Truwong Dai hoc Bach Khoa Ha Noi Vien Toan ung dung va Tin hoc - 2018
BAI TAP GIAI TiCH 2 (Nhém 1)

] CHUONG 1
Ung dung ciia phép tinh vi phin trong hinh hoc

Ung ‘dung trong hinh hgc phang
1. Viét phu’orng trinh tiép tuyén va phéap tuyén véi duong cong:

a) y—x +2x% —4x-3 tai diém (-2;5).

2 9 ”
b) y= el tai giao diém cua duong cong vdi duong thang y =1.

1+¢
X=—
t3 . 2-X
c) : tai diém A(2;2).
R,
2 2

d) x3 + y3 =5 tai diém M (8;]1).
2. Tinh d6 cong cua:
e 1
a) y= x> tai diém c6 hoanh d§ x = 5
=a(t—sint
b) x=a( )
y=a(l—cost)
2z 2
¢) x3 +y3 =a3, (a>0) tai diém (x,y) batky.
d) r=ae’, (a,b>0) tai diém bét ky.
3. Tim hinh bao ctia ho cac duong cong sau:
2

(a > 0) tai diém bat ky.

a)y=£+c b) cx2+02y=1 c)yzcz(x—c)z.

c
Ung dung trong hinh hoc khéong gian
1. Gia st p(1), q(r), a(f) 1a cac ham kha vi. Chimg minh ring:

) < (po)+q(0) =L 4 240,

+a'(1)p() .

dp()

b) —(a(r)p(r» a(n PO p ( )

) <(pa®) = p0 q()+ a0 220

dq(t) dp(f)
dt dt

d) E(E(rmé(r))ﬁ(m Aq(t).
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2. Viét phuong trinh tiép tuyén va phap dién cua dudng:

x=asin’1
. . 4.2 , , . T
a) 1 ¥y =bsintcost tai di€ém ung voi t:Z’ (a,b,c>0).
z=ccos’t
B e sint
J2
b) {y=1 tai diém tmg v6i £ =0.
B ¢! cost
J2

3. Viét phuong trinh phap tuyén va tiép dién cua mit cong:
a) x> —4y? +22° =6 tai diém (2;2;3).

b) z=2x% + 4y tai diém (2;1;12).

¢) z=In(2x + y) tai diém (-1;3;0).

4. Viét phuong trinh tiép tuyén va phap dién cua dudng:

x2 +y2 =10 a2
a) tai diém A(1;3;4).
y2 +22=25
2x* +3y* 420 =47
b) < tai diem B(-2;1;6).
x? +2y2 =z

CHUONG 2
Tich phan boi
Tich phan kép
1. Thay dbi thr ty 1y tich phan cta cac tich phan sau
1 1-x* T 2 Jax
a) [dx [ f(x,y)dy b) [dy [ f(x,y)dx o) [dx [ f(x,y)dy
S T 0 2-y 0 2x-x*
% Liy? 2oy 2 4yt
d) [dy [ f(x,p)dx e) [y f(x,y)dx+ ; dy [ f(x,p)dx
0 siny 0 0 P 0

2. Tinh céc tich phan sau
a) [[xsin(x+y)dxdy v6iD = {(x,y) ER:0<x<Z;0<y<Z}.
D

2
b) sz(y—x)dxdy v6i D 1a mién giéi han boi cac dudng cong x=y” va y=x".
D
¢) [[lx+yldxdy voiD = {(x,y) € R*|x| < 1;|y| < 1}.
D
d) [[Iy—= ldxdy, voi D = {(x,y) € R%:|x| <1;0 <y < 2},
D
2
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e) [[ly—x"P dxdy,v6iD ={(x,y) € R%:|x| <1;0 <y < 2}.
D

f) ”2xydxdy voi D gidi han boi cac duong x=y";x=-1;y=0va y=1.
D

2 [ (Ix|+|y)dxdy.

xl+yi<t

h) H(x+ y)dxdy v6i D gidi han béi cac duong x° + y° < 1:4/x + \/; >1.
D
3. Tim can lay tich phan trong toa d6 cuc cua H f(x,y)dxdy trong @6 D 1a mién xac
D

dinh nhu sau:
a)a? < x?+y? <b? (a,b>0).
b)x +y2>4x, x2+y2<8x, y=x, y<2x.

)—+§_ 1, y>0, (a,b>0).
4. Dung phép d6i bién trong toa do cuc, hay tinh cac tich phan sau
R R -x

a) [dx [ In(+x*+y*)dy (R>0).

0 0
R v Rx—x?

by [ax | JRx-x-ydy, (R>0).
e

¢) [[xvaxdy, vsi

D
1) D 1a mit tron (x—2)° +y* <1
2) D 1a nira mat tron (x—2)> +y* <1, y>0.
d) ” xydxdy | véi D 1a mién gi6i han boéi cac duong tron x*+(y—1°=1 va
D

2 2
X +y —4y=0,
5. Chuyén tich phan sau theo hai bién u va v:

a) dejf(x »)dy | néu dat { mxTy

e v=x-—y
b) Ap dung tinh véi f(x,y)=2-x-y)>.
6. Tinh cac tich phan sau

4y <x?+y* <8
” dXdy trong d6 D: 4 it
(X +y xSyS\/gx

b) ” ~y ————dxdy , trong d6 D:x*+y* <1.
1+x* +y

x*+y? <12
2 2
x“+y 22x
~dxdy , trong d6 D: d
x’ +y 24yt 2243y
x20,y20

)
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2 2
d) ”| 9x> —4y* | dxdy, trong d6 D:%ﬁ-%ﬁl
D

1<xy<4

e 4x* —=2y*)dxdy , trong d0 D:
)JDI(X y*)dxdy , trong {x£y£4x

Tich phan bgi 3
Tinh céc tich phan boi ba sau

I . . 1
”Izdxdydz, trong d6 mién ¥V dugc xac dinh boi: 0<x<—, x<y<2x,

4
vV
OSZS\/I—xz—yZ.
2. ".(xz +y2)dxdydz, trong do V' xac dinh boi: x° er2 + 22 <1, x? +y2 ~ 22 <0.

3. [[[* + v*)zdxdvdz , trong d6 ¥ x4c dinh béi: x> +1% <1, 1<z<2.

4. ."Z\/ x>+ y2 dxdydz , trong 4o

a) V' 1a mién gidi han boi mit try: X2 +y2 =2x va cac mit phing: y =0,
z=0,z=a, (a>0).

b) ¥ 1a nira caa hinh cau x2+y2+22Sa2, z>20, (a>0).

2 2 2

Y 121,220, (a,b>0).

¢) V la nira cia khoi elipxdit ——
a

5. I_U ydxdydz , trong d6 V' 13 mién gidi han boi mit nén: y =+ x> +z% vamit phang

vV
y=h,(h>0).
x2 y2 Z2
6. .”.[( +—+ )dxdydz trong d6 ¥ 1a mién giéi han boi a—2+b—2+—2=1,
(a,b,c>0).

7. Iﬂ(xz+y2+22)dxdydz,tr0ng do v 13X2+y2+z7‘g4, x2+y2 <2

2 2 . A o 2 2 2
8. ”fﬂx + y“dxdydz , trong 36 V' 1a mién gidi han béi x“ + y“ =z7, z=1.
V

dxdydz .2 2
9. I!I(xz+y2+(z_2)2)2,trongdo Vex"+y <1, |z[<Il.

10. m Jx% +y? + 22 dxdydz , trong d6 V' 13 mién xéc dinh béi x> + % +2z2 <z.
V
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Ung dung ciia tich phan béi

1. Tinh dién tich ctia mién D gidi han boi cac duong y=2%, y=2"", y=4.
2. Tinh dién tich cia mién D gidi han béi cac duong
y2 =X, y2 =2x, x° =y, x? =2y.
3. Tinh dién tich cia mién D gidi han boi
y=0, y2 =4ax, x+y=3a, y<0, (a>0).

4. Tinh dién tich cua mién D giéi han boi 2x < x” +y* <4x, 0< y<x.
. 2

5. Tinh dién tich ctia mién D gidi han boi cac duong tron > 1; 7 < ﬁCOS(O.
6. Tinh dién tich ctia mién D gi6i han boi cac dudng

a) (x2+y2)2:2a2xy,(a>0). b) x3+y3=axy,(a>0).

c) r=a(l+cosp), (a>0).
7. Ching minh ring dién tich mién D xac dinh bsi x* + (ax—y)? <1 khong ddi
VaelR.
8. Tinh thé tich cia mién gid1 han bdi cac mat

3x+y=>1,3x+2y<2, y>20,0<z<]l-x—y.
9. Tinh thé tich ctia mién gi6i han boi cac mit z =4 — X2 - y2 ,2z=2+ x>+ y2 .
10. Tinh thé tich ctia mién giéi han boi 0<z<1-x>—1%, y>x, y<Bx.
11. Tinh thé tich cia mién ¥ gii han boi mit cdu x> + y* +z° = 4¢® va nam trong mit
tru x* +y° —2ay=0, (a>0).
x2 2 2

12. Tinh thé tich cta mién gi61 han béi cdc mat z=0, z =—+
a

X
ey =
a

y2 2x
p*  a

b

@N‘%

(a,b>0).

13. Tinh thé tich ctia mién gidi han boi cac mat az = x>+ y2 , Z= X%+ y2 , (a>0).
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CHUONG 3
Tich phan phu thuﬁc tham s0
1. Khao sat sy lién tuc cua tich phan /(y)= I Y (x) 5 dx v6éi f(x) 1a ham s6 duong,
x + y
lién tuc trén doan [0,1].
2. Tinh cac tich phan sau
/2
a) J. lnx "dx, n 1a s6 nguyén duong.  b) J. In(1+ ysin2 x)dx ,vol y>—1.
0
I+y
3. Tim lim %
y—>0 I+x“+y
2
4. Xét tinh lién tuc ctia ham sb 1(y) = J.—dx.
2 (% %)’

. . arct +
5. Chirng minh rang tich phan phu thudc tham s6 7(y) = I%(xzy)dx la mot ham
X

s6 lién tuc, kha vi dbi v&i bién y. Tinh 7'(y) réi suy ra biéu thirc cua 7(y).
6. Tinh céc tich phan sau

1 xb 4 © o O _
a)j dx, (0<a<b). b)j dx,(a>0,,8>0).
n
2
—ax _e—ﬂx
c) dx, (a>0,0>0). d)
j x2 ,[ (x + y)n+1
e) J’ g SI) ZSin(ex) o p o5 0. ) j e cos(yx)dx.
x
/2
7. Biéu thi _[ sin” xcos” xdx qua ham B(m,n), (m,neZ;m,n>1).
0
8. Tinh céac tich phan sau
/2

a
a) _[ sin® xcos* xdx.  b) ij"\/aZ —x%dx, (a>0), (Goiy dit x=axt)
0 0

400 0 ) 400 \/; +00 1
0) jx e dx. d) jﬁdx. e) j ~dx.
0 ) I+x7) o I+x
‘[ n+1 j 1 %
f) | ———dx,2<neN. g) dx,(neN , n>1).
0 (1+x™)? onll—x"
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CHUONG 4
Tich phan duwong

Tich phan dwong loai 1

Tinh céc tich phan sau:

1. | (x—y)ds, C la duong tron x? +y2 =2x.
C

2. .yzds, C la duong c6 phuong trinh (0<tL2m,a>0).
C
- =a(cost +tsint
3. \/xz +y2ds, C 1a duong cong x=a . ) (0<Lt<L2m,a>0).
- y =a(sint —tcost)

x=a(t—sint)
y=a(l-cost)

Tinh phan dwong loai 2

Tinh cac tich phan sau:

1. I ()c2 —2xy)dx + (2xy — y2 )dy , trong d6 AB la cung parabol y = X2 A(1;1) dén
AB

B(2;4).

x=a(t—sint)

2. j(2x — y)dx + xdy , trong d6 C la duong cong { theo chiéu ting cua t,
C

y=a(l-cost)
0LtL2r,a>0).
3, J.202+y%ﬁ%x@y+$@gumgdéABG4Mdegg%kmmdumaAmﬁL

ABCA
B(;1), C(0;2).

J' dx+dy , trong d6 ABCDA 1a duong gip khic di qua A(1;0), B(0;1),

C(~1;0), D(0;—1).

5 J‘\4/x2 +y2dx
2
C

0<t<m?/4
6. Tinh tich phéan sau

x=tsin\/;

y =tcos+/t

+dy, trong d6 C la duong cong { theo chiéu ting cia

j(xy+x+y)dx+ (xy+x—y)dy

C
bang hai cach: tinh tryc tiép, tinh nho céng thirc Green rdi so sanh cac két qua, vdi C 1a
duong:
a) x>+ y2 =R2.

b) x2+y2=2x.
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2 2
X Y
c) =+—=1, (a,b>0).
a’ b
7. (JS x? y+z dy—y2 x+2 |dx.
4 4
x2+y2=2x

8. SB e*[(1—cos y)dx —(y —sin y)dy], trong d6 OABO 1a duong gip khic qua
OABO
0(0;0), A(1;1), B(0;2).
9. CJS (xy+e'sinx+x+y)dx—(xy—e ¥ +x—siny)dy.
x2+y2=2x
4, .2 X’ 2
10. (ﬁ(xy +x° + ycos(xy))dx + (? +xy° —x+xcos(xy))dy, trong d6 C la dudng
C

X =acost
cong { - (a>0).
y =asint

11. Dung tich phan duong loai 2 tinh dién tich cta mién gid1 han boi mot nhip xycloit:
x=a(t—sint); y=a(l—cost) vatruc Ox, (a >0).
(3;0)
12. J- (x4 + 4xy3)dx + (6x2y2 — 5y4)dy.
(-2:-1)
(2;27) 2
13. _[ (1- y—zcosl)dx + (sinl + Zcosl)a’y .
@) X X X X X
14. Tim hang s « dé tich phan sau khong phu thudc vao dudng di trong mién xac dinh
I (1= y*)dx + (1= x?)dy
B 1+ xp)*

15. Tim céac hing sb a, b dé biéu thic
( y2 + axy + ysin(xy))dx + (x2 + bxy + xsin(xy))dy
1a vi phan toan phan cua mot ham s6 u(x, y) nao d6. Hay tim ham s6 u(x, y) do.
16. Tim ham s6 A(x) dé tich phan
[ T+ 3y + ey + x7)aly]

AB
khong phu thudce vao duong di trong mién xac dinh. Vi A(x) vira tim duoc, hdy tinh

tich phan trén tr A(1;1) d&én B(2;3).
17. Tim ham s6 A(y) dé tich phan

[ 1) @x+ yhydx - x(2x - y*)dy]
AB
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khong phu thudc vao dudng di trong mién xac dinh. V&i A(y) vira tim duoc, hdy tinh
tich phan trén tir 4(0;1) dén B(-3;2).
18. Tim ham s6 A(xy) dé tich phan

[ HCI+ 2797y + (x4 5757 )]

AB .
khong phu thudc vao duong di trong mién xac dinh. Véi A(xy) vua tim dugce, hay tinh
tich phan trén tir A(1;1) dén B(2;3).

CHUONG 5

Tich phan mat

Tinh cac tich phan mat loai 1 sau day

1. H(z+2x+4—y)ds,trongdé S={(x,0,2):2+L+Z=1,x>0,y>0,2>0}.
; 3 23 4

2. ”(xz +y2)dS, trong do S = {(x,y,z):z=x2 +y2,0§z£1}.
S

Tinh cac tich phan mat loai 2 sau day
3. J‘_‘-z(x‘2 + yz)dxdy, trong 46 S 13 nira mit cau: x° +y2 +2% = 1, z>0, huéng cia S
S

la phia ngoai mat cau.

2

4. ” ydzdx+22dxdy, trong d6 S la phia ngoai ciia mat elipxoit: x2 +y7+22 =1,

S

x20,y20,z20.

5. szyzzdxdy , trong d6 S 1a mit trén ctia nira mit cau: X2+ y2 +22=R? , 2<0.
S

6. ﬁxdydz + ydzdx + zdxdy , trong 6 S 1a phia ngoai ctia mat cau: x>+ y2 +z2=4>.
S

7. ”x3dydz + y3dza’x + z3dxdy , trong d6 S 1a phia ngoai cua mit cau:

S
x2+y2+z2 =R?.

8. ﬂ yzzdxdy +xza’yalz+x2 ydzdx , trong 6 S 1 phia ngoai ciia mién: x>0, y>0,
S

x2+y2£1, O£z£x2+y2.

9. deydz+ ydzdx + zdxdy , trong d6 S 1a phia ngoai ctia mién: (z—1)% = x*+ )7,

S
a<z<l1.
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10. Goi S 13 phan mat cau x° +y2 +z% =1 ndm trong mat tru X +x+z? =0, y>0,
huéng ctia S 14 phia ngoai cia mit ciu. Chimg minh rang:

[[Ce=yydxdy + (v = 2)dydz + (z - x)dzdx =0.
S

CHUQN G6
Ly thuyét truwong
1. Tinh dao ham theo hudng [ ctia ham u=x" +2y3 ~3z7° tai diém A(2;0;1) voi
[ =A4B, B(1;2;-1).

2. Tinh modun cua gradu , voi

u=x +y3 +2° —3x)z
tai A(2;1;1). Khi nao thi gradu vudng goc vé1 Oz, khi nao thi gradu =07?

1
u=r*+=+Inr, r:\/x2+y2+22 .

4. Theo hudng nao thi sy bién thiél;l ctia ham sb u = xsinz — ycosz tir gbc O(0;0;0) 1a
16n nhat?

5. Tinh goc gitra hai vecto gr%z ctia cac ham sd z =\/x2 +y2 va z=x—3y+\/@
tai (3;4).

6. Trong cac trudng sau ddy, trudong nao 1a truong thé:

a) d= 5()62 —4xy)i + (3)62 —2y)j + k.

b) @ = yzi +xzj + xvk .

3. Tinh gradu, voi

Q)da=(x+y)i +(x+2)]+(z+ k.

7. Cho F=xz’i+ yx2]+zy2l€ . Tinh thong lugng cia F qua mit cau S:

x>+ y2 +2% =1, hudng ra ngoai.

8. Cho F= x(y+2)i +y(z+x)j+z(x+y)k, L 1a giao tuyén cia mat try
x2+y2+y=0 va nira mit cau X2

F doc theo L bang 0.

+y2 + 22 =2, z>0. Chimg minh rang luu sd cua

10



