (1.4...(3n—5))M,n22,x7é1
3" (14 x)"*3

d Tinh y r6i du doan va chiing minh bang quy nap

n b a
() — (a2 + b?)2e™ sin(bx + ¢ + no), 3d6, singpg = ——,c08 9 = ———

Bai tap 1.50. Tinh dao ham cap # cia ham sb6
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9. Cdc dinh ly vé ham khd vi va ung dung 27

1 y= L 5.y:sin2x 10. y = x cosax
' a+ bx’
— ind
2.y = ! : 6. y=sin"x 11. y = x?cosax
Vva+ bx ) )
7. y = sinax. sin bx;
3. y:#- 12. y = x*sinax
x2 —a?’ 8. y = sin® ax. cos bx
ax+b a+ bx
Y= v 9. y = sin*x + cos*x 13y =In_—~
o s (=1)".ntb"
Loi giai. 1/ y(”) = W
2"y/a + bx

I S IV R TR S G D LN O R S A U W
3/y_x2—a2_2a(x—a wrq) mény" = 2a X—a X+a

1 ad\ (—1)".n!
x+d ¢ ¢ ¢ +4neny(”)=z<b—7) NGE!
¢ (X‘f‘g)
/ v = sin?x = L1 an /(1) — n—1 nm
5/ y = sin x—E—ECOSaneny = —2""1cos (2x + &%)
6/ y = sin®>x = 3sinx — lsin3x nén y") = 3sin (x + ) — 13" sin (3x + )

7/ y = sinax.sinbx = }[cos(a — b)x — cos(a + b)x] nén

1 nrt 1 nm
(n) _ Z(5 _ 1m\1 _ i n
y 2(a b)" cos [(a b)x + 5 } 2(a + )" cos [(a +b)x + > }
8/ y = sin®ax. cos bx = cossz — t[cos(2a + b)x + cos(2a — b)x] nén

nrit

y = %b” cos (bx + %) (2a+b)" cos [(Za +b)x + 7] ——(2a—b)" cos [(Za —b)x + ﬂ]

2

>

1

4

9/ y = sin*x 4 cos*x = 2 4+ 1 cos4x nén y(") = 4" 1 cos (4x + )
10/ y") = a"x cos (ax + ") + na" ! cos (ax + (H_Tl)ﬂ)

1Y/ ") = "2 sin (ax + ) + 200" Lxsin (ax + U507 ) 4 n(n —1)a" 2 sin (ax + 27

n—1)m

12/ y™ = a"x? cos (ax + ") +2na"'x cos (ax + (T> +n(n—1)a""2cos (ax + 5 )

(n — 1)!b”n. [(a+bx)" + (—=1)"(a — bx)"] u

13/ y(”) - —(a2 )
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28 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

§9. CAC PINH LY VE HAM KHA VI VA UNG DUNG

9.1 Cac dinh Iy vé& ham kha vi
1. Cuec tri ctia ham s6: Nén dung dinh nghia sau:

Dinh nghia 1.1. Cho ham sé f(x) lién tuc trén (a,b), ta néi ham sé dat cuc tri
tai diém x, € (a,b) néu IU(x,) C (a,b) sao cho f(x) — f(x,) khéng doéi ddu Vx €
U(x) \ {x0}.

e Néu f(x) — f(x,) < 0 thi ta néi ham sb dat cuc tiéu tai x,.
e Néu f(x) — f(x,) > 0 thi ta néi ham sb dat cuc dai tai x,.
2. DPinh ly Fermat (c6 chiing minh)

Dinh 1y 1.9. Cho f(x) lién tuc trén khodng (a,b), néu ham sé dat cuc tri tai diém
X, € (a,b) va cé dao ham tai x, thi f (x,) = 0.

C6 chitng minh va mé ta hinh hoc, chu ¥ gia thiét lién tuc 6 day 1a do dinh nghia cuc
tri.

3. Dinh ly Rolle: ¢6 chiing minh va m6 ta hinh anh hinh hoc
4. Pinh ly Lagrange: C6 ching minh va m6 ta hinh anh hinh hoc

5. DPinh ly Cauchy
Chuy:

(a) DPinh ly Rolle 1a truong hgp riéng cua dinh ly Lagrange, dinh ly Lagrange la
truong hop riéng cta dinh Iy Cauchy. Céc gia thiét trong cac dinh Iy nay 1a can
thiét.

(b) Néu dang khac cua dinh ly Lagrange:

Af = f (x,+6Ax), 6€(0,1).
(c) Nén tim mét vi du hap dan vé dinh Iy Lagrange.
9.2 Qui tac L’Hospital
Qui uéc néi mot qua trinh nao dé 1a hiéu
X —Xo, X = XS, XX, X400, X — —00, X—+ 00,
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9. Cdc dinh ly vé ham khd vi va ung dung 29

1. Qui tdc 1 < khit dang g)

Néu f(x) va g(x) 1a cac VCB trong cung mét qud trinh nao dé va trong chinh qué

trinh 4y ta c6 lim f; ,Eg = A hitu han hay v6 han thi trong qué trinh iy ta c6
lim Jﬁ — A. Y tudéng ching minh:
8(x)

(a) Néu f(x) va g(x) lién tuc trong lan can diém x,, ¢ (x,) # 0,Vx # xo,

f(x0) = g(xo) = 0.

Véi x # x, taco

glx)  glx) —glxo) — gle)
¢ ndm gitta x va x,.
Khi x — x, thic — x,. Do lim f/(x) = A, suyra
X—Xo g (_x)
lim @ = lim f/(c) =A

(c) Néu x — oo, détyzi
2. Qui tdc 2 < khit dang f).
~ w /
(Thay VCB bang VCL trong qui tac 1.)

3. Vidu
. x—sinx Cooar
x—0 arcsin® x x—00 X
(b) lim x*; (e) ---
x—07F

(¢) lim x*Inx;
x—0t
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30 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

e Hai qui tac trén chi la diéu kién da dé tim lim %
2 sin —
x

X

Cé6 thé néu vi du lim —
x—0 SInXx

e Trong qua trinh tim giéi han c¢6 dang v dinh, nén két hop ca thay tuong duong véi
dung qui tac L'Hospital. C6 thé dung qui tac L'Hospital nhiéu lan.

Bai tap 1.51. Ching minh rang phuong trinh x" + px + g v6i n nguyén duong khong thé
¢6 qua 2 nghiém thuc néu # chin va khéng thé ¢6 qua 3 nghiém thuc néu n 18.

Loi gidi. Xét n chén, gia st phuong trinh c¢6 3 nghiém thuc x; < x, < x3, khi d6 ton tai
c1 € (x1,x2),¢2 € (x2,x3) sao cho f'(c1) = f'(cz) = 0. Tide 1a phuodng trinh x" 1 = —£ ¢6 2
nghiém thuc, diéu nay mau thuan do n chan.

Xét n 1é, gia st phuong trinh ¢6 4 nghiém thuc x; < x» < x3 < x4, khi dé theo dinh ly
Rolle, phudng trinh x"~! + £ = 0 ¢6 3 nghiém thuc, trong khi theo trén ta vita chiing minh
thi n6 khong thé cé qua 2 nghiém thuc do n — 1 chan. m

- /
Bai tap 1.52. Giai thich tai sao cong thic Cauchy dang f(b) — f(a) = fle) khong ap

g(b) —gla)  g'(c)

dung dudc véi cac ham s6 f(x) = x%,¢(x) =23, -1 <x <1
8

Bai tap 1.53. Chiing minh cac bat dang thic
a—>b a a-—>b
_ - < <
< In 5 < 5 ,0<b<a

a. |sinx —siny| < |x —y| b.

Loi gidi. a. Xét ham sb f(t) = sint, thod man diéu kién ctia dinh ly Lagrange trong
khoang [x,y] bat ki. Khi d6 3c € [x,y] sao cho

sinx —siny = f'(¢).(x —y) = cosc.(x — y)=|sinx —siny| < |x — y|

b. Xét ham sb f(x) = Inx, thod man diéu kién cta dinh Iy Lagrange trong khoang [b, a]

nén
b 1 a a-—>b
1 —1 — ! — 1—:— — - =
na—Inb=f'(c)(a b):>na C(b a):>1nb p
Vay
= T b <<
a b b
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9. Cdc dinh ly vé ham khd vi va ung dung

31

Bai tap 1.54. Tim gidi han

a. lim \/x+/x+ x —x (00 — o0)
X—r 400

e% —cos 1 0
c. im ———X (—)

—00 1 0
T\ 1- 5
e. limtg i In(2 — x) (00.0)
x—1 2

. sin x 0
& xlg(r)lJr * (O )

i. lim(1 — cosx)®* (0°)
x—0

Goi y & Ddp sé.

a. nhan lién hop, DS: %
c. Dung khai trién Taylor, DS:

e. LHospital, DS: %

g. Ad lim A(x)B() = (limB(x)InA(x) pg: 1
i. Ad lim A(x)B() = (limB(x)InA(x) pg: 1

Bai tap 1.55. Tinh cac giéi han sau

1
a. lim [x — x*In(x + =)]
X—00 X
c. lirré x73[sin(sin x) — x.v/1 — x2]
X—
ac2
. cosx—e 7
e. lim ————
x—0 X
(1 1 ) sinx — x
g lim | — — =
=0 \x sinx xsinx
. (1 — cos? x)
i. lim -
x—0 \ xsin2x
. 2 X
k. xl_l)l’_'liloo(% arctg x)
m. lim In x
" x50t 1+ 2In(sinx)
2
0. lim

x—04/1 4 xsinx — 4/cos x

b. nm< x _i) (00 — o0)

x—»1\x—1 Inx
X o .
4 lig &SI % x(1+x) (0
x—0 x3 0

£olim BT ()

x—1- In(1 —x) \oo

h. lim(1 — atg? x)wans (1%)

x—0

k. lim (sinx)®* (1)
x—7

b. quy dong, L'Hospital, PS: %

d. khai trién Taylor hoic L'Hospital, DS: %

f. LHospital, BS: — o0
h. Ad lim A(x)B() = (limB(x)InAx) ‘pg: o4
k. Ad lim A(x)B() = (limB(x)InA() pg: 1

_ sinx —xcosx
x2 sin x
e

f. lmx_ln(21+x)
x—0 X

1. lim

x—0sinx — x
SinX — X COS X

n. lim 3
x—0 X
. In(cosax)
p. im ————=,a#0,b#0

x—0 In(cos bx)
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32 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

Goi ¥y & Pdp sb.

a. DS: % b. Ad khai trién Taylor, DS: %
c. bS: % d. Ad khai trién Taylor, PS: — g
e. Ad khai trién Taylor, DS: — % f. Khai trién Taylor, hoéc L'Hospital, DS: %

g. Khai trién Taylor, hodc L'Hospital, PS: 0 h. L’'Hospital, DS: 2

i. L'Hospital, DS: % j. quy dong, ad L'Hospital, PS: %

k. PS: e % 1. L’Hospital, DS: o

m. L'Hospital, DS: % n. L'Hospital, DS: %

a2

p. L'Hospital, thay tuong duong, DS: =

0. Nhan lién hop, DS: %

Bai tap 1.56. Chiing minh rang lim rosmay ton tai va bang 1 nhung khéng tinh dudc

. ] x—00 X + COS X
bang quy tac L'Hospital.

Loi gidi.
. sin x
. x—sinx o1 ==
Iim ——— = lim ——2_ =1

x—00 X + COS x _x—>ool+%

Néu 4p dung quy tac L'Hospital mot cach hinh thic thi ta c6

x—00 X 4 COS X

= lim

1—cosx
x—o0 1 —sinx

Tuy nhién giéi han 6 vé phai khong ton tai, c6 thé kiém tra bang cach chon 2 day x;, =

2kt vay, = 5 = 2km

Bai tap 1.57. X4c dinh 4, b sao cho biéu thiic sau day c6 giéi han hitu han khi x—0

f(x) = 13 B %_%_B _ x3—sin3§(1.—|;ax+bx2)
sinx x° «x x3 sin® x
Loi gidi. Tailan can caa x = 0, ta c6 thé viét
sinx = x — ;—? +o(x°)
do do 5
MS = x*[x — % +0o(x*)]® = x4+ 0(x%)
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10. Cdc luge do khdo sdt ham sb 33

va
1
TS = x° —sin®x(1 +ax +bx?) = x® — [x> +ax* + (b — E)XS + cx® 4 o(x%)]
) axt + (b — $)x5 + cx® + o(x%)
xX) = —
f x6 +o(x0)
Do d6 dé ton tai giéi han hitu han cta f(x) khi x—0, ta phdicéa =0,b = % n

Bai tap 1.58. Cho f 12 mot ham sb thuc, kha vi trén [a, b] va c6 dao ham f”(x) trén (a, b),
chitng minh rang Vx € (a,b) c6 thé tim dugc it nhat 1 diém c € (a,b) sao cho

f) — fa) - OO gy - CZDEZD o

Loi gici. LAy xq € (a,b) bat ki.

it g(x) = f(x) = fla) ~ LG =L ) - E=D=0) )
Trong d6 A dude xac dinh béi diéu kién :
f(b) — f(a) (xg —a)(xg — b)

G"(XO):f(xo)—f(a)—ﬁ(xo—a)— > A=0

Khi dé ta co6 ¢(xg) = ¢(a) = ¢(b) =0

Ta c6 ham ¢ lién tuc, kha vi trén [a, xo], do d6 ¢ thod man cac diéu kién trong dinh Iy
Rolle, suy ra ton tai c; € (a,xp) sao cho ¢/(c;) = 0. Tuong tu nhu thé, ton tai c; € (xo,b)
sao cho ¢'(cy) = 0. Mat khac,

(P/(x) :f/(x) . f(b) —f(ﬂ) —A(x— ﬂ—;b

b—a )

Theo gia thiét, f c6 dao ham cap 2, do d6 ¢ ciing c¢6 dao ham cap 2, va ¢”(c1) = ¢”(c2) =0,
nén theo dinh ly Rolle ta c6 ton tai c € (c1,c) sao cho ¢”(c) = f”(c) — A = 0=A = f”(c),
vataco:

fx) — fla) - LS gy 22D g

§10. CAC LUGC PO KHAO SAT HAM SO

10.1 Khao sat va vé do thi ctia ham s6 y = f(x)

Muc nay hoc sinh da dudc nghién ctu tuong d6i ki trong chuong trinh phd théng nén
chi nhin manh cho sinh vién nhitng diém can chd y trong qué trinh khao sat ham sé va
khao sat mot s6 ham s6 khéc véi chuong trinh phé théng nhu ham s6 ¢6 chia cén thiic, ...
S¢ d6 khao sat
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34 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

1. Tim MXD ctia ham s6, nhan xét tinh chén, 18, tuan hoan ctia ham sé (néu cé).
2. Xac dinh chiéu bién thién: tim cac khoang tang, gidm ctia ham sb.

3. Tim cuc tri (néu co).

4. Xét tinh 16i, 16m (néu can thiét), diém udn (néu co).

5. Tim céc tiém can cta ham s6 (néu co).

6. Lap bang bién thién.

7. Tim mot s6 diém dic biét ma ham s6 di qua (vi du nhu giao diém véi cac truc toa do,
....) va vé do thi cia ham so.

10.2 Khao sat va vé duong cong cho duéi dang tham sé

N ;) x=x(t
Gia st can khao sat va vé duong cong cho dudi dang tham so (( ;
y=ylt

1. Tim MXD, nhan xét tinh chin, 18, tuan hoan ctia cac ham sb6 x(t), y(t) (néu co).

2. X4c dinh chiéu bién thién ctia cac ham s6 x(t), y(t) theo bién t bang cach xét d4u cac
dao ham cua né.

3. Tim cac tiém cén ctia dusng cong

(a) Tiém can ding: Néu lim y(t) = cova lim x(t) = xp thi x = x( 1a mot tiém
f—>t0(00) f—>t0(00)

can ding cua dudng cong.
(b) Tiém c4n ngang: Néu lim x(f) =cova lim y(t) = yo thiy = yo 1a mét tiém
t—>t0(oo) t—>t0(oo)
can ngang cua duong cong.

(c) Tiém can xién: Néu lim y(t) =cova lim x(t) = co thi dudng cong c6 thé c6
t—)fo(oo) t—)to(oo)

tiém can xién. Neu

. y(t) )
¢ t—>g?oo) x(t)’ t—>gI(loo)[y( ) —ax(®)]

thi y = ax + b 1a mét tiém can xién cuaa do thi ham so.

4. PE vé duong cong dudc chinh xac hon, ta xac dinh tiép tuyén ctia dudng cong tai cac
diém déc biét. Hé sb goc cta tiép tuyén cta duong cong tai mbi diém bing

dy _ v
dx  xj
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10. Cdc luge do khdo sdt ham sb 35

Ngoai ra c6 thé khao sat tinh 16i 16m va diém uoén (néu can thiét) bang cach tinh céac
dao ham cap hai

/
(%)
Py _\xp) _yw"xi -y
dx? dx xp?

5. Xéc dinh mot s6 diém dac biét ma d6 thi ham s6 di qua va vé d6 thi ham sé.

10.3 Khao sat va ve dudng cong trong hé toa do cuc

10.4 Bai tap
Bai tap 1.59. Khao sat tinh don diéu ctia ham sb
a.y=x>+x PS : ham s6 tang véi moi x
b. y = arctgx — x DS : ham s6 giam véi moi x
Bai tap 1.60. Chiing minh c4c bat ding thic
a. 2xarctgx > In(1+x%) VxeR
b. x—%zgln(l-i—x) <x Vx>0
Loi gidi.  a. Xét ham sb f(x) = 2xarctgx — In(1 + x?)=f'(x) = 2arctg x.

- Néux >0, f'(x) >0=f(x) > f(0) =0
- Néux <0, f'(x) <0=f(x) < f(0) =0 n

b. Tuong tu, xét g(x) = x — %2 —In(1+x),h(x) =In(1+x) —x
2

§x) =~ <O (x) = —Hix < 0=g(x) < (0) = 0,h(x) < h(0) = 0.

Bai tap 1.61. Tim cuc tri cia ham sb

3 +4x+4 L Xl
x4 x+1 x24+x+1

b. y=x—In(1+x)
¢ y=YA-xx—27

Loi gidgi. a)

—x(x+2 8
]/ = mﬂmin =y(=2) = grymax =y(0) =4
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36 Chuong 1. Ham s6 mot bién sé (13LT+13BT)

b)

/_ —x : pr— pr—
=Yy = 1+x1ymm y(0) =0

c)
13/(x—2)2
3Y(1 -

. . 3
- Xét x; = 3, ta c6 Ymin = y(%) = —g
- Xét x, = 1,1’ khong doi diu, ham s6 khong dat cuc tri tai x, = 1

/

y:

QI

— X

2
T3r 2 VAo rGo2)

- Xét x3 =2, ta c6 Ymax = y(2) =0

Bai tap 1.62. Chiing minh cac bat dang thic sau
a.ef>14+x Vx#0
b. x—%3<sinx<x Vx >0
ctgx>x+5 Vo<x<Z
Bai tap 1.63. Chiing minh rang véi moi x > 0 ta cé
(161) <ec (12 1)

Bai tap 1.64. Tinh cac giéi han sau

1 1/1 inx —
[a.] lim [x — ¥ In(x + =)] [b.] lim ~ <— — cotg x) = Smxz e
X—00 X X \ X X<smx

[c.] linb x73[sin(sinx) — x.v/1 — x2] [d.] lim[In(1 + x)xi2 x]
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CHUONG 2

PHEP TiNH TiCH PHAN MOT BIEN SO

§1. TICH PHAN BAT DINH

1.1 Nguyén ham cua ham sé6

Chuong nay trinh bay vé phép tinh tich phan, day 1a phép toan ngudc ctia phép tinh
dao ham (vi phan) ctia ham s6. Néu ta cho truée mot ham sé f(x) thi c6 ton tai hay khong
mét ham s6 F(x) c6 dao ham bang f(x)? Néu ton tai, hay tim tat ca cac ham sé F(x) nhu
vay.

Dinh nghia 2.2. Ham s6 F(x) dudc goi Ia mét nguyén ham ciia ham s6 f(x) trén mét tap
D néu F'(x) = f(x), Vx € D hay dF(x) = f(x)dx.

Pinh ly sau day néi rang nguyén ham ctia mot ham sé cho truée khong phai 1a duy nhét,
néu biét mot nguyén ham thi ta c6 thé miéu ta dudc tit ca cac nguyén ham khac ctia ham
so do.

DPinh 1y 2.10. Néu F(x) la mét nguyén ham ciia ham sé f(x) trén khoang D, thi:

e Ham s6 F(x) + C ciing 1a moét nguyén ham ciia ham s6 f(x), vdi C la moét hang sé bat
ky.

e Nguoc lai, moi nguyén ham ctia ham sé f(x) déu viét duoc dudi dang F(x) + C, trong
do C Ia mét hang sé.

Nhu vay biéu thitc F(x) 4 C biéu dién tit ca cdc nguyén ham ctia ham s6 f(x), méi hang
s6 C tuong tng cho ta mot nguyén ham.
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Chuong 2. Phép tinh tich phdn mot bién sb

DPinh nghia 2.3. Tich phan bat dinh ctia mét ham s6 f(x) 1a ho cdc nguyén ham F(x) + C,
vdi x € D, trong do C la mét nguyén ham ciia ham sé f(x) va C la mét hing sé bat ky.

Tich phan bat dinh cia f(x)dx dudc ky hiéu Ia

/ F(x)dx. Biu thife f(x)dx duoe goi Ia biéu

thitc dudi dau tich phan va ham sé f(x) dudc goi la ham s6 dudi d4u tich phan.

Vay /f(x)dx = F(x) + C, v6i F(x) la nguyén ham cua f(x).

Cac tinh chét caa tich phan bat dinh

= fx)dx

o {/f(x)dx}/:f(x) hayd/f(x)dx
/F’ )+Chay/dF — F(x)+C

. /af(x)dx =a /f(x)dx (a 12 hang s6 khac 0)

o [If0Eg())dx = [ fx)axt [ glx)dx

Hai tinh chét cubi cuing 14 tinh chat tuyén tinh cta tich phan bat dinh, ta c6 thé viét

chung

[ laf(x) + Bgx)]dx =« [ flx)dx+p [ glx)d

trong d6 «, B 1a cac hang s6 khong dong thoi bang 0.

Cac cong thuc tich phan dang don gian

xlx—H
/x“dx: ] +C, (v #—1)

/sinxdx = —cosx+C

dx
/ —— = —cotgx + C
sin” x

X
/axdleizl—a+C,(a>O,a7é1)
/ dx —iln a-+x

a2 —x2  2q —
X
=Injx+vVx2+a|+C
VEZE } }

1 2
/\/a2 — x2dx = Ex\/a2 —x? + % arcsing +C

+C

/\/x2+adx: % [x\/x2+a+aln)x+\/x2—|—au +C

38

/d—x:1n|x|—|—C
X
/cosxdx:sinx+C
/ dx
cos? x
/exdx:ex+C
dx
dx
VaZ — 2

=tgx+C

_ 1
arctg +C

LoXx
= arcsin — + C
a



1. Tich phén bat dinh 39

1.2 Cac phuong phap tinh tich phan bat dinh

1. Phuong phap khai trién
Pé tinh mét tich phan bat ky, ta can si dung cac phuong phép thich hop dé dua ve
cac tich phan da c6 trong bang cac cong thic tich phan don gian 6 trén. Mot phuong
phép don gian 1a phudng phép khai trién. Phuong phap nay dua trén tinh chat tuyén
tinh cta tich phan bat dinh:

[ lwf(x) + Bgx)]dx =« [ flx)dx+p [ glx)d

Ta phan tich ham s6 duéi diu tich phan thanh tong (hiéu) ctia cac ham sb don gian
ma da biét duge nguyén ham cta ching, cac hing sé duge dua ra bén ngoai dau tich
phan.

Vidull. o /(Zx\/_—3x2)dx = Z/xgdx —3/x2dx =40 - 4C
X
./dix_/ 11 dx——l-i—art x+C
x2(14x2) x2 142 T e

2. Phuong phap bién d6i biéu thitc vi phan
Nhan xét: néu /f(x)dx = F(x) 4+ C thi /f(u)du = F(u) + C, trong d6 u = u(x) la

o /(231nx+x3—%)dx:2/sinxdx+/x3dx—/d—x :—2cosx+%4—ln|x|+C

mot ham s6 kha vi lién tuc. Ta c6 thé kiém tra lai bang cach dao ham hai vé theo x.
St dung tinh chét nay, ta bién d6i bidu thic duéi dau tich phan g(x)dx vé dang

g(x)dx = f(u(x))u' (x)dx,

trong d6 f(x) 12 mot ham sé ma ta dé dang tim dude nguyén ham F(x). Khi d6 tich
phan can tinh tré thanh

[ 8tdx = [ flutepu’ (xx = [ fu(o)dn = Fu(x) +C

Trong truong hgp don gidn u(x) = ax + b thi du = adx, do d6 néu /f(x)dx =F(x)+C
ta suy ra
/f(ax +b)dx = %F(ax +b)+C

Vidu1l.2. (a) /sin axdx = —Lcosax +C
eﬂx

(b) /e”xdx e
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Chuong 2. Phép tinh tich phdn mot bién sb

(c) /esmx cos xdx = /esmxd(sin x) =S¥ 4 C

(d) /COS4 :/ (1 +tg2x)d(tgx) = % +tgx +C

@ [xT+3¢dx =} [ VITa2d(1+3:%) = § (V1 +3x2>3 +C
®

arccos x arcsin x T . . .
I = Nip dx = - —arcsinx ) arcsin xd(arcsin x)
—x

s .
= [ = = arcsin?

1 x—%arcsin3x+C

3. Phuong phap déi bién
Xét tich phan I = / f(x)dx, trong d6 f(x)la mot ham s6 lién tuc. D& tinh tich phan
nay, ta tim cach chuyén sang tinh tich phan khac ctia mot ham sbé khac bang mot
phép ddi bién x = ¢(t), sao cho biéu thitc duéi diu tich phan dbi véi bién t c6 thé tim
dudc nguyén ham mot cach don gian hon.
Phép d6i bién thi nhat:
Dat x = ¢(t), trong d6 ¢(t) 12 mot ham sé don diéu, va c6 dao ham lién tuc. Khi d6

1= [ fxdx= [ Flpn) ¢/ (tat

Gia stt ham s6 ¢(t) = f[o(t)] ¢'(t ) ¢6 nguyén ham la ham G(t), va t = h(x) 1a ham
s6 ngugdc ctia ham s6 x = ¢(t), ta

ta co

/g(t)dt —G()+C=I=G[h(x)]+C

Phép ddi bién thi hai:
Dat t = ¥(x), trong d6 ¢(x) 1a mét ham sb c6 dao ham lién tuc, va ta viét duge ham
£(x) = g [p(x)] 9'(x). Khi d6 ta c6

1= [ fdx = [ glp(0) ¥/ (x)dx
Gia stt ham s6 g(t) c6 nguyén ham 1a ham sé G(t), ta c6
1= Glp(x)]+C

Chu y: Khi tinh tich phan b4t dinh bang phuong phap d6i bién sb, sau khi tim dudc
nguyén ham theo bién s6 méi, phai d6i lai thanh ham sb6 ctia bién sb cii.
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1. Tich phén bat dinh 41

Vidu 1.3. (a) Tinh tich phan I, = / /3 x —dx

Péitx = 2sin’t, t € [0, %], ta tinh duoc

/ 2sin? t
dx = 4sintcos tdt, r sm. >— = tgt
2—x 2(1 —sint)
11:/,/2xxdx:4/sin2tdt:2t—sin2t+c

Dot lai bién x, vdi t = arcsin /3, ta thu duge

I1:/@/fodx:2arcsin\/§—\/2x—x2—|—C
2x

P p . e
(b) Tinh tich phan I, = /ex T 1dx

Pate* =t = e*dx = dt, ta co

t 1

Déi lai bién x, ta dudc I, = ¢* — In(e* +1) + C.

Suy ra

dx
(c) Tinh tich phéan I, = /7
PR 144~
Dgtt =27 = dt = —27*In2dx, tich phan tré thanh

—dt 1 dt 1
I:/ = — / = — In(t+Vt2+1)+C
: tIn2v1+ 2 In2/ /241 In2 ( )

D61 1ai bién x, ta co:

I = —ﬁln(Z_x +VETFT)+C

4. Phuong phap tich phan titng phan
Gia stt u = u(x) va v = v(x) la cidc ham sb c6 dao ham lién tuc. Theo quy tac lay vi
phéan

d(uv) = udv 4+ vdu = uv = /d(uv) = /udv+/vdu

/udvzuv—/vdu

Xét tich phan [ = / f(x)dx. Ta can biéu dién

Suy ra



42 Chuong 2. Phép tinh tich phdn mot bién sb

va 4p dung céng thic tich phan tiing phan véi cac ham sé u = g(x),v = / h(x)dx. Ta
thuong st dung phuong phap nay khi biéu thic duéi dau tich phan chita mot trong
cac ham sb sau day: In x, 2%, ham sb luong gidc, ham s6 luong giac ngude. Cu thé:
e Trong cac tich phan / X" dx; / x" sinkxdx; / x" coskxdx , n nguyén duong, ta
thuong chon u = x".
e Trong cac tich phan / x*In" xdx, &« # —1 va n nguyén duong, ta thuong chon
u=In"x.
e Trong tich phan / x"arctgkxdx; / x" arcsin kxdx, n nguyén duong, ta thuong
chon u = arctgkx hodc u = arcsinkx; dv = x"dx.

Vi du 1.4. Tinh cdc tich phan bat dinh
(a I, = /lnxdx: xlnx—/dxz xInx—x+C

h) I, = /x2 sin xdx

Datu = x*,dv = sinxdx = v = — cos x, ta duoc
I = —xzcosx—i—Z/xcosxdx

Patu = x,dv = cosxdx = v = sinx, ta dudc

L = —x*cosx +2 <xsinx—/sinxdx) = —x?cosx 4 2xsinx 4+ 2cosx + C

(C)I3:/de

(x+1)2
Datu = xe*;dv = (xj——xl)z =0 = —x%rl;du = (x+1)e¥dx, ta dugc
xe* xe* er
I = — Ydx = — T4+ C= C
3 x+1+/e X x+1+e+ x+1+
xeXdx
d) 1, =
! V14 eX
PatV1+e*X =t = % = 2dt, tach4:2/[ln(t—1)+ln(t+1)]dt:2(t—

1)In(t —1) +2(t +1)In(t + 1) — 4t + C D61 lai bién x ta co

xe*dx
2(x —2)vVIte* +4In (1 V1 +ex) 2%+ C

Vv1+4e* -
X arcsin x
(e) Is= | ——dx
> V1—x2
Pétu = arcsinx;dv = 2 = duy = 94X _.p = —\/1 — x2, ta duoc

V1-x2 V1—x2’
Is = —V1 —xzarcsinx+/dx = —v/1—x2%arcsinx +x + C
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1. Tich phén bat dinh 43

@ I = /ex cos 2xdx
Patu = cos2x;dv = e*dx = v = e¥;du = —2sin2xdx, ta duoc

I = e* cos2x + 2 / e* sin 2xdx
Patu = sin2x;dv = e*dx = v = e*;du = 2 cos2xdx, ta duoc
Ig = e* cos2x + 2 (ex sin2x — 2 / e* cos 2xdx) = e* cos2x + 2¢* sin2x — 415 + 5C
Vay Is = % (cos2x 4 2sin2x) + C.

Trong cac muc sau day ching ta sé xét tich phan bat dinh ctia mét s6 dang ham co
ban: ham phéan thiic httu ty, ham ludng giac, ham chita can thic; va trinh bay mot
s6 phuong phap giai chung d6i véi tich phan cac ham nay.

1.3 Tich phan ham phan thuc huu ty

P((’;)) , trong do

Dinh nghia 2.4. Mot ham phan thic hitu ty 1a mét ham sé co dang f(x) =
P(x),Q(x) Ia cdc da thiic cia x. Mot phan thitc hitu ty c6 bac cia da thiic J tir s6 nhé hon
béc ciia da thitc d mau sé la mét phan thic hitu ty thuc su.

@)

Bing phép chia da thiic, chia P(x) cho Q(x) ta luén dua dudc mot ham phan thic hitu ty
vé dang

trong d6 H(x) 1a da thitc thuong, r(x) 1a phan du trong phép chia. Khi dé é(&)) 12 mét phan

thic hittu ty thuce su. Nguyén ham cta da thic dude tim béi cong thic tich phan co ban.
Ta sé xét viéc tim nguyén ham ctaa phan thic hitu ty con lai é((xx)) trong hai truong hgp dac
biét: mau s6 ctia phan thiic 1a da thitc bac nhat hoic da thiic bac hai. Trong nhiing truong

hop mau s6 phiic tap hon, ching ta st dung phuong phap hé s6 bat dinh dé dua vé hai

truong hop trén.
Phuong phap hé s6 bat dinh
Gia st ching ta mubn phan tich mét phan thitc hitu ty thuc su % thanh tong (hiéu)
cia cac phan thic hitu ty thuc su ¢6 mau sb 1a da thiic bac nhat hoic bac hai. Trudc hét
ta phan tich da thic 8 miu s6 Q(x) thanh tich ctia c4c da thiic bac nhat hoic bac hai vo
nghiém

Qx) = (x — 1) ™o (x — )™ (6 + prox 4 q1) " (6 + pux + )

trong d6 a;, pj, q; 12 cac héing sb, a;, bj 1a cac s6 nguyén duong, 1 <i <m;1<j<n.
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44 Chuong 2. Phép tinh tich phdn mot bién sb

e Néu trong phan tich ctia Q(x) xuét hién don thitc (x — «)?, a 12 sb nguyén duong thi

trong phan tich ctia phan thic (( )) xuat hién cac hang ti dang Gooay )1 ,trong do A; la

hangséval<i<a.

e Néu trong phan tich ctia Q(x) xuat hién biéu thic (x> 4 px + q), b 12 s6 nguyén
duong thi trong phan tich cta phan thic (( )) xuat hién cac hang tit dang %,

trong do B;, C; la cac hang soval< j<b.

Sau khi viét dude phan tich ctia g(( )) ta tim cac hing s6 A;, B;, C; béng cach quy dong mau

s6 ¢ hai vé, roi dong nhat hé sb ctia x",n € R 6 hai vé. Nhu vay viéc dung phuong phap hé
s6 bat dinh dan ching ta t6i viéc tinh bon loai tich phan hitu ty co ban sau:

I / Adx I / Adx
x—a (x —a)k
1L / (Mx 4+ N)dx v / (Mx + N)dx
x2+px+gq (x2 + px +q)™

trong do

1. /AW Aln|x—a|+C

2. / Adxk _ (Aa)k—l +C

/{Mﬁiﬁﬁfz/““+“V_M%QUt(a=vgt;5;d&M&”:x+pﬂ)

X2 +px+gq t2 + a?
[ Mtdt / (N — Mp/2)dt
) 2 4a? t2 4 a2
= In(t* +a®) + (N — Mp/2) arctg ! +C
2x+p
=In(x? + px +q) + g———+C
v & A
4.
(Mx + N)dx _/Mt+(N—Mp/2) B — oA L
/(x2+px+q)m_ Era)m dt (a=+/q—p?/4, doibient=x+p/2)
B / Mtdt / (N —Mp/2)dt
t2 + aZ (tZ + aZ)m
Tich phan tht nhat: / tzj\f_;dzt = _Z(m—l)(]t\g—l—uz)m—l +C

Tich phan thi hai c6 thé tinh theo phuong phép tich phan tiung phan nhu & vi du
trong phan trudc
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1. Tich phén bat dinh

45

Vi du 1.5. Tinh cdc tich phan bat dinh

a1 _/x4—x3+2x2—2x+1dx
C T (2 +2)(x—1)
Ta co
xt— 34+ 2x2 —2x+1 1 A Bx+C
2 =X+ 3 =X+ T2
(x> +2)(x—1) (x> +2)(x—1) x—1 x?>+2

Quy dong mau sé & hai vé

3=(A+B)x*+(C—B+2)x—C

-1

A+B=0 A=1
Déng nhét hé sé cia x%,x va hé sé tu do, ta duvsc{ C—B+2=0 = (¢ B=—1
—C=1 C=
Suy ra
xt—x3 420 —2x+3 1 1 2x 1

=x+

(x242)(x—1) x—1 2x2+42 x242

Vay tich phan bang

x? In(x>+2) 1 X
I=—+Injx—1 - ——2%— —arcte— +C
2x* 4+ 1023 +17x2 + 16x + 5
b. 12:/ dx
(x +1)2(x2 +2x +3)
Ta viét
2x* +10x3 +17x% + 16x + 5 2 1 4
=21 — —
(x +1)2(x2 +2x + 3) x+1 (x+1)2 x2+2x+3
Suy ra

1 x+1
I =2x+2In|x+1|+ —— —2v2arcte =~ + C
| | x+1 g\/i

1.4 Tich phan ham ludng giac
1. Phuong phap chung

Xét tich phan | R(sin x, cos x)dx, trong d6 ham duéi diu tich phan 1a mot biéu thic

hitu ty d6i véi sin x, cos x. Ta ¢6 thé sit dung phép d6i bién téng quat t = tg £ , khi dé

sinx—i'cosx—l;tz't x—i'dx—z—dt
1+ B A - T L Y,

tich phan dang xét dudc dua vé tich phan cia ham sb cta bién .
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46 Chuong 2. Phép tinh tich phdn mot bién sb

Vi du 1.6. Tinh tich phan [ STX 05X +2,,

) 1+ sinx + cosx
Ta viet

sinx—cosx—i—de__/d(1+sinx+cosx)+2/ dx
1+sinx+cosx = 1+ sin x + cos x 1+ sinx + cos x

Datt =tg 3, suyra

dx dt
1+ sinx + cosx /1+t n| + |+

Thay lai bién cii, ta dudc

sinx — cosx + 2
1+ sinx + cosx

dx = —1n|1+sinx-|—cosx|+ln‘1+tg%‘-|—C

2. Tich phan dang / sin™ x cos” xdx, trong d6 m,n 1a cac sé nguyén

e Néu m la s6 nguyén duong 18, ta dit t = cos x.
e Néu 1 1a s6 nguyén duong 18, ta dat t = sin x.
e Néu m, n la cac s6 nguyén dudng chan, ta st dung cong thiic ha bac:

. 9 1—cos2x , 1+ cos2x
sm XZ#,'COS x:#

roi dua veé tich phan dang / sin* 2x cos! 2xdx.

Vi du 1.7. Tinh céc tich phan bat dinh

3

o [} = /sin x cos? xdx

Patcosx =t = —sinxdx = dt ta co

A 5 3
/Sin3xcoszxdx: /(1—t2)t2(—dt) — §—§+C: CO; X COZ x+C

4

o I, = /sin x cos? xdx

Str dung cong thiuc ha bac ta co

; / (1 — cos2x)? 1 + cos 2x
2 pum

1
— 2= [ (1= cos2x — cos22 32)
1 > dx 8/( Ccos2x — cos“ 2x + cos” 2x | dx

=1 = % (x — Sinzzx - / 1+C‘2’54xdx + % / (1-— sin? 2x)d(sin2x))
Vay

L, _ 1 (x_sin2x sindx  sin2x sin’ 2x LC
278l\2 2 8 2 6
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1. Tich phén bat dinh 47

Déi vidi tich phéan 1, sau khi sit dung cong thiic ha bac Ian thit nhat ta ciing co
thé tiép tuc ha bac ciia biéu thiic luong gidc dudi diu tich phan bdi cong thiic

3sinx —sin3x 5 3cosx -+ cos3x

.3
sin” x = cos’ x =
4 ’ 4

Ap dung vao tich phan I, , ta co:

12:%/ <1—c032x— 1+cos4x+3c032x4+cos6x> "

2
1 /x sin2x sin4dx sinb6x
= - — + +C

2 8 8 24

8

3. Tich phan / R(sin x, cos x)dx c6 dang dac biét

e Dit t = cos x néu R(— sin x, cos x) = —R(sin x, cos x).

e Dit t = sinx néu R(sinx, — cos x) = —R(sin x, cos x).

e Dit t = tgx néu R(—sinx, — cos x) = R(sin x, cos x).

Vi du 1.8. Tinh tich phan | L
sin x cos* x
Patt = cosx = dt = —sinxdx, ta co
/ dx _/ —dt _/l+l+1_1 "
sinxcostx J (1—2)t 2 2(t—=1) 2(t+1)
1 1 1 t—1
- iim|El4c
313 t+2n‘t+1'+
nén
dx 1 1 1. 1—cosx
/5 =— S P
sin x cos* x 3cosx® cosx 2 1+cosx

1.5 Tich phan cac biéu thic vo ty
Xét tich phan c6 dang /R(x, Va2 £ x2)dx, /R(x, V/x2 — a2)dx, trong d6 R(u,v) la cac
ham s6 hitu ty.
e Diit x = atg dbi véi tich phan / R(x, VaZ + 22)dx.
e Dit x = asint ho#ic x = acost dbi véi tich phan /R(x, Va2 = x2)dx.
e Datx = S hodc x = 'Lt dbi véi tich phan /R(x, VX2 = a2)dx.

cost sin
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48 Chuong 2. Phép tinh tich phdn mot bién sb

N6i chung viéc tinh tich phan cta cac biéu thic vo ty thong thuong dude dua vé viéc tinh
bé6n loai tich phan co ban sau

dx _ 2
° m_ln‘x—i—\/x -|—zx)+C

dx s X
° —— = arcsin g +C

2 )
° /\/az—xzdx: %x\/az—xz—i—%arcsm%-i—C

o /\/xz-i—adx: : [x\/xz-i—a-i—aln‘x—i—\/xz—i—a” +C
Vi du 1.9. Tinh cac tich phan sau
1 /(1—x2)_3dx

Pat x = sint, t € [—%,%} = dx = costdt,\/1 — x2 = cost, thi

/(1 — xz)_%dx = / codstzt = tgt+ C = tg(arcsinx) + C

2 dx
’ x2v/1+x2
Pitx = tgt = dx = 44, ta co
cos- t

cos tdt B 1 1

2v/1+x2 J sin?t  sint sin(arctgx)

m/n r/s
Tinh cac tich phan c6 dang /R <x, (Z;‘IZ) S, (g;jg) ) dx
ax +b

bat 1 d tk, v6i k 1a boi chung nhé nhat cta cac chi s6 cin, dua vé dang hitu ti véi t.
(R 1a ham htru ti)
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§2. TICH PHAN XAC PINH

2.1 Dinh nghia tich phan xac dinh

Dinh nghia 2.5. Gii sit ham s6 f(x) xdc dinh va bi chdn trén [a,b]. Chia [a,b] thanh n
khoang nhd [x;, x; 1] bdi phan hoacha = xy < x1 < ... < x, = b. Trong moi doan [x;, x; ]
ta chon diém &; € [x;, x;,1| va thanh Iap biéu thiuc
n—1
Sn=Y_ f(&) A xivil Axj=xip1— X (2.1)
i=0
Biéu thiic S, duogc goi la tong tich phan. Goi A = max Ax;. Néu ton tai gidi han hitu
<i<n
han I = )I\iII'(l] Sy khong phu thudc vao cach chia doan [a,b] va khong phu thudc vao cach
_>
chon diém &; thi I duoc goi la tich phan xdc dinh ctia ham s6 f(x) trén [a,b] va ki hiéu Ia

b
/ f(x)dx. Trong truong hop do ta néi ham sé f(x) kha tich trén [a,b].
a

Remark 2.1. Trong dinh nghia trén ta da xét ham sé f(x) trong khodng dong [a, b] tiic Ia
b a

d gia thiéta < b. Bay gio néub < a ta dinh nghia / F(x)dx == — / F(x)dx va khia = b
a b

b
ta dinh nghia / F(x)dx = 0.
a

2.2 Cac tiéu chuan kha tich

DPinh 1y 2.11. Diéu kién can va di dé ham s6 bi chén f(x) kha tich trén [a,b] 1a lim (S —

A—0
s) =0, trong do:
n+1 n+1
S = ZMI'AXZ',SZ ZmiAxi
i=1 i=1
M;= sup f(x),mj= inf f(x)
x€E€[x;,xi41] XE[x;,xi41]

Ap dung dinh 1y chiing ta c6 thé chiing minh dudc céac dinh ly sau:
Dinh 1y 2.12. Néu f(x) lién tuc trén [a,b] thi f(x) kha tich trén [a, ).

DPinh 1y 2.13. Néu f(x) bi chén trén |a,b] va co mét sé6 diém gidn doan trén [a,b] thi f(x)
kha tich trén [a, b].

Dinh 1y 2.14. Néu f(x) bi chin va don diéu trén [a,b] thi f(x) kha tich trén [a,b).
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50 Chuong 2. Phép tinh tich phdn mot bién sb

2.3 Cac tinh chét cta tich phan xac dinh

N 2z 2z 2z b
Trong cac phan tiep theo sau diy, neu khong cé chu thich gi thi khi viet / f(x)dx ta
a
hi€u 1a f(x) dugc gia thiét 1a kha tich trén [a,b].

o Tinh chdt 1.
b b

/b af(x) + Bg(x)ldx = o [ fx)dx+p [ glx)dx

a

e Tinh chit 2.
Cho 3 khoang déng [a, b], [a,c|, [b, c], néu f(x) kha tich trén khoang c6 d6 dai 16n nhat
thi ciing kha tich trén 2 doan con lai, va

/bf(x)dx = /Cf(x)der/bf(x)dx

e Tinh chdt 3. Gia thiét a < b. Khi dé:

b
(i) Néu f(x) > 0,Vx € [,b] thi / F(x)dx >0

b b
(i) Néu f(x) < g(x)Vx € [a, b] thi/ f(x)dx > / g(x)dx
(iii) Néu f(x) kha tich trén [a,b] thi |f(x)| kha tich trén [a, b] va:

b b
| [ fdx |< [ ] fx) | dx
(iv) Néum < f(x) < M, forallx € [a,b] thi

b
m(b —a) < /f(x)dx < M(b —a)

e Tinh chdt 4.(Pinh Iy trung binh thi nhat)
Gia st f(x) kha tich trén [a,b] va m < f(x) < M,Vx € [a,b], khi d6 ton tai u sao cho:
b
/f(x)dx =ulb—a),m<u<M.
a

Dic biét, néu f(x) lién tuc trén [a, b] thi ton tai c € [a, b] sao cho:

[ £z = f(e) (b~ a).



2. Tich phdn xdc dinh 51

e Tinh chat 5.(Pinh ly trung binh thi hai)
Gia thiét

(1) f(x) va f(x)g(x) kha tich trén [a, b].
(i) m < f(x) < M,Vx € [a,b].
(iii) ¢(x) khéng d6i d4u trén [a, b].

Khi do6 . .
[ f@)g)ax = [ g(xydxm < p < M.

Dic biét néu f(x) lién tuc trén [a, b] thi ton tai c € [a, b] sao cho:

b b
[ fgt = 5c) [ g

2.4 Tich phan véi can trén thay doi (ham tich phan)
Gia st f(x) 1a mot ham kha tich trén [a, b], khi d6 v6i méi x € [a,b] thi f cting kha tich

X
trén [a, x]. Ta xac dinh ham s6 F(x) = /f(t)dt.
a

Dinh 1y 2.15. (1) Néu f(t) kha tich trén [a,b] thi F(x) lién tuc trén [a,b].
(2) Néu f lién tuc tai xq € [a,b] thi F(x) c¢d dao ham tai xq va F'(xg) = f(xo).

DPinh 1y 2.16 (Cong thitc Newton-Leibniz). Néu f(x) lién tuc trong khodng dong |a, b)
va F(x) la mot nguyén ham cua f(x) thi

b

| Fx)dx = F©) — Fa).

a

2.5 Cac phuong phap tinh tich phan xac dinh

1. St dung cong thiic tich phan tirng phan.
Gia stt u(x),v(x) 12 cAc ham s6 c6 dao ham lién tuc trong [a, b]. Khi dé:

b b
/udv = uv|l — /vdu
a a
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Chuong 2. Phép tinh tich phdn mot bién sb

2. St dung cac phép déi bién sb.

b
Pinh ly 2.17 (D3&i bién x := ¢(t)). Xét | = /f(x)dx voi f(x) lién tuc trong [a,b].
a
Thuc hién phép doi bién x = ¢(t) thoa man 3 diéu kién sau:

(1) ¢(t) co dao ham lién tuc trong [a,b).

@ pla) = a g(b) = .
(3) Khi't bién thién trong [a, ] tira dén B thi x = ¢(t) bién thién lién tuc tiva dén
b.

Khi do ta co cong thiic:

b
Pinh ly 2.18 (D3di bién t := ¢(x)). Gid stt tich phan can tinh cé dang | = /f[go(x)].q)’(x)dx.
a
Trong do ¢(x) bién thién don diéu ngét va co dao ham lién tuc trén la, b]. Khi do:

b (b)
/f[q?(x)]-qv’(x)dx = [ f(t)at.

¢(a)
3. St dung cac phép truy hoi, quy nap.
2.6 Hé thong bai tap
Dang 1. Tinh dao ham cua ham tich phan.
Chung ta c6 cac cong thic sau:
x /
() = s 22
a X
8(x) '
(] sa) = pisg ) 23
a X

Cong thiic ching ta da biét trong DPinh ly con coéng thic dudc suy ra tit cong
thiic dao ham ciia ham hgp.
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53

Bai tap 2.1. Tinh cac dao ham:

y
a)% /etzdt

X

Loi giai:

Y
i1 a i ar
b)@ZQ dt C)a[ ,—1+x4

—¢¥(do y 12 hang sd)

—2x 3x2

i 7 i 7
J— tz = —— tz —
a) dx/edt dx/edt
x y
d Yy
b / ¢Pdt = e*( do x 12 hiing sb)
yx
c)

x3 x2 x3
A d_ dg ot dgod .
dxzx/1+x4 dxa\/1+x4 dxﬂ\/1+x4 V148 V14 12x2
X

Dang 2. Tinh gidi han ctia ham s6 dua vao cong thitc L’Hospital va dao ham cua

ham tich phan.

Bai tap 2.2. Tim gidi han:

sinx

/ Jigdt

A = lim -2
x—0+ 18X
/\/sintdt
0

Loi giai:

X

/(arctg t)2dt

_ i O
b)B = lim 21

sin x tgx
a) Nhan xét: lir%r;+ Vigtdt = 1i1’51+ Vsintdt = 0 nén ap dung quy tic L'Hospital ta
X—r 3 X— 0
co:
sin x !
( / Vig tdt)
tolsl
lim — ~ lim VBEIO-cosr_ g
b T /bin(tg ).
( / v/ sin tdt)
0
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54 Chuong 2. Phép tinh tich phdn mot bién sb

X

b) Nhan xét: lim [ (arctgt)?dt = lim v/x2+1 = co nén ap dung quy tic L'Hospital

X—r 400 X—r 400
ta co: ’
x /
(/(arctg t)zdt>
lim —2 = lim (arctg x)” %)’ = H—Z:B = 7-(—2
X— 00 ( x2 - 1)/ X—++00 \/szcﬁ 4 4

Dang 3. St dung cong thiic tong tich phan dé tinh gi6i han cta mét s6 day sb
dac biét.
Xuat phat tit cong thitc tinh tong tich phan

n—1

Su=Y_ f(&) D x;v6i Ax;=xip1—x;
i=0

Néu ching ta chia doan [a,b] thanh 1 khoang c6é d6 dai bang nhau béi phan hoach a =
xp < xp<...<Xp :b,trongdéxiza-i—(b—a)% thi:

b—a=l .
Sn = Y f(&) v6i & € [xi, xi11]

-

Khi d6 néu ham f(x) kha tich trén [a, b], va chon & = x; ta dudc cong thiic:

. b
nlgxc}ob;” [if(a—f—b;a.i)]:/f(x)dx (2.4)

Con néu chon & = x;,; ta dudc cong thic:

b—a

" b
Jim — [Zf(aer;a.i)]:/f(x)dx (2.5)
i=1 p

Bai tap 2.3. Dung dinh nghia va cach tinh tich phin xac dinh, tim cdc gidi han:

a/ A= lim [l + ol + ol ]

n—o00

b/ B = liml(\/l+%—|—\/1+%+...+ 1+%)

n—oo 1

Loi giai:
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55

a/ Viét
.11 1 1 1
A=Iim - |-+ ’3-1- ZB"‘""FTU
noeon & 06"‘; 06+7 &+ m P
Ap dung cong thic 24 véia =0,b = 1, f(x) = a+ﬁx ta dudc:
= dx:—ln“—i_ﬁ
J a+ px B o
Néu 4p dung cong thic 25lvéia =0,b =1, f(x) = a+[3x ta dudc:
1 1 1 1. a+p
A =1 e |=A="21
ngrgo[nuc+,5+nuc+2,5+ +nuc+nﬁ] ﬁn o

b/ Ap dung cong thitc 25|véia = 0,b =1, f(x) = V1 + x ta dugc:

2
=30@v2-1)

I
o—_

Néu ap dung cong thic 2.4 véia = 0,b = 1, f(x) = /1 + x ta dudc:
B = hm—(l—f—\/l—i— ”_1> 2\f—1)
n—,oo 11

Bai tap 2.4. Tinh lim (% 0 @)

u
n—00 m

Dang 3. Tinh tich phan xac dinh (xem muc

Bai tap 2.5. Tinh cac tich phan:

e 2
a./ | Inx | (x +1)dx sin’ reost
/ 1+tg x)?
e
b./(xlnx)zdx e./arcsm Y dx
1+x
1

c/x —2x45)e” 2dx f. | cos™ xcos nxdx

0

O\NI:: <

Loi giai:
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56 Chuong 2. Phép tinh tich phdn mot bién sb

a/ Céac cau a,b,c dé, giai bang phuong phép tich phén ting phan. P4p sb nhu sau:

2 3
ec+5 5¢° — 2 144
[, = = ——r—, [.=98-— "+
a 4 7 b 27 4 c 98 \/E
d/
2 .,
I :/sm Xcosx
d ) (1+ tg?x)2
2
= /sin2 x. cos x. cos* xdx
0
2
= /sin2 x.(1 — sin? x)d(sin x)
0
_sin’(2)  2sin’(2) N sin”(2)
3 5 7
e/
3
_ X
Ie:/arcsm 1+xdx
0
3 3
= x arcsin /x ! ! ! dx
pum— 1 - . . 1 2
Yoo o 2ye Y
3
1 [ Vx
=7 — = d
& 2/x+1x

+
H-
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Bai tap 2.8. Ap dung két qua ciia bai tap (2.7 hdy chiing minh

v/ sin x
vsinx + y/cos x

4/ COS X

dx =
Vsinx + \/cosx

z
4

O\Nm
O\Nm
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f/
i
I, = /cos” X cos nxdx
0
1 /2 o
= — [ cos" xd sinnx
n
0
s 1 g
= ~cos" xsinnx| +-— / sin nx.n. cos" ! x. sin xdx
n 0 n
0
i
= /sinnx. cos" ! x.sin xdx
0
Suy ra
i 5
21, = /cos”xcos nxdx + /smnx cos" ! x.sin xdx
0 0
%
= /cos”_1 xcos(n —1)xdx
0
=1l
Vay theo phép truy hoi ta c6 I, = (%)H.IO = T
5 5
Bai tap 2.6. Tinh I, — / sin xdx,  Jn = / cos™ xdx
0 0
Dang 4. Chitng minh cic dang thic tich phan
Bai tap 2.7. Chiing minh réng néu f(x) lién tuc trén [0,1] thi:
3 7 T T
a//f(sinx)dx:/f(sinx)dx, b//xf(sinx g/ sinx)d
0 0 0 0
Loi gidi. Day 1a bai tap dé, cau a) dat t = 7 —x,concaub) ditt = — x. [
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Bai tap 2.9. Gia sit f(x) lién tuc trén [—a,al(a > 0), hdy chung minh
néu f(x) la ham s6 16 trén [—a, a]

a 0
I:/ x)dx = / P PR
J =) Z/f(x)dx néu f(x) la ham so chan trén [—a, a]
0

Bai tap 2.10. Cho f(x) lién tuc, chén trén [—a,a], chitng minh

[ fdx )
— = [ f(x)dx vdi0 < b #1
-]

—a
Ap dung tinh

1

1
" /1 e+ P

2% cos2x

x? | sinx |
2002x + 2*

1+2*

x, Iz= dx

|
Nltl\wm

|
Nltl\wm

b b
Bai tap 2.11. Chung minh /xm(a +b—x)"dx = /x”(a +b—x)"dx
a a

1
Ap dung tinh I, = /x2(1 — x)"dx va chiing minh
0

L1 1 2 1

—1)kCk, = —
k‘;)( ) "k+3 n+1 n+2+n+3

Dang 5. Chitng minh cic bat dang thic tich phan

Bai tap 2.12. Cho f(x),g(x) Ia hai ham sé kha tich trén [a,b]. Khi do f?(x),g*(x) ciing
khé tich trén [a,b]. Chitng minh bat ding thiic sau (a < b)

b 2 b b
( / f(x)g(x)dx> < ( / fz(x)dx>.< / gz(x)dx>

(Bat dang thic Cauchy-Schwarzt)
Loi gigi. Xét 2 truong hgp:

b b
TH1. Néu/fz(x)dx = /gz(x)dx = 0 thi:
a a

0<| /b Flx)g(x)dx| < /b F0)g()ldx < /b IR TP

Khi d6 ta c6 dau ” = ” xay ra.
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b
TH2. Néu it nhat mot trong hai tich phan / F2(x)dx,
a

b
tong quat ta gia st /fz(x)dx 40
a

b

/ ¢%(x)dx khac 0, khong mat tinh

a

b
Khi 6 [af(x) + g(x)]? > 0= / wf(x) + g(x)]2 > 0. Suy ra

b b b
</f2(x)dx> a2+ <2/f(x)g(x)dx) &+ /gz(x)dx > 0Va € R (2.6)

Biéu thtc 6 vé trai 1a tam thic bac 2 d6i véi o nén dung v6i moi & € R khi va chi

khi

2

N = (if(x)g(x)dx) (/bfz(x)dx> : (/bgz(x)dx> <0.

Ta c6 diéu phai chitng minh.

§3. CAC UNG DUNG CUA TICH PHAN XAC PINH

3.1 Tinh dién tich hinh phang

1. Trudng hop bién ctia hinh phang cho trong hé toa do6 Descartes (tinh dién tich "hinh

thang cong")

Néu S gidi han béi

Néu S gi6i han béi

thi

S

b

[ 1) =gl | ax

a

1S = [ 1o~y | dy

2.7

(2.8)
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(

a<x<b

y=0

Néu S gi6i han béi { thi|s = / Lp(t)g' (1) | dt 2.9)

X = @t
y=yt
Trong d6 gia thiét rang phuong trinh ¢(t) = a,1¥(t) = b c6 nghiém duy nhét 1a t;,t, va
9,9, 9" € Clty, o).

Bai tap 2.13. Tinh dién tich hinh phang gidi han bdi:

a/ Duong parabol y = x> + 4 va duong thang x —y +4 = 0.
b/ Parabol bac bay = x* va cdc duongy = x,y = 2x.
¢/ Duong tron x> + y*> = 2x va parabol y* = x
d/ Puongy* = x> — x*
Loi giai:
Cac cau a), b), ¢) ¢6 thé vé hinh va tinh toan dé dang nhu sau:

1
a.S=/[(x+4)—(x2+4)]dx:%
0
1

V2

b.S = [ (2x — x?)dx + /(2x — x3)dx =3
2

o

2
c.5:2/(\/4x—x2)—\/ﬂ)dx=27r—13—6
0

Riéng cau d) néu khao sat dé vé do thi dudng cong C : y> = x? — x* thi khéng du thdi gian
nén ta c¢6 thé ly ludn nhu sau: Trudc hét ta c6 diéu kién 0 < x < 1, va nhén xét rang
néu M(x,y) € C thi M'(£x,+y) € C.Do d6 S = 45(D), trong d6 D 1a mién gi6i han bégi:
0<x<1
y=vx2—x*
nita ham s6 y = v/x2 — x% lién tuc, y(0) = y(1) = 0 nén d6 thi cia né trong [0, 1] phai c6
hinh dang nhu hinh vé duéi day:

. Do mién D nam hoan toan trong hinh vuéng 0 < x < 1,0 <y <1, hon
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1
Ap dung cong thic 2.7ta ¢6 S(D) = / Va2 — xtdx
0

61
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62 Chuong 2. Phép tinh tich phdn mot bién sb

2. Truong hop bién cta hinh phang cho trong hé toa dé cuc (tinh dién tich ctia mién cé

dang hinh quat)
(
9=
ZIB 1 A
Néu S gi6i han bsi{ ¥ thi|S = > / 2 (¢)dg (2.10)
r=r(e) "
L 7(¢) € Cla, B]

Bai tap 2.14. Tinh dién tich hinh phang gidi han bdi duong hinh tim r*> = a? cos 2¢

Loi giai:
Khao sat va vé db thi ctia dudng cong trong toa d6 cuc va nhan xét tinh d6i xiing ctia hinh
ve ta co:

S =4S(D) = 4. [ r*(¢)de = a*

N =
S~ n

3.2 Tinh d6 dai duong cong phang
Truong hop dudng cong AB cho bdi phuong trinh y = f(x)

y=f(x) b
ABla<x<b  thils :/«/1+[f’(x)]2 2.11)
£ e Cla,b] @

Truong hop dudng cong AB cho béi phuong trinh tham sé:

x(t)

=y(t) B
ABa<t<pB thi|s = / VIO + [y (1)t 2.12)

x(t), y(t) € C{a, b] :
x2(t) + y(t) > 0Vt € [, ]

Truong hgp duong cong AB cho bdi phuong trinh trong toa doé cuc:

r=r(¢)
ABJa<@<B thi|s = / \/rz(qo) +12(@)de (2.13)

r(p) € C'[a, ]
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3. Cac ung dung ctia tich phdn xdc dinh 63

Bai tap 2.15. Tinh d¢ dai duong cong

a/y = In &£ khi x bién thién tir1 dén 2.

e*—1

x =a(cost+Intg L)

b/ khit bién thién tir %T dén %

y =asint
Loi giai:
a/ Tacé

X X 2 2x 1 2
”n . e e . e~ +
1+y (x)—1+<ex+1—ex_1> = (ﬁ)

Nén ap dung cong thic ta dudc:
_/2x+1 (t= / t+1 e+1
2x 1 2t(t—1) 2
b/ Ap dung cong thic ta co

3
2¢
x/Z(t) +y/2(t) _ az COS / C(.)S2 gt — aln
sin2 t sin“ t

3.3 Tinh thé tich vat thé

Truong hop vat thé dudce giéi han béi mot mat cong va hai mét phang x = a, x = b. Gia

||m

thiét ta biét rang dién tich S cta thiét dién cta vat thé khi cat béi mét phén x = x 1a
S(xp), va S(x) 12 ham s6 xac dinh, kha tich trén [a, b]. Khi d6

V= /S(x)dx (2.14)

Bai tap 2.16. Tinh thé'tich ctia vat thé la phan chung ctia hai hinh tru x> +y> = a*> va y* +
72 = a%(a > 0).

Lai giai: Do tinh déi xtiing nén V = 8V’ trong d6 V' = VN {x > 0,y > 0,z > 0}. Mot
diém M(x,0,0) € Ox, qua M ta dung thiét dién ctia V’ vudng géc véi Ox thi dude mot hinh
vudng c6 canh 1a va2 — x2, do d6 S(x) = a% — x2. Ap dung cong thitc 2,14 ta dudc

163
—8/a—x 3
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64 Chuong 2. Phép tinh tich phdn mot bién sb

Bai tap 2.17. Tim thé tich vat thé gidi han béi mét paraboloit z = 4 — y?, cdc mat phang
toa dé va mat phing x = a.

Loi giai: Sau khi vé hinh va ap dung cong thic ta co:

2
V= /S )dx ma S(x :/ :EnenV—Ea
/ 3 3

a<x<b
Trudng hop vat thé 1a vat thé tron xoay duge tao thanh khi quay hinh thang cong < y = 0

y=flx)
quanh truc Ox, trong d6 f € Cla, b] thi

b
V:n/j%@M 2.15)

Tuong tu, néd vat thé 1a vat thé tron xoay dudc tao thanh khi quay hinh thang cong
c<y<d
x=0 quanh truc Oy, trong d6 ¢ € C|c, d] thi

x=9(y)

V= n/ @*(y)dy (2.16)

c

Bai tap 2.18. Tinh thé tich khéi tron xoay tao nén khi quay hinh gidéi han béi cdc duong
y=2x—x*vay=0.
a/ quanh truc Ox mot vong b/ quanh truc Oy moét vong.

Loi giai:
a/ Ap dung cong thic ta dudgc:
2
V= n/(2x—x2)dx:
0

b/ Ap dung cong thic ta dudc:

ver [(1+VTg) dy—n [(1-VTy) dy =

0 0
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3. Cac ung dung ctia tich phdn xdc dinh 65
3.4 Tinh dién tich mat tron xoay
a<x<b
Cho hinh thang cong gi6i han béi < y =0 v6i f € Cl[a,b]. Quay hinh thang cong
y=fx)

nay quanh truc Ox thi ta dudc mot vat thé tron xoay. Khi d6 dién tich xung quanh cta vat

thé dugc tinh theo cong thiic:

b
5= 27'(/ | F() | /14 F2(x)dx 2.17)
a
c<y<d
Tuong tu néu quay hinh thang cong { x = 0 v6i ¢ € Cl[c,d], quanh truc Oy thi:
x=¢(y)
d
S = 27'(/ | o(y) | \/1+ ¢ (y)dy (2.18)
C

Bai tap 2.19. Tinh dién tich mat tron xoay tao nén khi quay cac duong sau
a/y =tgx,0 < x < 7 quanh truc Ox.
2
b/ Z—; + % =1 quanh truc Oy(a > b)

¢/ 9y* = x(3 — x)?,0 < x < 3 quanh truc Ox.
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66 Chuong 2. Phép tinh tich phdn mot bién sb

Loi giai:
a/ Ap dung cong thic ta co:

tg x\/l + (14 tg? x)dx

t/ 14 (1+12)2.

Pz (dat t = tgx)

1+ (1+1¢2)2
14 t2

V14 s?

A+ 1)

ds (dats=1+t)

B I, vV5-1 V5+1
—ﬂ.{\/g—\/i—l-—[ln\/i_l—ln\/i_’_l}}

b/ Nhén xét tinh dbi xtng ctia mién va ap dung coéng thic ta co:

b
_ a e “a_ ¥y
S—2.27T/b b*—y 1+(b. bz—yz) dy
0
b
_ 477 4 2 _ p2)y2
—47tb/\/b + (a2 — b?)y*dy
0

4

b
b
—amp a0 [y pay(datp— )
0

b
:4n%\/a2—bz.%[y\/yZJrﬁJrﬁln|y+\/}/2+/3|} o
(/ y2+ﬁdy=%[y\/y2+ﬁ+ﬁln|y+\/y2+ﬁID
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4. Tich phén suy rong 67

¢/ Trude hét

_ . _ a2
9y2 — x(3 _ x)2:18yy/ — 3(3 _ x)(l _ x):y/ — (3 x;;]- x) :>y/2 — (1 4xx)

Nén ap dung cong thic 2.17 ta co:

3 3
B Vx(3 —x) (1—x)2, 1/ B
S—ZNO/f. 1+ I dx—27t.80 (B—x)(1+x)dx =37

§4. TICH PHAN SUY RONG

Khi dinh nghia tich phan xac dinh, ching ta da xét cac ham s6 xac dinh trén mot doan
hitu han [a,b] va bi chén trén doan d6. Trong phan nay ching ta s& md rong khai niém
tich phan, tu do dua vao khai niém tich phan suy rong véi can vo6 han va tich phan cta
ham s6 khong bi chén.

4.1 Tich phan suy rong véi can vo han

Gia st f(x) 1a ham sb x4c dinh trén khoang [a, +0)] va kha tich trén moi doan hitu
han [g, A], (a < A < +00).

A

Dinh nghia 2.6. Gidi han cia tich phan / f(x)dx khi A — +o0 dugc goi la tich phan suy
a

rong ciia ham s6 f(x) trén khodng [a, +-o0) va ky hiéu nhu sau

+oo A
/f(x)dx: lim /f(x)dx

A—+o00

—+00
Néu gidi han nay ton tai hitu han ta noi tich phan suy rong / f(x)dx hoi tu. Ngugc lai,
a
néu khéng ton tai gidi han nay hodc gidi han bang vé cung ta noi tich phan do phan ky:
Tuong tu ta dinh nghia tich phan ciia mét ham sé f(x) trén cac khodng (—oo,a] va
(—00, 4-00) béi cac cong thic sau
a a +00 A
/ f(x)dx = lim /f(x)dx va / f(x)dx = lim /f(x)dx
—00 A —00

A—r— A—~+00,A'—+—00
A/
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68 Chuong 2. Phép tinh tich phdn mot bién sb

Ta c6 thé viét

7}@MX=7ZWMx+7f&Mx

khi hai trong ba tich phan néi trén hoi tu.

Qua céac dinh nghia trén ta thay ring tich phan suy réng 1a giéi han cta tich phan xéac
dinh (hiéu theo nghia théng thuong) khi cho can tich phan dan t6i vo cung. Do d6 c6 thé
dung coéng thic Leibniz d€ tinh tich phan, sau d6 cho can tién ra vo cung.

ki hiéu
F(+o0) = lim F(A)
A—o0
thi c6 thé viét
/s )~ F(a) = F(x)|~
o dx
Vidu4.l. 1. Tinh tich pha /
1w 1l el phan A xInx(Inln x)?2
e
Ta co
A A
/ dx = — ! A—l— nén:>hm/ dx _ !
) xInx(Inlnx)2~  Inlnx|, 2 InlnA Ao ) xInx(Inlnx)2  In2
e e
Vay
+oo
/ dx 1
/ xInx(Inlnx)2  In2
e
o dx
2. T]hb tI/Cb pbén / m
Trudc hét ta tmb/ 2+1 5, ditx = tgt = (1fj§2)2 = 1+’i;2t = cos? tdt,
A arctg A
/ / 1+cos2t (t N sinZt) arctgA
. el TR
A’ x + 1 arctg A’ 2 2 4 arctgA!
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4. Tich phén suy rong 69

Khi A — 400, A" = —oo thiarctg A — Z;arctg A" — -5 , suyra
—+00

/ dx _ £+sin2t 2
(x2+1)2 \2 4

NI

0 0
3. /xsinxdxz lim /xsinxdx: lim (—xcosx +sinx)|% = lim (AcosA —sinA)

A——oco A——o0 A——o0
A

Gidi han nay khéng tén tai, do do tich phan phan ky.
4. Xét su hoi tu cua tich phan
X%

Tich phan suy rong I hoi tu khi va chi khi « > 1, va phan ky khi va chi khi o« < 1.

4.2 Tich phan suy réng ctia ham sé khong bi chan

Gia st f(x) 1a ham sb x4c dinh trén khoang [a, b) va kha tich trén moi doan [a,t], (t < b
bat ky), va lirrb f(x) = co. Piém x = b dudc goi 1a diém bat thuong (diém ky di) ctia ham sb
x—

f(x).
Dinh nghia 2.7. Gidi han cuda tich phan / f(x)dx khit — b~, dugc goi la tich phan suy

a
rong ciia ham s6 f(x) trén khoang [a,b) va dugc ky hiéu nhu sau:

[ s = i | 0

Néu gidi han J vé phéi tén tai, ta noi tich phan suy rong héi tu. Nguoc lai néu khéng tén
tai gidi han nay hodc gidi han bang vé cung, ta noi tich phén phan ky.

Tuong tu ta dinh nghia tich phan suy rong ctia ham sb f(x) khong bi chén trén khoang
(a,b] va (a,b) 1an lugt nhan x = a va x = b lam diém bét thuvng.
b

/f / x)dx va /f t_m1+i’1;11r1_>b_/tlf(x)dx

t

D6i véi tich phan c6 hai diém bat thuong x = a,x = b, ta c6 thé viét

/bf(x)dx = /Cf(x)dX+ /bf(X)dx

khi hai trong ba tich phan néi trén hoi tu.
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70 Chuong 2. Phép tinh tich phdn mot bién sb

Vidu4.2. 1. Xétsu hoi tu cua tich phan
. p \/T

= lim arcsin x

/ dx lim dx
. \/1—x2_t—>—1t 1 — x2 t——1

= lim (—arcsint) =
t——1

= lim = lim arcsin x

1
/ dx
. 1—x t—>10 V11— x2 t—1

. ) T
= limarcsint = —
t—1 2

0

1 0 1
dx
_/1\/1—x2 _/1\/1—x2 s V1=

1
i ? e A d
2. Xeét su hoi tu cua tich phan I = x—f

7T

0
Tich phan suy rong 1 hoi tu khi va chi khi « < 1, phan ky khi va chi khia > 1.

4.3 Tich phan suy rong héi tu tuyét d6i va ban héi tu
Pinh ly 2.19.

+o00 +0o0
o Néu / F(x)|dx héi tu thi / F(x)dx héi tu

o Néu / f(x)|dx (cG diém bat thuong I a hoge b) hoi tu thi / F(x)dx ciing héi tu
Pinh nghia 2.8.

[e's) ~+o00 00
o Néu / |f(x)|dx héi tu thi ta néi / F(x)dx hoi tu tuyét déi, con néu / F(x)dx héi tu
a

(e “+o0
nhung / |f(x)|dx phan ki thi ta ndi / £ (x)|dx ban héi tu.
a

o Néu / |f(x)|dx (co diém bat thuong la a hodc b) héi tu thi ta noi /f(x)dx hori tu

b
tuyét doi, con néu /f(x)dx hoi tu nbtmg/|f(x)|dx phéan ki thi ta noi / |f(x)|dx
a

a
ban hoi tu.
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4. Tich phén suy rong 71

4.4 Cac tiéu chuan héi tu
DPinh 1y 2.20 (Tiéu chuan so sanh).
1. Cho hai ham s6 f(x) va g(x) kha tich trén moi khodang hitu han [a, A](a < A) va
0< f(x) < g(x),x > a

Khi dé
+oo +oo
i) Néu / ¢(x)dx héi tu thi / F(x)dx héi tu
a a
+o0 oo
ii) Néu / F(x)dx phan ky thi / ¢(x)dx phan ky
a

a

2. Giz st f(x) va g(x) la hai ham sé kha tich trén moi doan hitu han [a, A](a < A) va
—+00 —+00

tim £) — k(0 < k < +o0). Khi d6 cdc tich phan / F(x)dx va / ¢(x)dx hodc cing

a

X—+o0 g(x)

hoi tu, hodc cung phan ky.

Hé qua 2.3. Cho f va g la hai ham sé duong kha tich trén [a, +c0). Khi do

+o00 +00
7. Néu tim 2% — 0 va néu / ¢(x)dx héi tu thi / F(x)dx héi tu.
X—r 00 g(x)
a a
f(x) T T
2. Néu ngmg(T) = +o00 va néu / g(x)dx phan ki thi / f(x)dx phéan ki.
a a

Tuong tu ching ta ciing cé cac tiéu chuin hoi tu cho trusng hdp tich phan suy rong ctia
ham s6 khong bi chan.

Dinh ly 2.21 (Tiéu chuin so sanh).

1. Cho hai ham s6 f(x) va g(x) kha tich trén (a,b] va cd cung diém bat thudng la x = a
sao cho
0< f(x) < g(x),¥x € (8]

Khi do

b b
i) Néu / ¢(x)dx héi tu thi / F(x)dx héi tu
a a
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72 Chuong 2. Phép tinh tich phdn mot bién sb

b b
ii) Néu / F(x)dx phan ky thi / ¢(x)dx phén ky
a a

2. Gia sir f(x) va g(x) la hai ham s6 duong kha tich trén (a,b] va co cung diém bat
thuong x = a. Néu ton tai gidi han

im@: 00
xl_m+ () k(0 < k < +o0)

b b
Khi dé cdc tich phan / F(x)dx va / 2(x)dx hode cung hoi tu, hodc cung phan k.
a a

Hé qua 2.4. Cho f va g la hai ham sé duong kha tich trén (a,b] va cd cung diém bat
thuong x = a. Khi do

b b
1. Néu tim 2% 0 va néu / ¢(x)dx hoi tu thi / F(x)dx hoi tu.
x—at g(x)
a a

b b
2. Néu tim £%) = 4o va néu / ¢(x)dx phan ki thi / F(x)dx phan ki.
x—at § (x)
a a
Chu y:
e Khi xét dén tinh chat hoi tu hay phan ki ctia mét tich phan suy rong, néi chung
ching ta chi "quan tdm" t6i ddng diéu ctia ham sb tai cac diém bat thuong.

e Khi st dung tiéu chuén so sanh ching ta thudng hay so sanh céc tich phan suy rong
da cho véi hai loai tich phan suy rong sau:

+o dy | hoi tu néu x> 1
a) Il :/
a

X* | phankinéu «<1

7

b dx héi tu néu o < 1 b dx hoi tu néu o < 1
b) b= ——— i 7
27 ( a (b

x—a) phan ki néua > 1 a —x)* phan ki néua > 1

4.5 Bai tap

Bai tap 2.20. Xeét su hoi tu va tinh (trong truong hop hi tu) cac tich phan sau:

0 +oo
a. /xexdx b. /cosxdx
— 00 0
%) 1
c 7 dx d/ dx
'_Oo (x2+1)2 ' / V(1 —x)
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4. Tich phén suy rong 73

0 0

Loigigi.  a. / xefdy = e (x —1)] =1
+oc0 oo
b. / cosxdx =sinx| . Do khong ton tai giéi han ET sin x nén tich phan da cho
X (o]
0 0
phan ki.
+o0 2
dx too dx o N 2
1 3 1
dx dx
d / ,/ a_» / 1 +/ 1
: —X) ; x(1—x) % x(1—x)
—_—
L —

e 1z . . . 1 1
— Xét tich phan I; ¢6 diém bat thuongla x = 0. Khi x - 0, —— Mat
Vx(1—x) \/_

1
khac tich phan / d_x hoi tu nén I; hoi tu.
NE

0
1

- Xét tich phan I, c¢6 diém bat thuong 1a x = 1. Khi x — 1, ~ )
P ? g Vx(l—x) V1—-x

1

dx
" vV1—x

hoi tu nén I, hoi tu. [

Mat khac tich phan

Vay I = [ + I, hai tu.
dx

ta thuc hién phép doi
(x —a)(b—x)

Trong truong hop tong quat, mudn tinh I = / Vi

bién
x = acos? ¢ + bsin’ ¢

sé chuyén I vé tich phan xac dinh
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74 Chuong 2. Phép tinh tich phdn mot bién sb

Bai tap 2.21. Xeét su hoi tu cua cac tich phan suy rong sau

1 1 1
. / dx b Vxdx . / Vxdx
S otgx—x ©J esiny —1 1— x4
0 0 0
B J]ooln(l + x)dx . 706_"2 " P 70 x%dx
' / x ’ / x2 ’ / xt—x2+1

Loi gidi.  a. Tich phan da cho c6 diém bat thudng 1a x = 0 va

w11
—0tgx—x x5 3

1

1
Mac khac / d_;c phén ki nén / ax
, x tgx —x

ciing phan ki.

b. Tich phan da cho c6 diém bat thuong lé x =0vakhix — 0,5 —1 ~ sinx ~ x nén

esmx esmx _ 1

L — D /— hoi tu nén M cting hoi tu.
0

c. Tich phan da cho c6 diém bat thuong 14 x = va khi x — 1 thi

i JF o
VI—Z JO—-0)(0+x+22+x23) 2y/T—x

1

dx Vxdx
Do / héi tu nén / ——— cung hoi tu.
VT R T SR
n(1+x) 1 d (1 + x)d
d. Tac6u>gvéimoix>e—1.Mé/Yxphénkinén/nfxxcﬁng
1
phan ki.

2 +oo
1 . . y ) dx . .
< — v6imoi x > 0. Mat khac / — hoi tu nén
X X
0

L2 e e
e. Tacoe™ < 1v6imoix > 0nén ——

xz
—+o00
=
x2
1

f. Khi x — +o0 thi

2

dx cting hoi tu.

2

x .
T S nén tich phan da cho hoi tu. -
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4. Tich phén suy rong 75

Bai tap 2.22. Néu / f(x)dx hoi tu thi co suy ra dugce f(x) — 0 khi x — +o0 khong?

—+00
Loi gidi. / F(x)dx hoi tu khong suy ra duge f(x) — 0khix — +co. Vi du nhu / sin(x2)dx

0
hoi tu (Xem bai tap 2.24) nhung khéng ton tai giéi han lim sin(x?). n

X—r+00

Bai tap 2.28. Cho ham s6 f(x) lién tuc trén [a, +0) va lim f(x) = A # 0. Hoi / f(x)dx

X—r 400

co hoi tu khong?

Lo gidi. Theo gia thiét lim ) — 1, ma / Adx phan ki nén / F(x)dx ciing phan kim

x——+o0 A

Bai tap 2.24. Xét su hoi tu cda cdac tich phan suy rong sau
400 +00 +oo

a. /sin(xz)dx b. /e_xzdx c. / (1—cos§) dx

0 0 1
1 ) 2 1
d / xTdx e. /(tgx)”dx f. /xp_l(l — x)7 tdx
o/ (1 — x2)°
0 0 0
+o0 1
g /x"’ le=dx h. / f(x)dxz (f € Cl0,1])
" " 1—x

Loi gidgi. a. Thuc hién phép ddi bién x = /t,dx = dua tich phan da cho vé dang

-
23/t

Q.g
]
BE

Ta c6 thé viét

Vi lim sinf _ = 0 nén tich phan I; thuc chat la tich phan xéc dinh nén hoi tu, do dé chi

t=0 +/t

can xét I.
+oo +oo
/ t L / d(cost)  cost
\f ) Wi Vi
7 7

75
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76 Chuong 2. Phép tinh tich phdn mot bién sb
(o1 T cost
Vi % < A nén / %dt hoi tu. Vay ta ¢6 I ciing hoi tu va tich phan da cho
%
hoi tu.
+o00 +0o0
b. Tacé véix > 1thie ™™ < e * ma / e *dx = ¢~ ! héi tu nén / e~*’dx cling héi tu.
1 0
2 1 2 7 2
. Khix — +00,1— cos = = 2sin® — ~ — nén / (1—cos—) dx hoéi tu.
X X X X
1
1
d. Khix — 1 x = x ! nén / xdx
' Y- Y-+ V3231 x)° S /(1 —a2)
hoi tu.

T

. Truée hét ta c6 nhan xét rang I = / ? (tg x)Pdx c6 diém bat thudngla x = 0khip < 0
0

véx:gkhip>0.

Ccos X
sin x

- Néup < 0thikhix — 0, (tgx)" =
va phan ki néu p < —1.

-r 1 . A
) ~ ﬁnénIhcfntuneu—l <p<0

p
sin x ) P sin x 1
sin

COS X <g_x) ~ <g_x)r7

Két luan: /z(tgx)l"dx hoi tu khi |p| < 1 va phan ki khi |p| > 1.
0

— Néu p > 0 thi khi x — g, (tgx)? = <

nénIhc}itunéuO<p<1véphénkinéup21.

. Truéc hét ta c6 nhan xét ring néu p < 1 thi x = 012 diém bat thudng, con néu g < 1

thi x = 1 14 diém bat thuong. Phan tich

xPH 1 —x) 1 Y+ [ P71 — x)7 dx

O\N\H

1
I= /xp_l(l —x)7 tdx =
0

Nl=
—_

-
NV -
L };

I; chi héi tu khi 1 — p < 1, nghia la p > 0; con I, chi héi tu khi 1 — g < 1, nghia la
g > 0. Vay I chi hoi tukhi p > 0,49 > 0.

g. Néu p > 1 thi tich phan da cho chi c6 diém bat thuong tai +oco va

) . 1 ) xP+1
lim [xP~le™]: — = lim
X—>+co0 X x—+4oo ¥

=0
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4. Tich phén suy rong 77

nén / xP~le=*dx hoi tu.
X——+oo

Néu p < 1 thi x = 0 cling 12 mot diém bat thusng. Ta cé

+o0 1 +o00
/xp_le_xdxz/x”_le_xdx-i— / xP e ¥dx
0 0 1

-~ -~
\ \~

I I

Tich phan I hdi tu khi p > 0 va I, hoi tu véi p bat ki.

—+00
Vay / xP~1le~*dx hoi tu néu p > 0.
0

h. Mic du tich phan da cho 1a tich phan suy rong c6 diém bat thuong 1a x = 1 nhung ta
c6 thé dua I vé tich phan thuong bang cach ddi bién. Dit x = sin 6, trén [0, c] ta c6

1 c arcsinc

fEdx L f)dx
m c—>1*O m c—1-

Vi f 1a mét ham s6 lién tuc trén [0, 1] nén ham hgp f(sin ) 1a mét ham sb lién tuc va
bi chan trén [0, g va tich phan d cho 1a tich phan xéc dinh nén héi tu. .

f(sin6)d6

I
=
=
—
©w
-
=}
>
N—
[
S2)
Il
O\Nm

0

Bai tap 2.25. Tinh cdc tich phan suy rong sau

—+o00 —+o00 —+o00 dx
a. / e~ sinbxdx b. / e~ cos bxdx c. /
1+ x4
0 0
o asin bx + b cos bx Foo b
Lal gldl a. 0/ e_ax Sin bxdx = — az T b2 —ax . = m
o bsinbx — a cos bx oo b
b. J e_“x COS bde = az T b2 e_“x . = m
.A a4 1 ,
¢. Thuc hién phép doi bién x = n ta co
+o00 +o00 —+o00
[ / dx / t2dt / x2dx
I e A T A T
0 0 0
Do d6
too +oo +oo +oo 14+ l dx
oy — dx N x2dx / (1+x?)dx / x2
) 14 1+x% T+x4 , 1
0 0 + 2
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Chuong 2. Phép tinh tich phdn mot bién sb

1
Lai datz = x — p ta dudc

400 T

—+o00
I—l/ z _ 1 arc’ci =
2J 72427 22" VAl 22
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CHUONG 3

HAM SO NHIEU BIEN SO

§1. GIOI HAN CUA HAM SO NHIEU BIEN SO

1.1 Gidi han cua ham s6 nhiéu bién so

e Tanéirang day diém {M, (x,,y,)} dan t6i diém My(xo, yo) trong R? va viét M,, — My

khi n — 400 néu EIE d(M,, My) = 0 hay néu x,, — xo, Yn — Yo.
n o)

e Gia stt ham s6 z = f(M) = f(x,y) x4c dinh trong mét 1an can V nao d6 cta diém
Mo (x0,10), c6 thé trir tai diém My. Ta néi rang ham sb f(x,y) c6 giéi han 1a I khi M
dan dén My néu véi moi day diém M, (x,, y,) thudc 1an can V dan dén M, ta déu cé

lim f(xn,yn) =1

n— o0
Khi d6 ta viét
(x,y)lir{}co,y())f (v,y) =Thay lim f(M)=1
e Khai niém giéi han v6 han ciing dude dinh nghia tuong tu nhu d6i véi ham s6 mot

bién so.

e Céc dinh 1y veé gidi han caa téng, hiéu, tich, thuong d6i véi ham sé6 méot bién sb cling
ding cho ham s6 nhiéu bién s6 va dude chiing minh tuong tu.

Nhan xét:

e Theo dinh nghia trén, muén chiing minh su ton tai cta giéi han ctia ham s6 nhiéu
bién s6 1a viéc rat khé khdn vi phai chi ra lirf f(xn,yn) = 1 v6i moi day sb {x, —
n——+oo
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80 Chuong 3. Ham sb nhiéu bién sb

x0}, {yn — yo}. Trong thuc hanh, muén tim giéi han ctia ham s6 nhiéu bién sb,
phuong phap chiing minh ch#l yéu 1a danh gia ham s6, dung nguyén ly giéi han kep
dé dua ve giéi han ctia ham s6 mot bién sb.

e Vi chiéu ngudc lai, muén chiing minh su khong ton tai giéi han ctia ham s6 nhiéu
bién s0, ta chi can chi ra ton tai hai day {x, — xo,y» — yo} va {x}, — x0,y}, = vo}
sao cho

Hm f(xn, yn) # Lm f(x,y;)

n——+oo n——+o0
hodc chi ra ton tai hai qud trinh (x,y) — (xo,y0) khdc nhau ma f(x,y) tién téi hai
gi6i han khac nhau.

1.2 Tinh lién tuc cua ham s6 nhiéu bién so

e Gia st ham s6 f(M) x4c dinh trong mién D, M 1a mét diém thudc D. Ta néi rang
ham sb f(M) lién tuc tai diém M, néu

Jim £(M) = £(Mo)

Néu mién D déng va M la diém bién cta D thi limy_ a1, f(M) dude hiéu la giéi han
ctia f(M) khi M dan téi My & bén trong ctia D.

e Ham s6 f(M) dudc goi 1 lién tuc trong mién D néu né lién tuc tai moi diém thudc
D.

e Ham s6 nhiéu bién s6 lién tuc ciing ¢6 nhitng tinh chat nhu ham s6 mét bién so6 lién
tuc. Chéng han, néu ham s6 nhiéu bién s6 lién tuc trong mot mién déng, bi chan thi
n6 lién tuc déu, bi chin trong mién ay, dat gia tri 16n nhat va gia tri nhé nhét trong
mién dé.

1.3 Bai tap
Bai tap 3.1. Tim mién x4c dinh cta cac ham sb sau

a.z:; b.z:\/(x2+y2—1)(4—x2—y2)

VxZ+y?—1
-1
c.z=arcsiny7 d.z = /xsiny

Bai tap 3.2. Tim giéi han (néu c6) cia cac ham so sau

2 2

X% — .
a.f(x,y):ﬁzz(x%O,y%O) b. f(x,y) = sin

a (x = 00,y — )
2x+y &
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2. Pao ham va vi phdn 81

Loi gigi. a. Néu cho (x,y) — (0,0 theo phuong ctia dudng thang y = kx thi ta c6

-k 1-k 1-k .
f(x,kx)—x2+k2x2—1+k2—>1+k2kh1x—>0

Vay khi (x,y) — (0,0 theo nhitng phuong khéc nhau thi f(x,y) dan téi nhiing gidi
han kh4c nhau. Do d6 khéong ton tai  lim  f(x,v).
(xy)—(0,0)

b. Néu cho (x,y) — (0,0 theo phuong ciia dusng thang y = kx thi ta c6

f(x,kx) = sin M _in — sin khi x — 0

s T
2x + kx 24k 24k

Vay khi (x,y) — (0,0 theo nhitng phuong khéc nhau thi f(x,y) dan téi nhiing gidi
han kh4c nhau. Do d6 khéong ton tai  lim  f(x,v). ]
(xy)—(0,0)

§2. PAO HAM VA VI PHAN

2.1 Dao ham riéng

e Cho ham s6 f(x,y) xac dinh trong mét mién D, diém M(xg,yo) € D. Néu cho y = yq,
ham s6 mét bién s6 x — f(x,1o) c6 dao ham tai diém x = x; thi dao ham d6 goi la

of

dao ham riéng ctia f vdi bién x tai My va duge ki hiéu la = hay e f (x,v).

0x Ax—0 Ax

8_f — lim f(X() + AnyO) - f(xOr]/O)

e Cho ham sb f(x,y) x4c dinh trong mét mién D, diém M(xg, 1) € D. Néu cho x = x,
ham s6 mot bién s6 x — f(xo,y) c6 dao ham tai diém y = yo thi dao ham d6 goi la

dao ham riéng ctia f véi bién x tai My va duge ki hiéu la of hay 3 f (x,v).

f _ iy fXo Yo+ Ly) — f(xo,0)
dy  Ay—0 Ay

Chu y: Cac dao ham riéng cia cac ham s6 n bién s6 (véi n > 3) dude dinh nghia tuong tu.
Khi can tinh dao ham riéng ctia ham s6 theo bién sb nao, xem nhu ham sb chi phu thuéc
vao bién d6, con cac bién con lai 14 c4c hing s6 va 4p dung céc quy tic tinh dao ham nhu
ham s6 mot bién sb.
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82 Chuong 3. Ham sb nhiéu bién sb

2.2 Vi phan toan phan

e Cho ham s6 z = f(x,y) xac dinh trong mién D. LAy céc diém My (xg,vo) € D, M(xo +
Axo,y0 + Ayo) € D. Biéu thitc Af = f(xo + Axo, yo + Avo) — f(x0, yo) (X0, yo) duge
goi 14 s6 gia toan phan cta f tai My. Néu nhu c6 thé biéu dién s6 gia toan phan dudi
dang

Af=AANx+BAy+aly+BAy
trong d6 A, B 1a cac hang sb chi phu thuéc xo, Yo con «, f — 0 khi M — M), thi ta néi
ham s6 z khd vi tai My, con biéu thitcc A. A x + B Ay +a Ay dude goi 1a vi phan toan
phan ctia z = f(x,y) tai My va dugc ki hiéu 1a dz.
Ham s6 z = f(x,y) dudc goi 1a kha vi trén mién D néu né kha vi tai moi diém cta
mién Ay.

e D6i v6i ham sb6 mét bién sd, su ton tai dao ham tai diém x, tuong duong véi su kha
vi ctia n6 tai xg. P6i véi ham s6 nhiéu bién s6, su ton tai cia cac dao ham riéng tai
My(x0, o) chua dt d& né kha vi tai My (xem bai tap [3.3). Dinh Iy sau day cho ta diéu
kién dt d& ham s6 z = f(x,y) kha vi tai M.

Dinh 1y 8.22. Néu ham s6 f(x,y) co cdc dao ham riéng trong Ian can ciia My va néu
cac dao ham riéng do lién tuc tai M thi f(x,y) kha vi tai M va

dz = fy Ax+ fy Ay

2.3 Pao ham ctia ham s6 hdp
Cho D 14 mét tap hop trong R? va cac ham sbé
D% o) cR2 LR
va F = f o ¢ 12 ham s6 hop ctia hai ham s6 f va ¢:

F(x,y) = f(u(x,y), o(x,y))

Pinh 1y 8.23. Néu f cd cdc dao ham riéng af of Ilién tuc trong ¢(D) va néu u,v cd cdc

dao ham riéng gu g;; gv g; trong D thi ton tai cdc dao ham riéng gP 31; va

OF _ af u , af v

5 gfgx 3”3x (3.1)

dy  du By 90 dy
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83

Cong thuc c¢6 thé dudc viét dudi dang ma tran nhu sau

oF oF of af\ | ox
ox dy ou Jv a_v

trong d6 ma tran
ou

ox

Jv

ox

ou B_u

Iy

a_v

ox 9y
ou
ay
Jv
dy

dudc goi 1a ma trdn Jacobi cia anh xa ¢, dinh thic cia ma tran ay dudc goi la dinh thic

Jacobi cta u,v véi x, y va dudc ki hiéu 1a

. D(u,0)
D(x,y)

2.4 Pao ham va vi phan cap cao

e Cho ham sb hai bién s6 z = f(x,y). Cac dao ham riéng f., fy’ la nhitng dao ham riéng

cap mot. Cac dao ham riéng cua cac dao ham riéng cap mot néu ton tai dudc goi la

nhitng dao ham riéng cap hai. C6 bon dao ham riéng cap hai dudc ki hiéu nhu sau:

of

ox

d
ox
3 (of
5 (5) -
J
a_

() -
ay (gjyc)

82

aszc frx" (%, )
aZ
aygx fyx”(x Y)
azf _ ”
axay —fxy (X,y)
azf V4

y fyy (x,y)

Cac dao ham riéng ctia cac dao ham riéng cap hai, neu ton tai, dudc goi la cac dao

ham riéng cap ba, ...

DPinh 1y 8.24 (Schwarz). Néu trong mét Ian can U nao do cia diém My(xo, yo) ham

s6z = f(x,y) ¢d cdc dao ham riéng fv,”,

MO tb.i fxy” — fyx” taj MO.

fyx” va néu cac dao ham riéng ay lién tuc tai

e Xét ham s6 z = f(x,y), vi phan toan phan ctia né dz = fldx + fydy, néu ton tai, cling

14 mot ham so véi hai bieén s6 x,y. Vi phan toan phan cta dz, néu ton tai, dude goi la

vi phan toan phan cip hai cta z va dudc ki hiéu 1a d2z. Ta c6 coéng thic

A%z = fo"dx® + 2fy,"dxdy + fy," dy?

83



84 Chuong 3. Ham sb nhiéu bién sb

2.5 Dao ham theo hudng - Gradient

e Cho f(x,y,z) 12 mot ham s6 x4c dinh trong mét mién D € R3 va [ = (I1,1Ip,13) 1a mot
vécto bat ki trong R3. Giéi han, néu cé,

(Mo + D) — (M)
t—0 t

) - 0
dugc goi 1a dao ham ctia ham so f theo hudng I tai My va duge ki hiéu la a—]l_f,(Mo).

Néu Ttrfmg v6i vécto don vi i ctia truc Ox thi dao ham theo huéng I chinh 1a dao ham
riéng theo bién x ctia ham f

of _of
a_T(MO) = a(Mo)

Vay dao ham riéng theo bién x chinh 14 dao ham theo huéng cta truc Ox, ciing nhu
of of
dy’ oz
ta moi lién hé giita dao ham theo huéng va dao ham riéng:

vay, 1a cac dao ham cta f theo huéng cta truc Oy va Oz. Pinh ly sau day cho

DPinh 1y 8.25. Néu ham s6 f(x,y,z) kha vi tai diém Mo(xo,yo,z0) thi tai My co dao
ham theo moi hudng| va ta cé

%;(Mo) = %(Mo) cos o + %(Mo) cos B+ g—jzr(Mo) cos 7y

trong do (cos a, cos B, cos y) la cosin chi phuong cia I,

e Cho f(x,y,z) 1a ham sb c6 cac dao ham riéng tai My(xo, yo, zo). Ngudi ta goi gradient
cua f tai My la vécto
(o), o), L o))
va duge ki hiéu 12 grad f(Mo).
Dinh 1y 8.26. Néu ham s6 f(x,y,z) kha vi tai M thi tai do ta co

% (My) = gradf T

s a 2 . A . A . o < A . 2, 7 < A ~
Chuy: a—]l:(Mo) thé hién toc do bién thién ctia ham so f tai My theo hudng I. Tt cong thic

%(Mo) = aif.f: ‘gr?if‘ m.cos <aif,f) ta co

e z - R — \
‘grad f ) m neu / ¢c6 cung phuong véi grad f. Cu thé

dat gia tri 16n nhat bang

of
BT(MO)
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2. Pao ham va vi phdn 85

e Theo huéng I, ham sb f tdng nhanh nhat tai My néu Ieo cung phuong, cung huéng
v6i grad f.

e Theo hudéng I, ham sb f gidm nhanh nhat tai My néu I 6 cung phuong, ngudc huéng
v6i grad f.

2.6 Ham an - Dao ham cuaa ham s6 an

e Cho phuong trinh F(x,y) = 0 trong d6 F : U — R 1a mét ham sb c6 cdc dao ham
riéng lién tuc trén tap mé U C R? va Fj(xo, yo) # 0. Khi d6 phuong trinh F(x,y) = 0
xac dinh mot ham sb 4n y = y(x) trong mot 1an can nao dé cia xp va c6 dao ham

F/
V() =—%
y

e Tuong tu, cho phudng trinh F(x,y,z) = 0 trong d6 F : U — R 1a mot ham s6 c6 cac
dao ham riéng lién tuc trén tAp mé U C R3 va F.(xo, yo,20) # 0. Khi d6 phuong trinh
F(x,y,z) = 0 xac dinh m6t ham s6 4n z = z(x, y) trong mét 1an can nao dé ctia (x, o)
va ¢6 dao ham

2.7 Bai tap

Bai tap 3.3. Chiing minh rang ham sb

fo) xzxifyz néu (x,y) # (0,0)

0 néu (x,y) = (0,0)

c6 cac dao ham riéng tai (0,0) nhung khong lién tuc tai (0,0) va do d6 khéng kha vi tai
(0,0).

Bai tap 3.4. Tinh cac dao ham riéng cia ham so6 sau

a)z=ln<x+\/x2+y2) b)z=yzsin§ Q)z=2x"

xz_yz z 222 12 2
d) z = arctg Y e)u=2x",(x,y,z>0) ) u = e 72, (x,y,z > 0)
Loi gidi.  a.
14+ ——2— z
S Va2+2 1 S N
=

PN e N R A A RN .
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86 Chuong 3. Ham sb nhiéu bién sb

b.
, x . X X
zx:ycosg;zy:2ysmg—xcos—.
c.
B3y a2 y3
zy =y x5z, =3y Inx.x
d.
1 0 ( x2 — 2) 2
o o 2=\ _
o2y aox \ X242 ) x /xd— A
g T Y vy
gL o f2-2)  —y
oty \V ety ey
e.
ul, = yzxyz_l;u’y = ¥V zy Linxul = ¥ P InyInx
f.
= e 2 gmmma W mma =
i (2 +y2+22) 7 (2 +y2+22)7 " (x2+ y2 +22)°

Bai tap 3.5. Khao sat su lién tuc va su ton tai, lién tuc ctia cac dao ham riéng cta cac

ham sb f (x,y) sau

a.

floy) x arctg (%)2 néu x # 0

x,y) = )
/ 0 neux =0
b.
xsiny — ysin x 2

) o e (uy) £ (0,0)
0 néu (x,y) = (0,0)

86



2. Pao ham va vi phdn 87

Loi gidi.  a. Ta dé thay ham sb lién tuc v6i moi (x,y) # (0,y).
Xét x = 0, vi ‘xarctg (%)2‘ < Z |x| nén lim x. arctg (%)2 =0=f(0,y).Vay f (x,y) lién
X—
tuc trén R2.
V6i x # 0 cac dao ham riéng ton tai va lién tuc:

y>2 %y, 2y

!/ _
= (- 2 = 2,

Xét tai x =0,

fr(0y) = hmf(h,y)—f(o,y) — arctg <§>2 _ {O,yo

h—0 h Zy+#0
, i SO+ —fOy) o
fy (0y) = lim z = lim 0 =0

Vay ta thay f/ (x,y) lién tuc trén R?\ (0,0) ; fy (x,y) lién tuc trén R

b. Ham s6 lién tuc trén R?\ (0,0), con tai (0,0) thi

<X siny —ysinx| | Xy siny sinx < 1|siny sinx
0= 2 12 T x2 a2 B =9 N
xXe+y xXe+y y X y X
nén
xsiny —ysinx|
2 42 -
8 Py
Vay f(x,y) lién tuc trén R2. ]

Bai tap 3.6. Gia stz = yf (x> —y?), 6 6 f la ham s6 kha vi. Ching minh ring déi véi
ham s6 z hé thic sau luon thod man

12/_’_12/—1
7y oy

Loi giai. Ta co
zZ=yf <x2 — yz) 2%,2, = f (xz — y2> +y.f (xz - yz) A(—2y)

2 _ .2
1Z/x+lzl :M

_Z
xF Ty y P n

Bai tap 3.7. Tim dao ham ctia ham sb hgp sau day

2 2
a. z=e" 2", u=cosx,v=/x2+12.
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88 Chuong 3. Ham sb nhiéu bién sb

_ 2 2 _ _ X
b. z=1In (u* +v ),u—xy,v—y.
c. z=arcsin (x —y),x = 3t,y = 4¢>.

Loi giai. a. Taco

7

/
uy, = —sinx Ox /21
u ’ / y
y y

ey 0 0, = \/m
nén
2! = s 23 +7) [ gin oy — 4x].
Zly _ ecosx2—2(x2+y2) [—4y]
b. Ta c6
/I 4 / —X
uy = x vy =
nén .
o = E S = (y _ )
oYyt
c. Taco
x;p=3
y) = 12t
nén .
2 = : (3 - 12t2>
1—(x—y) n

O»

Bai tap 3.8. Tim vi phan toan phan ctia cac ham s

a.z:sin<x2+y2>. b.z:lntg;
c.z= arctgx—w d.u=x¥" (3.2)
r—y
Loi giai. a.

dz = cos <x2 + y2> (2xdx + 2ydy)

gs 2 . (xdy—ydx) .

SIn >
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2. Pao ham va vi phdn 89

Yz @ 2
du = x " dx +2yzInxdy +y“Inxdz | .

Bai tap 3.9. Tinh gan ding

a. A= {/(1,02)%+ (0,05 b. B =In (Y1,03+ {/0,98 — 1)
Loi gigi. a. Xétham f (x,y) = /x> +y?, Ax =0,02,Ay = 0,05;x =1,y = 0. Ta c6
1 1
fo=—""——S22xf/=—— 22y
Coa@ey T 2y
Khi d6

2
f (14 8%,0+Ay) = £(1,0) + £ (1,0) Ax + f; (1,0) Ay = 1+ 2.0,02+0.0,05 = 1,013.

b. Xét ham
f(xy) =In (\3/}‘1‘{4/?—1);36: Ly=1,Ax=0,03;Ay = 0,02
Ta c6
TR T 3x2’ O E TR
Khi do
F+85,1+Ay) ~ f(L,1) + fi (L,1) Ax + f; (1, 1) Ay = 0+%.0,03+%(—0,02) = 0,005.

Bai tap 3.10. Tim dao ham ctia cac ham s6 4n xac dinh bdi cac phuong trinh sau

a. X’y — y’x = a*; tinh v/ b. arctng—’_y:%; tinh

d. x® +y> +2° —3xyz = 0, tinh 2/, 2/

c.x+y+z=c¢% tinhz, 2 y

y
Léi gidi.
a. Xét ham 6 &n F (x,y) = °y — y’x —a* = 0, ¢6 F; = 3x?y — y*; F) = x> — 3y*x. Vay

,_ —F_ 3y -y

y= Fi— x3 =3y
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90 Chuong 3. Ham sb nhiéu bién sb

1
Fl - 7 _ a
b. Xét ham sb &n F (x,y) = arctg *¥ — ¥ ¢6 FJ: - 1+(?y)2 ) ZZJF_(X;]/_);_(xW)Z nén
V7 @24(x+y)” 1 a(a+(x+y)?)
, 4
)t
c. Xétham sb &n F (x,y,z) = x +y+z—e* c6 F, = LFE,=1FE=1-¢nén
Z = 1—7132;29 1 —1eZ

d. Xét ham s6 &n F (x,y) = x>+ y° + 2> — Bxyz = 0 ¢6 F; = 3x* —Byz; F, = 3y* — 3xz; F, =
3z2 — 3xy nén
g 3yE— 3x2.z, _ Bxz -3y
Y322 -3xy’ " 322 —3xy m

Bai tap 8.11. Cho u = 7%, tinh ), uj, biét rang z 1a ham s6 4n cta x,y xac dinh béi

phuong trinh z.e* = x.e* + y.e¥
F, = — (e* + xe¥)
Loi gidi. Xét ham s6 F (x,v,z) = ze* — xe* — ye¥ = 0 c6 Fy = —(¢¥+ye¥) nén

E] = e* 4 z¢*

L (42) (y+2) - (1+2) () _ (1+5528) -+ 5
’ (y+2)* éy+§y)2 , o
o (x—f—z).(l-i—z’y) —(y+2) (z@) _ (x+2z). 1+%) —(y+2) (ﬁ)
- (y+2)* (y+2)° .

Bai tap 3.12. Tim dao ham ctia cdc ham s6 4n y(x),z(x) x4c dinh béi hé

X+y+z =0

Loi gidi. Lay dao ham hai vé cia cac phuong trinh ctia hé ta c6

14y + 2% =0
2x+2yy), + 22z, =0
nén
,  Z—X
yx_y_z
r_ XY
Zx_y—z n
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2. Pao ham va vi phdn 91

Bai tap 3.13. Phuong trinh z2 + 2 = /42 — 22, xdc dinh ham &n z = z (x, y). Ching minh
rang x%z), + %z’y =1

x 2
Loi gidi. Xétham sb F (x,y,2) =22+ 2 — /)P =26 { [y = 75 nén
F, =2z+ yi_zz
( 2
"2
zl, = R
2z + yi—zz
—y
222
zl, =
y z
\ 2z + o
Tit d6 suy ra xzzﬁc—k%' =1 n
Bai tap 3.14. Tinh c4c dao ham riéng cap hai ctia cdc ham s6 sau
1
a.z=g (x2 4 2)° b.z = x*In <x2 +y2> c.z= arctg%
( 2x 2x2 + 2
Y v arap) _
Zyy = VX FY +x2\/x2+y2 = NCEST
. )=+ 2 2y 22 4242
Loi gidi. a. Taco nén z’y’y = /x¥2+y2+y =
zy = Y/ ¥2 + 2 2 /x24+y2 /x24 2

o2y Xy
Y 22 A2

2x  2x(x+vy) —«?

~

2l =2In(x+y) +

Zl. =2xIn(x+y)+ il ; Y (x+y)
b. Ta cé Xty La no_ 2% —X
. Taco 2 nén ¢ zy, = =" + :
zy = Y (x+y)
YT x4y P
Yy 2
\ (x+y)
( 2
1 -y -y =
Zx = N2 X2 T 242 (X—Ey 2 ’ s 2
c. Taco 1+ (5) Y nén ¢ 2 — (¥ +y?) +y2y y —x
. / 1 1 X xy (X2+ 2)2 _ (x2+ 2)2
Z?/: 2 v 2 > y Yy
1"‘(%) XXty o —2xy
\ vy (x2+y2)2
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92 Chuong 3. Ham sb nhiéu bién sb

Bai tap 3.15. Tinh vi phan cip hai cia cic ham sb sau

1

g2 2 _
a.Z—xy —xy bz—m

Loi gidgi. a. Tacédz= (y*>—2xy)dx + (2xy — x?) dy nén

A’z = —2y (dx)* + 4 (y — x) dxdy+ (2y) (dy)°

» _ X y N
b. Tacodz = 2(x2+y2)2dx + 2(x2+y2)2dy nén
2 _ .2 2 a2
d%z = y73x3 (dx)* — %dxdy + xii%yg (dy)?
(x* +y?) (x> +¥?) (2 +v?)

§3. CUC TRI CUA HAM SO NHIEU BIEN SO

3.1 Cuec tri tu do

Dinh nghia 8.9. Cho ham s6z = f(x,y) xdc dinh trong mét mién D va My(xo,yo) € D.
Ts ndi rang ham sé f(x,y) dat cuc tri tai M néu vdi moi diém M trong Ian cén nao do ciia
My nhung khac My, hiéu s6 f(M) — f(My) cd ddu khéng doi.

e Néu f(M) — f(My) > 0 trong mét Ian can nao do ciia My thi My duoc goi la cuc tiéu
ctia ham s6 f tai M.

e Néu f(M) — f(My) < 0 trong mot Ian can nao do ctia My thi My dudc goi la cuc dai
ctia ham s6 f tai M.

Trong phan tiép theo ching ta sit dung cac ki hiéu sau:

p=fr(M),q= fy(M),r = frx"(M),s = fry" (M), t = fyy” (M)

DPinh 1y 8.27. Néu ham sé6 f(x,y) dat cuc tri tai M va tai do cdc dao ham riéng p =
fr(M),q = fy(M) ton tai thi cdc dao ham riéng 4y bang khong.

DPinh 1y 8.28. Gid sit ham 56z = f(x,y) co cdc dao ham riéng dén cép hai lién tuc trong
mot l1an cdn nao do cia My(xo, o). Gia sit tai My ta cop = q = 0, khi do

1. Néus®> —rt <0 thi f(x,y) dat cuc tri tai My. D6 Ia cuc tiéu néur > 0, la cuc dai néu
r <O0.
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3. Cuc tri cua ham so nhiéu bién so 93

2. Néus? —rt > 0 thi f(x,y) khong dat cuc tri tai M.

Chu y: Néu s? — rt = 0 thi chua két ludn dudc diéu gi vé diém M, né c6 thé 1a cuc tri,
ciing c6 thé khong. Trong truong hop d6 ta sé dung dinh nghia dé xét xem M, c6 phai la
cuc tri hay khong bang cach xét hiéu f(M) — f(My), néu né xac dinh dau trong mot 1an
can nao do cua My thi né la cuc tri va ngudc lai.

Bai tap 3.16. Tim cuc tri cua cac ham so sau

az=x"+xy+y*+x—y+1 b.z=x+y—x.e’

2_ g2 dz=x2+12— o (FP477)

c.z=2x"4+y*—x

p=z,=2x+y+1=0 - x=—1

Loi gigi. a. Xét hé phuong trinh . Vay ta c6

g=zy,=x+2y—1=0 y=1
M (—1,1) 1a diém t6i han duy nhat.
TacéAzz;’,f(M) =2;B = z{,(M) = 1,C = z;,(M) =2r1énB2—zflC= 1-4=-3<
0. Vay ham so dat cuc tri tai M va do A > 0 nén M la diém cuc tiéu.

b. Xét hé phuong trinh
=1—-¢eY=0 x=1
P =
g=1—xe¥ =0 y=20
Vay ham s c6 diém t6i han duy nhat M (1,0). Tac6 A = z//.(M) = 0;B = Zyy (M) =

—-1,C = z’y’y(M) = —1nén B2 — AC =1 > 0. Ham s6 da cho khong c6 cuc tri.

c. Xét hé phuong trinh

zh = 8x3 — 2x x(4x*—1) =0 x=0Vx=ivx=—-3 _
/ 3 & ) & Vay cac diem
z, =4y’ — 4y y(y*—1) =0 y=0vVy=1vy=-1
t6i han ctia ham so la
1 1
Ml (01 0)/ MZ (01 1)/ M3 (OI _1)/ M4 E/O p M5 EI 1

1 1 1 1
Mgl|l=,—-1);, M;{—=,0);, Mg|(—=,1); Mo|—=,—1
Ta c6 2y, = 24x* — 2;2Y, = 0;z), = 12y* — 4.

- Tai M;(0,0), A= —2;B=0;C = —4;B> — AC = —8 < 0 nén M; 12 diém cuc dai
v6iz = 0.

— Tai M, (0,1);M3(0,—1); A = —2;B = 0;C = 8;B> — AC = 16 > 0 nén M,, M3
khong phai 1a diém cuc dai véi z = 0.
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94 Chuong 3. Ham sb nhiéu bién sb

— Tai M, (%,0) : My (-Tl,o) CA=4B=0,C=—4B2— AC = 16 > 0 nén My, My,
khong phai 1a diém cuc dai véi z = 0.
- Tai Ms (3,1) ;M (3,-1);Ms (~5,1) ;Mo (~3,-1) ;4 = 4B = 0,C = §;B —

AC = —32 < 0 nén Ms, Mg, Mg, Mg 1a cac diém cuc tiéu véi gia tri tai d6 la
z=—3.
2 2
— =2y te () o =0 x=0
d. Xét hé phuong trinh P= 2 , &
q:z’y:2y+e_(x+y).2y:0 y=0

Vay M(0,0) 1a diém téi han duy nhéat. Xét

1oy 9e () gy2 o (¥FHY)

Zxx
zy, = —dxy.e~ (V)

(2442 (242
Zyy =2+ 2. (x*+4%) —4y“e (x*+v%)

Tai M(0,0) c6 A = 4B = 0;C = 4;B2 — AC = —16 < 0; A > 0 nén tai M ham sb dat
cuc tiéu. m

3.2 Cuc tri cé diéu kién

Cho tap mé U C R? v ham s6 f : U — R. Xét bai toan tim cuc tri ctia ham sé f khi
cac bién x,y thod man phuong trinh

¢(x,y) =0

Ta néi rang tai diém (xg, o) € U thod man didu kién ¢(xy, yo) = 0 ham f ¢6 cuc dai tuong
dbi (tuong dng cuc tidu tuong doéi) néu ton tai moét 1an can V C U sao cho f(x,y) < f(xo,Yo)
(tuong tng f(x,y) > f(xo,y0)) v6i moi (x,y) € V thod man diéu kién ¢(x,y) = 0. Diém
(x0, o) dudc goi 1a cuc tri c6 diéu kién ctia ham s6 f(x,y), con diéu kién ¢(x,y) = 0 dudc
goi 1a diéu kién rang budc clia bai toan. Néu trong mot 1an can cta (xo,yo) tit hé thic
@(x,y) = 0 ta x4c dinh dudec ham s y = y(x) thi ré rang (xo, y(xo)) 1a cuc tri dia phuong
ctia ham s6 mét bién s6 ¢(x) = f(x,y(x)). Nhu vay, trong truong hop nay bai toan tim cuc
tri rang budc dudc dua vé bai toan tim cuc tri tu do ciia ham s6 mot bién s6. Ta xét bai
toan sau day

Bai tap 3.17. Tim cuc tri c6 diéu kién
1001 g A Tean 101 1
a.z-;—i—?vmdleuklenp-i—y—z—ﬂ—z

b. z = x.y v6i diéu kién x +y = 1
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3. Cuc tri cua ham so nhiéu bién so 95

LR X 5 — a4 ., _a < 1 1 _ 1 s 34
LOlglal. a. Datx— smer VY = m,ta Cco F—i_? = a—thl do

1 1_sint cost

z=_ 4 ="""4L
X oy a a
Ta co Y
, cost sint 2 . (71 ) T 51
Zy p p - sin 0& 4\/ 1

Véit = Z ta c6 x = /2a;y = /24, ham sb dat cuc tiéu va zer = #
Vé6it = %” taco x = —\2ay = —+/2a, ham sb dat cuc dai va zcp = V2,

a

N

b. T diéu kién x +y = 1 tasuyray = 1 —x. VAy z = xy = x(1 — x). D& dang nhan
thiy ham s6 x = x(1 — x) dat cuc dai tai x = J va zcp = 1. n
Tuy nhién khéng phai ltic nao ciing tim duge ham sb y = y(x) tit diéu kién ¢(x,y) = 0. Do
dé bai toan tim cuec tri diéu kién khong phai ldc nao cling dua dudce vé bai toan tim cuc tri
tu do. Trong trusng hop dé ta dung phuong phap Lagrange dudc trinh bay dudi day.
Pinh 1y 3.29 (Piéu kién can dé ham sé dat cuc tri diéu kién). Gid sit U Ia mot tap
md trong R?, f : U — R va (xo,yo) la diém cuc tri ctia ham f vdi diéu kién ¢(x,y) = 0.
Hon nita gia thiét rang:

a. Cac ham f(x,y), ¢(x,y) co cac dao ham riéng lién tuc trong mét Ian can cua (xo, o).

b. %(Xo,yo) 7é 0.

Khi do ton tai mét sb Ay cung vdi x, Yo tao thanh nghiém cua hé phuong trinh sau (doi vii
A, x,y)

0 ) )

=0 Ty +AF (xy) =0

B =0 @ ey +AFxy) =0 33)
% = o(x,y) =0

voi p(x,y,A) = f(x,y) + Ap(x,y) dudc goi 1a ham Lagrange.

Pinh 1y trén chinh 1a diéu kién can cta cuc tri c6 rang budc. Giai hé phuong trinh B.3ta
sé thu dudc cac diém t6i han. Gia st M(xo, vo) 12 mot diém t6i han ing véi gia tri Ag. Ta
co

¢(x,y,Ao) — P(x0,y0,10) = f(x, ) + Aog(x,y) — f(x0,y0) — Aog(x0,¥0) = f(x, ) — f(x0,y0)

nén néu M 12 mét diém cuc tri cia ham s6 ¢(x,y, Ag) thi M ciing 1a diém cuc tri cia ham
sb6 f(x,y) v6i diéu kién ¢(x,y) = 0. Mubn xét xem M c6 phai la diém cuc tri cia ham s
$(x,y, Ag) hay khong ta c6 thé quay lai sit dung dinh ly hoac di tinh vi phan cap hai

2 2¢ 2

0 0 0
d*¢(xo, o, o) = a—;f(xo,yo,fto)dxz + 2axay(xo,y0,7\o)dXdy + %(Xo,yoﬂo)dy

2
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96 Chuong 3. Ham sb nhiéu bién sb

trong d6 dx va dy lién hé v6i nhau béi hé thic

0 0
a—i(xo,yo)dx + %(Xo,yo)dy =0

hay

B 52 (x0, 0)
%(xo,yo)

dy = dx

Thay biéu thiic nay ctia dy vao d*¢(xo, yo, Ao) ta cé
dch(xo,yo,)to) = G(x0, Yo, )xo)dx2
Tu do suy ra
e Néu G(x0,y0,Ao) > 0 thi (x0,10) 12 diém cuc tiéu c6 diéu kién.

e Néu G(xo,10,Ao) < 0 thi (xo,10) 12 diém cuc dai c6 diéu kién.

Bai tap 3.18. Tim cuc tri c6 diéu kién ctia ham s6 z = % + % v6i diéu kién % + y1_2 alz

Loi gidi. Xét ham sb Lagrange ¢(x,y,A) = 1 + § + A(5 + ;—2 — %). Tit hé phuong trinh

9 _ 1 _ 2

ox 2 3

9% _ 1 _ 2\

vy P

9 _ 1 1 1 _

m=—gtyp—z=0
ta thu dudc cac diém téi han 1a M; (av/2,a/2) tng véi A\, = —%, My (—av/2,—a/2) tng
Vol Ay = % Ta ¢o

02 02 02 2 6A 2 6A
29 = 20432 1220 gray + 20 a2 = (— + F) dx® + (ﬁ + ?) ay?

ox dxay Iy? x3
Tu diéu kién % + yl—z — alZ =0suyra —%dx — y—%dy =0néndy = —Z—idx, thay vao biéu thic
d*¢ ta cé
e Tai My, d>¢p(M,) = —%g(dx2 +dy?) = —%E(dxz) < 0 nén M; la diém cuc dai c6 diéu

kién.

e Tai My, d*¢p(M,) = %g(dx2 + dy?) = %g(dxz) > 0 nén M, la diém cuc tiéu c6 diéu
kién. [
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3. Cuc tri cua ham so nhiéu bién so 97

3.3 Gia tri 16n nhat - Gia tri nhoé nhét

Gia st f : A — R 1a ham s6 lién tuc trén tap hop déng A cta R?. Khi d6, f dat gia tri
16n nhat va gia tri nhé nhat trén A. P& tim céc gia tri nay ta hay tim gia tri cia ham sb
tai tat ca cac diém dung trong mién A ciing nhu tai cac diém dao ham riéng khong ton tai,
sau do so sanh cac gia tri nay vdi cac gia tri cia ham trén bién 0A cta A (tic la ta phai
%6t cuc tri c6 diéu kién).

Bai tap 3.19. Tim gia tri 16n nhat va gia tri nhé nhat cia cac ham sb:
a. z = x*y(4 — x — y) trong hinh tam giac giéi han béi cdc dusng x = 0,y = 0,x +y = 6.
b. z = sinx + siny + sin(x + y) trong hinh cht nhat giéi han béi cac duong x = 0,x =
2y =0y=7.
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