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Abstract

Motivated by our recent works on the efficient point multifunction in multi-objective
parametric optimal control problems with nonconvex cost functions and control
constrains, in this paper we study of the first-order behavior of the efficient point
multifunction in a multi-objective parametric optimal control problem under nonlin-
ear state equations. By establishing an abstract result on the Clarke coderivative of
the frontier map of a multi-objective parametric mathematical programming prob-
lem, we derive a formula for computing the Clarke coderivative of the efficient point
multifunction to a multi-objective parametric optimal control problem.
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multifunction - The Frontier map - Clarke normal cone - Clarke coderivative - Clarke
tangent cone
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1 Introduction

The class of multi-objective optimal control problems are important because they have
many applications in economics, aerospace, multiobjective control design, environ-
mental studies where we need to optimize many objectives (see [2, 3, 11-13, 27, 31,
38]). For a specific example, in transportation we want to reach to a destination as
fast as possible while minimizing energy consumption, we need to use the model of
two-objective optimal control (see, for instance [27]).

B4 N.T. Toan
toan.nguyenthi @hust.edu.vn

L. Q. Thuy
thuy.lequang @hust.edu.vn

School of Applied Mathematics and Informatics, Hanoi University of Science and Technology, 1 Dai
Co Viet, Hanoi, Vietnam

Published online: 09 June 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-023-10020-6&domain=pdf

42 Page2of31 Applied Mathematics & Optimization (2023) 88:42

Recently, by establishing an abstract result on the subdifferential of the frontier
map in a multi-objective parametric optimization problem, Toan and Thuy [37] have
obtained a formula for computing the Mordukhovich subdifferential of the frontier
map to a multi-objective parametric optimal control problem with nonconvex objective
functions, the linear state equation and the control constraint. Note that if the state
equation in the optimal control problem is linear, then the graph of the constraint
function in the optimization problem is convex. Then, we can compute the normal
cone of the graph of the constraint function via normal cones of convex sets. So,
we can use [37, Theorem 3.1] to obtain formulae for upper and lower-evaluation on
the Mordukhovich subdifferential of the frontier map to a multi-objective parametric
optimal control problem. However, the situation will be more complicated if the state
equation is nonlinear because normal cone calculus of convex sets fail to apply.

The study of sensitivity analysis for multi-objective optimization problems as well
as for multiobjective optimal control problems is a fundamental topic in variational
analysis and optimization. There have been a lot of papers dealing with differentiability
properties and subdifferentials of the frontier map (see [1, 7-10, 14, 18, 19, 30, 32,
33]). Normally, there are two approaches to study sensitivity analysis for optimization
problems, either through the primal space or through the dual space. Via the concept of
the contingent derivative in the primal space, several authors have studied the behavior
of the frontier map in [1, 9, 18, 19, 30, 32, 33]. Using the notion of normal cones which
is defined in dual space, authors [7, 8, 10, 14] have obtained sensitivity analysis results
for mathematical programming problems with functional constraints.

In [37], we have obtained formulas for computing the Mordukhovich subdifferen-
tial of the frontier map in a multi-objective parametric mathematical programming
problem with geometrical and functional constraints. Note that in [37], the functional
constraint is defined via linear mappings. So, constraint sets of the multi-objective
parametric mathematical programming problem are all convex. Hence, we can com-
pute the normal cone of the constraint set through the intersection of two normal cones
(see [37, Lemma 3.2]). But in this direction, we did not see formulas for computing
the Clarke coderivative of the frontier map in a multi-objective parametric mathe-
matical programming problem with geometrical and functional constraints where the
functional constraint is defined via nonconvex mappings.

In this paper, we continue to study sensitivity analysis to multi-objective para-
metric optimal control problems with nonconvex objective functions, nonlinear state
equations and control constraints by giving shaper formulas for computing the Clarke
corderivative of the frontier map. In order to prove the main result, we first reduce
the problem to a multi-objective parametric mathematical programming problem and
establish formulae for upper and lower-evaluation on the Clarke corderivative of the
frontier map via the normal cone of the constraint set, the Fréchet derivative of objective
functions and constraint functions. Then, we apply the obtain results to derive formu-
las for computing the Clarke coderivative on the frontier map in a multi-objective
parametric optimal control problem.

The paper is organized as follows. In Sect.2, we sate the control problem and
recall some auxiliary results. Formulae for upper and lower-evaluation on the Clarke
corderivative of the frontier map to a specific mathematical programming problem is
studied in Sect. 3. The last section establishes one theorem and one corollary on esti-
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mating/computing the Clarke corderivative of the frontier map to the multi-objective
parametric optimal control problem. Section4 also presents an example to illustrate
the main result of this paper.

2 Problem Formulation and Auxiliary Results

For the convenience of the reader, we divide this section into three subsections. In
the first subsection, we introduce the multi-objective parametric optimal control prob-
lem that we are interested in. The second subsection transforms the problem to a
multi-objective parametric optimization problem under geometrical and functional
constraints. In the last subsection, we recall some notions and facts from variational
analysis and generalized differentiation, which are related to our problem.

2.1 Control Problem

A wide variety of problems in optimal control problem can be posed in the following
form.

Determine a control vectoru € L” ([0, 1], R™) and atrajectory x € W12 ([0, 1], R"),
1 < p < oo, which solve

MinRiJ(x,u,Q), (D
with the state equation
1) =¢(t,x(®)) + BOu@) + T()0() ae.t € [0, 1], 2)
the initial value
x(0) =« 3)
and the control constraint
uelu. (4)

Here W'P([0, 1], R") is the Sobolev space consisting of absolutely continuous
functions x : [0, 1] — R” such that x € L?([0, 1], R"). Its norm is given by

Xl = 1xO) + lIxllp-

The notations in (1)—(4) have the following meanings:

— x, u are the state variable and the control variable, respectively,
— (a,0) € R" x LP([0, 1], R¥) are parameters,

— J(xu,0) = (Jl(x, u,0), J2(x, 1. 0), ..., J5(x, u, 9))
T u,0) = g (x(D) + [y L (t,x(1), u(®), 6(0))dr,
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—:[0,11xR" > R", g :R" > Rand L : [0, 1] x R" x R" x Rk - R (i =
1,2,...,s) are given functions,

B(1) = (bij(1)),,, and T (t) = (cij (1)), , are matrix-valued functions,

— U is aclosed and convex set in L? ([0, 1], R™),

MinRs+ J(x, u, 0) is the set of efficient points of

A:={J(x,u,0): (x,u,0d) are satisfied (2)-(4) }

with respect to RY_, that includes y € A such that (y —R%) N A = {y}. When
A = (), we stipulate that MinR:+ A=0.

This type of problems are investigated in [6, 16, 17, 24-26, 34, 35, 40] and the
references therein.

2.2 Reduction to a Parametric Optimization Problem
PutX = WhP([0, 1], R"), U = LP([0, 1], R™), ® = LP([0, 1], RK), W = R"x ©.
It is well known that X, U, ® and W are Asplund spaces. For each w = («,0) € W,
we put

H(w) = {(x,u) € X x U : (2) and (3) are satisfied }, 5)
and

K=XxU.

Then, the problem (1) — (4) can be written in the following form:

MinR§r J(x,u,w), subjectto (x,u) € Hw)NK. (6)

Let F : W = R® be the multifunction given by

F(w) = (J o Hg)(w) == {J(x,u, w) : (x,u) € Hx(w)}, )
where
Hx(w) = Hw) N K, Yw € W.
We put
F(w) = Mings F(w), weW 8)

and call F : W = R° the efficient point multifunction or the frontier map of the
problem (1) — (4).
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2.3 Some Facts from Variational Analysis and Generalized Differentiation

In this subsection, we recall some notions and facts from variational analysis and
generalized differentiation, which will be used in the sequel. These notations and
facts can be found in [5, 20, 22, 23, 29]. Unless otherwise stated, all spaces under
consideration are Asplund spaces whose norms are always denoted by || - ||. The
canonical pairing between Z and its dual Z* is denoted by (-). The symbol A* denotes
the adjoint operator of a linear continuous operator A. The opened ball with center z
and radius p is denoted by B(z, p).

A single-valued mapping f : Z — Y is said to be strictly differentiable at 7 if there
is a linear continuous operator V f(z) : Z — Y such that

i f@—=fw)—(Vf@),z—u)
1m

Z,u—>7 lz — ull

=0.

Given a multifunction F : Z = Z* between a Asplund Z and its dual Z*, we
denote by

w*

Limsup F(z) : = {z* € Z* : Isequences z, — Z and z;, — Z*
=2z

with zj € F(z,) for all n € N

and

Liminf F(z) : = {z* € Z* :V sequences z, — z 3z, € F(z,) withn € N
z—>Z

*

w
suchthat z; — z*asn — oo}

the sequential Painlevé-Kuratowski upper/outer and lower/inner limits of F as z — Z
with respect to the norm topology of Z and the weak* topology of Z*, where N :=
{1,2,...}.

Let ¢ : Z — R be an extended real-valued function and z € Z be such that ¢(z) is
finite. For each ¢ > 0, the set

— 7) — * =
dep(@) = {z* € 7" liminf LR PR &7 _8}
agd llz =zl

is called the e-Fréchet subdifferential of ¢ at 7. A given vector z* € 5g¢(2) is called
an e-Fréchet subgradient of ¢ at 7. The set dp(z) = dpp(Z) is called the Fréchet
subdifferential of ¢ at 7 and the set

3¢ (Z) := Limsup 9:¢(z) ©9)
zgi
el0
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is called the Mordukhovich subdifferential of ¢ at z, where the notation z Y 7 means
z — zand ¢(z) — ¢(z). Hence

7* € 9¢(7) < thereexistsequences z % 76— 0T, and Z{ € 5gk<p(zk)

such that z; RN i ¢ is lower semicontinuous around z, then we can equivalently put
& = 0in (9). Moreover, we have d¢(z) # 0 for every locally Lipschitzian function.
It is known that the Mordukhovich subdifferential reduces to the classical Fréchet
derivative for strictly differentiable functions and to subdifferential of convex analysis
for convex functions.

Suppose that D C Z, we denote the interior and the closure of D by int D and
cl D, respectively. Given a point X € cl D. The Bouligand tangent cone (or contingent
cone) and the Clarke tangent cone to D at x are defined by

- . D—z
Tp(z; D) = Limsup
140

={heZz:3t, — 0", 3h, > h,Z+ tyh, € D, ¥n}

and

- . . D_Z + - - -
Tc(z; D) = Liminf = {h e€Z:Vt,— 0", Vz, — z,3h, — h, 7,
D

7—Z
140

+t,h, € D,Vn},
respectively. Note that these cones are closed and T¢(z; D) is convex. Moreover,
Tc(z; D) C Tp(z; D)
and

Tc(Z: D) = Tp(Z: D) = T(Z; D) = ¢l (D(2)) = cl (cone(D — 7))
=cl{rd—2):deD, 1> 0}

when D is a convex set.

One says that D is tangentially regular at z if Tc(z; D) = Tp(z; D). The negative
polar of the Clarke tangent cone T¢ (z; D) denoted by N¢(z; D) is called the Clarke
normal cone to D at z, i.e.,

Ne(Z: D) = Te(@: D)° = (2" € Z*: (z5,2) < 0,Vz € Tc(Z: D))

Let ¢ > 0. The set

. -
Ne(Z; D) := {Z* A limsupM < 8}

- (10)
o llz—zl
—2Z

Z
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is called the g-Fréchet normal set to D at 7 and the set

N(z; D) :=Limsup N,(z; D)
D

7=z
el0

i/s\ called the Mordukhovich normal cone to D at Z. When ¢ = 0, the set N (z; D) =
No(z; D) in (10) is a cone called the Fréchet normal cone to D at 7.
It is known that (see e.g., [22])

N(Z; D) C N(Z; D) C Nc(Z; D).

The set D is said Fréchet normally regular at 7 if ]/\7(2; D) = N¢(z; D). We know
that the Fréchet normal regularity of a nonempty closed subset D at z implies the
tangential regularity of D at the corresponding point and if Z is assumed to be a finite
dimensional space, then we have the equivalence (see [4]).

It is also known that if € is a convex set, then the Mordukhovich normal cone
coincides with the Fréchet normal cone, coincides with the Clarke normal cone and
coincides with normal cone of convex analysis for convex sets.

The set D is said to be epi-Lipschitzian at 7 if there exist a neighborhood U of z, a
number A > 0, and a non-empty open set V C Z such that

z4+tve Dforallze UND, veV, te(0,A).
Let G : W =2 Y be a set-valued map with the domain and the graph
dom G :={weW:Gw)#0d}, gphG :={(w,y) e WxY:yeGw)}
The symbol G~! denotes the inverse multifunction from ¥ to W given by
G ') :={weW:yeGw).
Thus,
gph G~ = ((y,w) € ¥ x W : (w, y) € gph G}.
_ The Fréchet coderivative of G at (w,y) € gph G is the multifunction
Q*G(i},i) : Y* — W* defined by D*G(w, y)(y*) := {w* € W* : (w*, —y*) €
N((iZ), y); gph G)}, y* € Y*.The Mordukhovich coderivative of G at (w, y) € gph G
is the multifunction D*G(w, y) : Y* — W* defined by D*G (w, y)(y*) := {w* €
W* : (w*, —y*) € N((w, y); gph G)}, y* € Y*. The Clarke coderivative of G at
(w, y) € gph G is the multifunction DG (w, y) : Y* — W* defined by

DEG(w, Y)(yF) = {w* € W*: (w*, —y*) € Ne((w, y); gph G)}, y* € Y*.
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The mixed coderivative of G at (w, y) € gph G is the multifunction D}y, G(w, y) :
Y* — W* defined by

DG, HO™) 1= fwf € W ey 40, (wa, 3) = (@, 5), w) > w7 = ¥
with (w), —y) € N, (wn, y4): gph G)}, yierr

It follows from the definitions that

D*G@w, 3)(y*) C D} G, 3)(y*) C D*G(, )(y*) C DEG (@, H)(y*), Vy* € Y*.

Suppose that E C Y is a pointed closed convex cone, i.e., E N (—E) = {0} and E
induces a partial order <p on Y, i.e.,

y=EY €Y —y€eE ¥y, ) €Y.
A single-valued mapping / : V C W — Y is said to be locally upper Lipschitzian
(respectively, locally Lipschitzian) at w € V if there are numbers n > 0 and £ > 0

such that

ll(w) — ()| < £|lw— w], forall w € By(w) NV
(respectively, [[[(w) — [(w")|| < £|lw — w’|, forall w, w’ € B,(w)NV).

We say that a multifunction L : W = Y admits a local upper Lipschitzian selection
at (w, y) € gph L if there is a single-valued mapping / : dom L — Y which is locally
upper Lipschitzian at w satisfying /(w) = y and /(w) € L(w) forallw € dom L ina
neighborhood of w.

3 Sensitivity Analysis in Multi-objective Programming Problems
In this section, we suppose that X, W and Z are Asplund spaces with the dual spaces
X*, W* and Z*, respectively. Assume that g : W x Z — X is a continuous mapping.
Let f : W x Z — R’ be a vector function and €2 be a closed and convex set in Z. For
each w € W, we put

Gw):={zeZ: gw,z)=0}.

Consider the problem

Mings f(w, z), subjectto z € G(w) N Q. an
5 ]

Let F : W = R® be the multifunction given by
F(w) = (f o Go)(w) := (f(w.2) : 2 € Gaw)},

@ Springer



Applied Mathematics & Optimization (2023) 88:42 Page 9 of 31 42

where Go(w) = G(w) N2, Yw € W. We put
F(w) = Mings F(w), weW

and call F : W = R’ the efficient point multifunction or the frontier map of the
problem (11). The point 7 € G (w) N2 such that f(w, 7) € f(zZ)) is called local weak
Pareto solution of the problem (11) at w.

Thus, Gg : W = Z be a multifunction with the domain and the graph

dom Gg ={w e W:Gw)NQ #£J},
gph G ={(w,y) e Wx Y :ye Gw)NQR}.

This section is allocated to establish formulas for computing the Clarke coderivative

of the efficient point multifunction F. We first establish a formula for exact computing
the Clarke coderivative of the constraint function Gg.

Proposition 3.1 Suppose that 2 is locally closed around z, epi-Lipschitzian at Z.
Assume further that the function g is differentiable around (w, 7), V g is continuous at
(w, z), V.g(w, z2) or Vyg(w, 2) is surjective, and the following regularity conditions
is satisfied

{(w, DeWxZ: Ve, D)w,z) = o} n [W x int Tz, sz)] £0.  (12)
Then for each (w*, z*) € W* x Z¥,

DEGo(, D) (w* ) =~ | [Vue@, 2*((Vog, ") @ +2D)].
7eN(Ez.Q)

Proof Put B = gph G, D = W x Q. We first prove that
Ne((, 2): B) = N((. 2); B) = {(ng(u_), 2)*x%, V.g(, )*x*) 1 x* € X*}

13)

Note that B can be represented in the form

B={wz2)eWxZ: gwz)=0}=g 0

From Vg(w, 2)(w, z) = Vyg(Ww, 2)w + V,g(w, )z and V,g(w, Z) or V,,g(w, 7) is

surjective, we get that Vg(w, z) is also surjective. By [22, Theorem 1.14 and Corollary

1.15], we get

N(@w,2); D) = N((w,2); g~ 1(0))

= Vg(, 2)"N(g(, 2); {0}) = Vg(w, 2)* (X*).
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Since the strictly differentiability of function g at (w, z) and [39, Lemma 3.5], we
have

Nc (@, 2); D) = Ne((, 2); g7(0))
= Vg(,2)*Nc(g(w. 2); {0}) = Vg(w, 2)*(X¥).

Thus, we obtain (13). We now prove that
Ne((w, 2); BN D) = {0} x N(z; Q) + Nc((w, 2); B). (14)

Since 2 is epi-Lipschitzian at z, we have that D is also epi-Lipschitzian at (w, z). By
(13), we get

Te((w,2); B) = T((i, 2); B)
= {0 ew =z (w2, w.9) <0, V' ) € Ne((,2); B)}
={w. 0 ewxZ: (w2, Ve, o) <0, vx* e X*|
= {(w,z) €W x Z: (Vg(i, D) (w,2),x*) <0, Va* € X*}
={w. 0 ewx7: V@ Hw, 2 =0}.
Combining this and (12), we have T¢ ((w, z); B) Nint T¢ ((w, 2); D) # @. Note that

B and D are Fréchet normally regular at (w, 7). By [4, Theorem 6.2], B and D are
also Fréchet tangentially regular at (w, z). By [28, Corollary 3], we obtain that

Ne((w,2); BN D) = Ne((w, 2); D) + Ne((w, 2); B) = {0} x N(Z: Q)
+ Ne((, 2); B),

this is formula (14). Since the definition of the Clarke coderivative, we get

DEGo(w, 2)(2%) = {w] € W' (w], —z%) € Nc((w, 2); gph Ggo))
={wj € W*: (w], 2% € Nc((u_), 72 CN D)}.

From (14), we have

D{Ga(w, 2)(2*) = {w* € W*: (w*, —z*) € {0} x N¢(Z: ) 4+ Ne((w, 2); B)}.
We note that (w*, —z*) € {0} x N¢(Z; Q) + N¢((w, 2); B) if and only if there exists
77 € Nc(z; Q) = N(Z; Q) such that (w*, —z* — 7] € Nc((li;, 2); B). Since (13),
there exists x* € X*suchthatw* = V,,g(w, 2)*(x*) and —zf—z* = V_g(w, 2)*(x¥).
This follows that w* = —V,,g(w, 2)*(=x*) and z] + z* = V_ g(w, 2)*(—=x™). So

w* € —=Vyg(, 2)*[(Veg(@, 2 7' &F + 9]
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Thus,
DiGo, () =— [ Vg, D*[(Veg@, "7 (e} +29)].
ZJEN(Z;Q)
The proof of the proposition is complete. O

Note that 7'(z; 2) = Z where 7 € int 2. and
{w.2) e W xZ: Ve, w2 =0} £,

forall (w, z) € W x Z. So, the condition (12) is satisfied if 7 € int 2. Moreover, since
z € int 2, there exists a ball B(z, €) with radius €, center z such that B(z,€¢) C Q.

Choose U = B(Z, %), V = B(O, %) and A = 1, we have

- _ € € € €
lz1 +1z20 — zIl < llz1 —zll +tllz2ll < §+t§ < §+§ =k,

forallz; e U, zp € Vandt € (0,A).So,z1 +tz0 € BC Qforallzy e U, zo0 €V
and ¢ € (0, A). This means that €2 epi-Lipschitzian at z.
The uniformly positive polar to cone K C R* (see [10]) is defined by

Ki,={y" €R*:36 >0, (y*,k) > Blk|. Vk € K}.

We estimate the Clarke coderivatives of the sum of a multifunction F and cone
K = R’ by the following proposition.

Proposition 3.2 Let F : W x R® — R® be a multifunction defined by F(w, y) =
Fw) N (y —R).

(i) If]:' + R, is tangentially regular at (W, y), then one has
D{(F + R, N C DEF @, ), y* € R

(ii) If]} is Fréchet normally regular at (w, y) and F admits a local upper Lipschitzian
selection at (w, y, y), then one has

DEF + R, 5)(y*) D DEF@, 1)), y* € Kfy = int R,
where K = RY,.
Proof We first prove assertion (i). It is easy to see that gph FcC gph (F + R%). By
the assumption of proposition and the monotonicity property of the Bouligand tangent
cone, we get

Te((w, 3); gph F) € Tp((w, 3); gph F) C Tp((@, ¥); gph (F + RY,))
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= Tc((, 7); gph (F + RY)).
So,
Nc (@, 3); gph (F +RS)) € Ne((w, 3); gph F).

Since the definition of the Clarke coderivative, we have assertion (i) of proposition.
To prove assertion (ii), we first note that

K:p =int RY,,
where K = R . We now take y* € Kffp and w* € D("}f"(u'), ¥)(y*). Assume for

contradiction that w* ¢ D (F + R ) (w, y)(y*). Since the definition of the Clarke
coderivative, (w*, —y*) ¢ Nc((w, y); gph (F + R?.)). Note that

N((@@, 7); gph (F +R%)) C Ne((w, 3); gph (F + R%)).

So, (w*, —y*) ¢ N((J), 7); gph (F + RR%.)). By the definition of the Fréchet normal
cone, there is (wy, y,) — (w, ¥) with y,, € f'(wn) + R, such that

lim sup ((w*v _y*)v (wnv y}’l) - (J)v 5’)) > 0. (15)

n—00 [ (wn, yn) — (W, Y|

Note that dom F = gph (F + R?). From F admits a local upper Lipschitzian
selection at (w, y, y), there are [ > 0 and U x V is a neighborhood of (w, y) such
that for each (u, y) € (U x V) Ngph (J’E+ RY), we can find y" € f(w, y) satisfying
Iy =3I < l(w,y) — (w, y)|I. Since (wn, yo) — (W, ), there is ng € N such
that (wy, y,) € U x V, for all n > ng. Thus, for each n > no, there exists y,, €
F(wn, yn) = F(wy) N (yp — RYL) such that [y, — Il < U[(wy, yu) — @, ). So,
for each n > nyo, there are y,, € F(wy,) and k,, € R’ such that y;, = y, — k,. This is

h 7 _
equivalent to that there is (wy, y,) ?;e (w, y) such that
[ (wn, yy) — @, )| = (wa — @, y, = P = llwa — @I + [y, — I
< llwp = @+ llyn = 1 + Iy, = Il = l(wn — @, yu — )|
+ 1y, =

< Mwp = @, yp = W + Ll (wn — W, yo = Pl
=+ Dll(wy —w, yo = M.

Since y* € K;;) = int R} and k, € R, we have (y*, k,) > 0, Vn. So, for each
n = ngp, we get

<(w*7 _y*)a (wn’ y;;) - (111, y)) = ((w*v _y*)7 (wn - 'lZ}, Yn — kn - y))
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= ((w*7 _y*)v (wn - II), Yn — 5’)) + (y*7 kn)
> ((w*v _y*)v (wn - II), Yn — _)_])>

Combining this and (15), we have

5 (W™, =y"), (wn, yp) — (W, ) _ . (W™, =y"), (Wn, yn) — (W, y))
im sup — > lim sup —
n—00 [ (Wn, y;) — (@, Yl n—00 (W, yp) — (@, Y
Zlimsup ((w Y )7(wn7 Yn)_(w, )’)) -~ 0.

n—oo (L4 Dl[(wn, ya) = (, y)l

So,

limsup ((w*s_y*)v(wy y)_(a)’ )_’)> >0
. 1w, ) — (i, )l
(w,y)——> W, y)

This is equivalent to (w*, —y*) ¢ N ((w, ¥); gph F). Hence, w* ¢ DEF (W, 3)(y*),
a contradiction. The proof of proposition is complete. O

Next, we establish outer/inner estimates for the Clarke coderivative of F.

Proposition 3.3 Let Q be locally closed around Z, epi-Lipschitzian at 7 and let G, :
W x RS — Z be a multifunction defined by Gq(w,y) = {z € Gq(w) : y =
f(w, 2)}. Suppose that the function g is differentiable around (w, ), V g is continuous
at(w, 2), V,g(w, 2) or Vi, g(w, 2) is surjective, and the following regularity conditions
is satisfied

[(w, DeW x Z: Ve, I)w,z) = o} N [W X int T3, .Q)] £ 0.

Assume further that w € W, y € ﬁ(lz}) and 7 € Go(w) = G(w) N Q satisfying
(0, 2) € f~Y¥), the function f is Fréchet differentiable at (1w, 7) with the derivative
Viw,2) = (Vuf@W,2), V. f(w,2).

(i) If F is tangentially regular at (0, 3), then one has
DEF (0, §)(v%) C Vi f (0, 2)* (5%

— U [Vus@ (Vo8 D) (V@ DY) + D)),

ZeNE Q)
forall y* € R¥;

(ii) If Ggq is Fréchet normally regular at (0, 7) and Gg admits a local upper Lips-
chitzian selection at (w, y, 7), then

DEF (W, §)(y*) D Vi f (0, 2)*(v*)
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— U [Vwe@, *((Vog @, ) (Vo f (0, D* () + 2D)],

jeNGE.Q)

Sor all y* € RS,
Proof To prove assertion (i), we first prove that

[,V £, 5w, )+ (0, 2) € Te (G, 2); gph Ga) | € Te (@, 5); gph F),

Yw e W. (16)

For each w € W, put (w, 2) € Tc((w, 2); gph Gg) C Tp((w. 2); gph Gg). Then,
there are sequences {t,} C (0, +00),t, — 0 and {(wy, z,)} C W X Z, (wy, 2n) —
(w, z) with Z + t,z, € Go(w + t,w,) for all n € N. We get

S+ thywy, 2 +1,2,) € F(ll_) + thwy), Vn.

This is equivalent to

S S+ twy, 2+ 12, — f(w, 2)
n

y+ p e F( + tyw,), Vn.
n

By the Fréchet differentiable property of f at (w, z), we have

lim fw+tqywy, 2+ thzn) — f(w, 2) =Vf(w,2)(w,2).

n—00 tn

This implies that
(w, Vf(0,2)(w,2)) € Tp((w, 7); gph F) = Tc((, 3); gph F).

Thus, (16) is proved. For each y* € R®, we now take any w* € Déﬁ(w, ¥)(y*). By
the definition of the Clarke coderivative, we get

(w*, —y*) € Nc((. 3): gph F). (17)
We now prove that
Ne (G, 5): gph F) < [ (Vu £, 2" () + ", =)

(", =V £, 2" (")) € Ne (G, 2); gph Ga) |.
(18)

Since (16), inclusion (18) is proved if we can show

(Vo f@, D" +u*, —y*), (w, V0, 2)(w,2)) <0,
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for all (w,z) € Tc((w,2);gph Gg) and for all (u*, —V,f(w,2)*(y*) €
N¢((w, 2); gph Gg). Thisis always true, because for each (w, z) € Tc((w, 2); gph G )
and for all

(u*, =V  f(,2)*(y") € Ne((w, 2); gph Gg),
we have
(Varf (@, 276" + 0, =y). (w, V£ (i, D) (w, 2)
= ((vwf@, D)+t —y*). (w. Vo f (0. Dw + V. f (D, z>z))

= Vu f(@, 2)*y* (W) +u*(w) — Vo f (W, 2)*y*(w) — Vo f (W, )"y (2)
=u*(w) — V. f(w,2)*y"(2) =0.

Combining (17) and (18), there exists (u*, —V_ f(w, 2)*(y*)) € Nc((w, 2); gph Gg)
such that (w*, —y*) = (Vy f (W, 2)*(y*) + u*, —y*). This implies that

(w* = Vi f (0, D" (), =V, f(0, 2)*(y")) € Ne((w, 2); gph Gg).

Using the definition of the Clarke coderivative, we get

w*

—Vu f(0,2)*(y*) € DEGa(w, 2) (V. f (0, 2)*(y)).
So, w* € Vy f(w, 2)*(y*) + DcGa(w, 2)(V, f(w, 2)*(y*)). By Proposition 3.1,
w* € Vy f(w, 2)*(y")
- U [Vwg @, D*((V.g(@. ") (V. f (@, 2* ") +2])]-

eNE.Q)

Thus~, assertion (i) is proved. We now prove assertion (ii). Take any w* ¢
DEF(w, y)(y*), we will prove that

w* ¢ Vi f(w, 2)* (")
— U [Vus@ 2 ((Vag (. 95NV £ (0, D5 + )]
ZeNE Q)
Since Proposition 3.1, we need to prove

w* ¢ Vo f (0, 2)*(y") + DEGa(w, 2) (V. f (W, 2)*(y)).
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From w* ¢ DiF(w,y)(y*), we have (w*, —y*) ¢ Nc((w,y);gph F). So
(w*, —y*) ¢ ]\7((&1, y); gph F) By the definition of Fréchet normal cone,

lim sup (w*, —y"), (w, y) — (W, y)) -0
gph F ||(w7y)_(lb’.)_))”
(w, y)—>(w y)

So, there is {(wy,, y,)} C gph F and & > 0 such that (w,, yp) = (W, y) asn — 00,
with

(", wy —w) = (¥, yp = 3) +a(lwy, — ol + llyn — ) 19)

for all n sufficiently large. From G admits a local upper Lipschitzian selection at
(w, y, z), there exists [ : dom GQ — Z satistying [(w, y) =z, [(w, y) € Gg(w y)
for all (w, y) € dom Ga sufficiently close to (w, y) and that [ is local upper Lips-
chitzian at (w, y). So, there is £ > 0 such that

lzn = ZIl < €(llwn — @I+ llyn — 1) (20)

for all n sufficiently large, where z, = [(w,, y,) € Gg(w,,, yn). From z, €
Ga(wy, yn), we have z, € Gq(wy), y» = f(wy,z,). Combining this and (19),
we get

(w*, wy — W) = (v, f(wn, zn) = £, 2) +a(llwn — DI + |f (wn, 20) — (0, DII)
= (V" VI, D) (wn — 0, 20 — 2)) +o(lwn — Wl + llzn — ZI)
+a(lwn — il + 1 f (wn, zn) — f(@, D)
= (Vf@,D*O"), (wp =, 20 — D)) + o(lwp — Wl + llza — ZI)
+a(llwy = wll + | (wn, z0) = f(@, D). (21)

Since (20),

all f(wn, zn) — f(0, D] = —Ilf(wn,zn) —fw, )| = ﬂ”zn —zll = %”wn —wll.

Combining this and (21), we have
(W*, wy — W) = (Vf(w, "), (wy — W, 24 — 2)) +o(lwy, — 0|l + |20 — ZI)
o _ o _
+ §||wn —wl + ﬂ”Zn —zl)

> (V0,2 "), (wy — W, 20 — 2)) + o(lw, — 0| + [lzn — ZI)
+ &(llwn — wll + llzn — Z1I),
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with & = min{%, 2%}. Thus,

(W* =V f(w, )" ("), w —w) = (Vo f(w, )" ("), 2 —2)

lim su — —
P lw— ]| + [z — 2

>a,

gh Go
(w,2)——> (w,2)

which means that (w* — V,, f (0, 2)*(y*), =V, f (0, 2)*(v*)) ¢ N((i, 2); gph Gg).
By the Fréchet normal regularity of Ggo at (w,Z), w* — Vy f(w,2)*(y*) ¢
DiGa(w, 7) (sz(u_), Z)*(y*)). By Proposition 3.1, we obtain

W — Vi f (0,2 () ¢
— U [Ves@ " ((Veg@. 297 (Vo f (0. D () +2D)].

eNGE.Q)
Thus, assertion (ii) is proved. m]

We say that the domination property holds for a set-valued map F:W =R
around w € W, if there exists a neighborhood V of w such that F'(w) C Minmr F(w)+
R%, Yw e V. The reader is referred to [21] for discussions and examples.

We consider the multifunctions F , G o which are defined in Proposition 3.2 and
3.3, respectively. The following theorem gives inner and outer estimates on the Clarke
coderivative of the extremum multifunction F, which is the main result of this section.

Theorem 3.1 Let Q be locally closed around 7, epi-Lipschitzian at 7 and w € W,
Z € Go(w) = G(w) N Q be such that y = f(w,z) € .7:"(111). Suppose that the
function g is differentiable around (w, 7), Vg is continuous at (w, 7), V.g(w, z) or
Vwg(w, 2) is surjective, and the following regularity conditions is satisfied

{(w, DeWxZ: Ve, D)(w,z) = o} N [W it T(Z, sz)] £0. (2

Assume further that the function f is Fréchet differentiable at (w, Z) with the derivative
Vfi(w,z) = (wa(u_), 2), V. f(w, Z)), the domination property holds for F around
w and F admits a local upper Lipschitzian selection at (w, y, y).

(i) Suppose that F and F + RS are tangentially regular at (w, y). lf.7:' is Fréchet
normally regular at (w, y), then one has

DEF (b, $)(0%) C Vi £ (0, D) (y%)
- U [ng(li),i)*((vzg(ﬂ),Z)*)’I(sz(ﬁ),Z)*(y*)+Zi‘))],
7eNEz Q)

forall y* € int R’ ;
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(ii) Suppose that F+ RS, is tangentially regular at (w, y) and F is Fréchet normally
regular at this point. If Gq is Fréchet normally regular at (0, ) and Gq admits
a local upper Lipschitzian selection at (w, y, 7), then
DEF (@, $)(y*) D Vu f (0, * ()
- U [Vwg @, 2)*((Veg (. 2" (Ve f (0. 2)* 0% +2)]. (23)
eNGE.Q)

forall y* € int RY,..

Proof Since F (W) C F(w) forall w € W and the domination property holds for F
around w, there exists aneighborhood V of w suchthat 7 (w)+K = F(w)+K, Yw €
V. So,

DEF + R, §)(v%) = DEF +RY) (0, 5)(0), ¥y* € R°. (24)

Since F admits a local upper Lipschitzian selection at (w, y, y), F is Fréchet normally
regular at (w, y) and assertion (ii) of Proposition 3.2, we get

DEF(, §)(y*) € DE(F + RS (w, 3)(y%), Vy* € int R, (25)

Since the tangential regularity of F +RS at (w, y), we can prove similarly to assertion
(i) of Proposition 3.2 that

D (F + R0, 7)(v") € DEF@, )(y*). Vy* € RY. (26)
By the tangential regularity of F at (w0, ) and assertion (i) of Proposition 3.3,

DEF(w, §)(y*) C Vi f (0, 2)*(v*)
= U [Vwg@. D ((Veg@. ") (Vo f (0. D* %) + D))
eNE.Q)
27)

for all y* € R*. Since (24)-(27), we obtain assertion (i) of theorem. We now prove
assertion (ii). By the tangential regularity of 7 + R at (w, y) and assertion (i) of
Proposition 3.2, we get

DEF (0, 5)(y*) D DE(F + RS (w0, 7)(y%), Vy* € RS. (28)

Put a multifunction £ : W x R® — R* defined by ﬁ(w, y) = F(w)N (y—R). Itis
easy to see that f"(w, y) C I:“(w, y) forall (w, y) € W xR*,dom F= gph (.7:'+]Ri)
and dom F = gph (F + R? ). Combining this and the assumptions of theorem, we
have that F admits a local upper Lipschitzian selection at (w, y, ¥). Combining this
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and Fréchet normal regularity of F at (i, ¥), we can prove similarly to assertion (ii)
of Proposition 3.2 that

D{(F + R (W, )(y*) D DEF(w, 3)(y*), ¥y* € int RY,. (29)
By assertion (ii) of Proposition 3.3,
DEF @, 5)(y*) D Vo f (0. 2)*(v%)
- U [Vwe@, 9 ((Veg, )7 (Ve f @, D) +2D)],
ZFeN@EZ Q)
(30)

for all y* € int R®. Combining (24) and (28)-(30), we obtain assertion (ii) of theorem.
O

Let us give some illustrative examples for Theorem 3.1.
Example3.1 Let Z = R?, W = R?, Q@ = (0, +00) x (0, +00) x [, 3], K = RZ,
fw,2) = (fl(w,2), fA(w, 2)), where

flw, 2) = ,/Z(Z% +z%) —wp + wa,
FPw,2) =@ -2+ @ - D> —w +w

and G(w) = {(zl, 22,23) € R3: 21420 = 2wy, sinzz = O}.Assumethatu_) = (1, 0).
Thenonehasz = (1,1,7), y = f(w,z) = (1, —1) and

DEF (@, D)5t 35) = {07 + 33, 1 +3D ] Wi 03 € 0. 400).

Indeed, for w = (1, 0), we have the following problem

MinRiK,/Z(zf +3) - L@ -+ @-1) - 1) (21, 22,23) € G(w) N Q}

where G(w) = {(21,22,z3) eR3:z1+20 =2,sinzz = 0}. It is easy to check
that z = (1, I, ) is a solution of problem corresponding to w and therefore y =
fw,z) = F(w)=Fw)=(1,—1),and N(z; 2) = Og3. We have

Gaow)={z€eQ:71+ 20 =2wy, sinzz =0}
={z1,22> 0,23 =7 : 21 + 20 = 2wy},
gph Go = {(w,2) € W x Q : z1 + z2 = 2wy, sinzz = 0}

={(w,2) eR’:wy, 21,22 > 0,23 = 7, 21 + 22 = 2wy}

and
Fw) ={y =01y = (f' .2, 1w, ) : 2 € Gaw)]
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={y=(y1,yz):y1=2m—wl+wz,

y2=2(zl—w1)2+2w12+w2—w1+2:zl >0}

= {y=(Y1,Y2)€RZIY1 > 2]wi| — wy + wy, yzsz%+w2—w1+2}
= F(w) + R

So, the domination property holds for F around @ and ﬁ(u), y) = F(w)N (y— Ri)
admits a local upper Lipschitzian selection at (w, y, y). We also get

gph F = {(w,y) = (w1, w2, y1, y2) € R* 1y = 2,/(z1 — wi)? + w? — wy + wa,

¥2=2(z1—w1)*+2wi+wy — w142,

wi, Z1>0}.

So, we can show that F, Fand F + R2 , F+ Ri are normally regular at (w, y). We
also prove that the mapping G o, which is defined by

Go(w,y) ={z € Ga(w) : y = f(w,2)}

={21, 22 > 0, z3=7 : z1+22=2w1, y1=24/ (21 —w1) 2+ wi—wi +ws,

V2 =2(z1 — wi)? +2w% + wy
— wi +2},

admits a local upper Lipschitzian selection at (w, y, 7). It is easy to see that

Vor@a=|11] ver@a =[g00]

and
Vwg(w, 2)(wy, w2) = (—2w1,0), Vg(w, 2)(z1, 22, 23) = (21 + 22, —23).
Thus, assumptions of Theorem 3.1 are satisfied. By this theorem,

DEF(, ) (%) = Vi £ (0, 2)* (y%)
- U [Vue@ (Vg "7 (Ve f (0, D* (%) +2D)],
71eN(zQ)
31)
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for all y* = (¥}, y3) € (0,4+00) x (0, 4+00). Note that for any y* = (3], y3) €
(0, 4+00) x (0, +00), we have

Vu [ (W, )" (V)=(=y{+y3, =yi+y2), Vof (W, D" ()=07. 7, 0), Nz 2)={0}.

So, (V.g(w, 2)*) "NV, f(@, 2)* ) +2}) = O}, 0),

- U [Vus@@ D" ((Vog @, D)7V f (0, D* (%) +2D)] = 27, 0).

FeNE.Q)

Combining this and (31), we obtain

DeF, (™) = {07 + 35, =y + 3D | ¥0" = 07,93 € (0, +9) x (0, +00).

The following example shows that assumptions in Theorem 3.1 are essential. Par-
ticularly, inclusion (23) may fail to hold if the assumption on the existence of the local
upper Lipschitzian selection of G, at the point under consideration is omitted.

Example3.2 let W =Z =R,s =2,Q2 =[—1,+), f(w,2) = (z2, 7% + w) and
G(w) = {z eR:z22—w= O} Assume that w = 0. Then one has z = 0, y =
f(w,z) = (0,0) and Dé]—"(ﬂ), y)(1,1) = (—o0, 0]. While

Vo f (. 2)*(1, 1)
— U [Vus@. (Va8 ") (Vo f (@251 1) +2D)] =

Z{eN(EZQ)

Indeed, for w = 0, we have F(w) = MinRi{(zz,ZZ) i z € Gq(w)}, where
Go(w) = {z eR:z2=0,z > —1}. It is easy to check that z = 0 is the unique

solution of the problem corresponding to w and therefore y = f(w,z) = F(w) =
F(w) = (0,0) and N(z; ) = 0. We have

G(w)::{f —Jw} if w=>0

otherwise,
{(Vw} ifw>1
Go(w) =1 {Jw, —Jw} if0<w<1
] if w <0,
gph Go(w) = | {(w, Vw), (w, —/w)} if0<w <1
17} ifw<0

and
Fw)={y=f(w,2):z€Gaw)}={(w,2w): w >0}
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So, the domination property holds for F around w and F (w,y) = F w)yN(y— R%r)
admits a local upper Lipschitzian selection at (w, y, y). We also get

gph F = {(w,y) = (w, y1,y2) e R* 1w >0, yi = w, y, =2uw}.

So, we can show that F s F agd F+ R4, F+ R, are normally regular at (w, y). We
also prove that the mapping G g, which is defined by

{(Vw} ifw>1,y=(w,2w)
Go(w,y) = { {Vw. —Jw} if0<w < 1,y = (w,2w)
] ifw<0

does not admit a local upper Lipschitzian selection at (w, y, 7). It is easy to see that
Vo f(W,2) = (0,1, V:f(w,2) = (0,0) and Vy,g(w, 2) = —1, V.g(w,2) = 0.
Thus, the remaining assumptions of Theorem 3.1 are satisfied. We are able to cal-
culate directly, V, f(w, 2)*(1, 1) + 27 = 0,Vz] € N(z, Q). So, ((Vzg(zb, RYENCA
f(w,2)*(1, 1) + z’f)) = R. Hence,

Vo f (0, 2)%(1, 1)
- U [Vwe@ 2" ((Vog. 29 (Vo f (0. 21 1) + 2D)] =

ZjeN(Z.Q)

While, D:F (w0, 3)(1, 1) = (—00, 0].

4 Sensitivity Analysis in Multi-objective Optimal Control Problems

Based on Theorem 3.1, we can obtain formulae for upper and lower-evaluation on the
Clarke coderivatives of the extremum multifunction JF in the multi-objective paramet-
ric optimal control problem (1)—(4).
To deal with our problem, we impose the following assumptions:

(A1) The functions L : [0,1] x R" x R”" x R¥ > Randg' : R" - R (i =
1,2,...,s) have the properties that Li(-, x,u,v) is measurable for all (x,u,v) €
R" X R’" x RK Li(z,-, -, ) and g i(.) are continuously differentiable for almost every
t € [0, 1], and there exist constants ¢; > 0,c¢2 > 0,r > 0, a nonnegative function
w1 € LP([0, 1], R), constants 0 < p; < p,0 < pp < p — 1 such that

Lt x,u,0)] < cl(wl(r>+ [PV [u] Pt 4 []P),
max{|L (t,x,u,v)l, |L (t,x,u,v)l, |L (t,x,u, v)|} §cz(|x|"’2+|u|p2
+ [vI”?) +r

forall (r, x, u, v) € [0, 1] x R" x R x Rk,

(A2) The matrix-valued functions B : [0, 1] = M, ,,(R)and T : [0, 1] — M, x(R)
are measurable and essentially bounded.
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(A3) The function ¢ : [0, 1] x R" — R”" has properties that ¢(, ) is of class C! for
almost every ¢ € [0, 1], ¢(-,0) € LP([0, 1], R") and for each M > 0, there exists a
positive number [y, such that

L ox(t, %) = lpms | @x(t, x1) — @x (1, x2) |< lpm|x1 — x2l,

for a.e. t € [0, 1], for all x, x1, xp € R" satisfying |x][, |x1], [x2] < M.
In the notation of Subsections 2.1, put V = LP([0, 1], R") and

h:XxUxW-—=VxR"
defined by
h(x,u,w) = (hl(x, u,w), ho(x, u, w)) = (x —¢(G,x)—Bu—T6,x(0) — a).

Under the hypotheses (A2)—(A3), (5) can be written in the form
H(w) = {(x,u) eXxU:h(x,u,w) :0}.

. Consider the multifunctions F : W X RS = RS and H k : W xR® = Z as follows
Fw,y) = F(w) N (y —RY) and Hx(w,y) = {z € Hg(w) : y = J(z,w) =
J(x, u, w)}. We are now ready to state our main result.

Theorem 4.1 LetU be locally closed around i, epi-Lipschitzian at u and w = (&, 0) e
W,z = (x,u) € Hx(w) = H(w) N K be such that y = f(w, z) € F(w). Suppose
that assumptions (A1)—(A3) and the following regularity conditions are satisfied

{(a,e,x,u) ER" X O x X X U : % — (-, ¥)x — Bu—T6 =0, x(0) =a}
N [R" % @ x X x int T(Z,L{)] £0.  (32)
Assume further that the domination property holds for F around w and F admits a

local upper Lipschitzian selection at (w, y, y).

(i) Suppose that F, F + R’ are tangentially regular at (w, y) and F is Fréchet
normally regular at (w, y). Then for a vector (a*,0*) € R* x L4([0, 1], Rb),
(a*,0%) € DEF (w, y)(y*) with y* = (¥, y5, ..., y;) € int RY, it is necessary
that there exist functions y € W54([0, 1], R") and u* € L1([0, 1], R™) with
u* € N(u,U) such that the following conditions are satisfied:

s ) s 1 _
ot =) (g (F()y; + Z/O Li (e, 5(0), @(), 6(t)) yidt
i=l i=1

1
—/0 ox (£, X(0)) y(t)dt,
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y() ==Y (g (ED)yf,

i=1
and
(50 + (1. )y, BT 0y (0) = (0),6*0) + T (1)3(1)

=Y VL1, %(0), (1), 6())y} ae.t €[0,1]. (33)

i=1

The above conditions are also sufficient for (a*,0%) € DEF (w, y)(y*) with y* =
O Y5y € int R if F + R, is tangentially regular at (w, y), F is Fréchet
normally regular at this point, Hx is Fréchet normally regular at (0, 7) and Hy admits
a local upper Lipschitzian selection at (W, y, 7). Here, BT stands for the transpose of
B, VLi(t, X(t), (1), 6(t)) stands for the gradient of L'(t, -, -, ) at (¥(t), i(t), 6(t))
and q is the conjugate number of p, thatis, 1 <q <+4ooand1/p+1/q = 1.

When U/ = U or u € int U, we obtain the following corollary.

Corollary 4.1 Let w = (a, 0) e W,z = (x,i) € H(Ww) be such that y = f(w,Z) €
F(w) and assumptions (A1)—(A3) bfe satisfied. Assume further that the domination
property holds for F around w and F admits a local upper Lipschitzian selection at

(w, y, y).

(i) Suppose that F, F + R are tangentially regular at (w, y) and F is Fréchet
normally regular at (w, y). Then for a vector (a*,0%) € R" x L4([0, 1], RK),
(a*,0%) € DEF(w, y)(y*) with y* = (¥, y5, ..., y;) € int RY, it is necessary
that there exists a function y € W4 ([0, 1], R") such that the following conditions
are satisfied:

s ) s 1 B
o =Y @) ED)E+ Y /O L (1, 5. 2(1), () yidr
i=1 i=1
1
—fo ox (2, X(0)) y(t)dt,

Y1) == (" (x()yy,

i=l
and
(50 + (1. )y, BT 0y 1), 6% 1)+ TT 1)y (1))

=Y VL1, %), d(1). 0(0))yf ae.t € [0, 1]. (34)
i=1
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The above conditions are also sufficient for («*,0%) € D{F(w, y)(y*) with
Y5 = 0¥, ..y € int R if F + R is tangentially regular at (w, y),
F is Fréchet normally regular at this point, H is Fréchet normally regular at
(0, Z) and H admits a local upper Lipschitzian selection at (w, y, 7).

Recall that for 1 < p < oo, we have L? ([0, 1], R")* = L9([0, 1], R"), where
l<qg<+4oc0, 1/p+1/q=1.

Besides, L?([0, 1], R") is pared with L9 ([0, 1], R") by the formula

1
(x*, x) =/ (x*(1), x(1))dt,
0

for all x* € L9([0, 1], R™) and x € LP([0, 1], R™).
Also, we have W1-2([0, 1], R")* = R" x L4([0, 1], R") and WP ([0, 1], R") is
pared with R" x L9([0, 1], R") by the formula

1
(@, u), x) = (a, x(0)) +/0 w(o), £©O)dt,

for all (a, u) € R" x L4([0, 1], R") and x € WP ([0, 1], R") (see [15, p. 21]).
In the case of p = 2, wh2([0, 1], R") becomes a Hilbert space with the inner
product given by

1

(x,y) = (x(0), y(0)) +/O (x(n), y())dt,

for all x, y € Wh2([0, 1], R").

Given x € X, we put M = ||x|lop = max;eqo,1] |x()|. By assumption (A3), there
exists a constant [,y > 0 such that |, (r, x)| < l,p fora.e.r € [0, 1], forall x € R”
satisfying |x| < M. By the Taylor expansion, we get

lo@, x()| = lo, x (1)) — ¢, 0)[ + ¢, 0)]
= lou (1, 0O x (D) x(D)] + (2, 0)]
< loymM +|o(t,0)|.

This implies that ¢ (-, x) € L?([0, 1], R").
Using the similar technique as in the proof of [36, Lemma 7], we obtain the following
result.

Lemma 4.1 Suppose that assumptions (A2)—(A3) are valid. Then, function h is dif-
ferentiable around (Z, w) = (x, u, o, 0), Vh is continuous at (zZ, w) and

1
Veh(z, @) (", @) = (a - / W (O (t, X(@)d1, u*
0
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- /(; u*(T)gx (T, X(1))dr, —Bu*),
VuhG ®) @' @) = (—a, ~Tu*),
for any u* € L1([0, 1], R") and any a € R".
Recall that our problem can be written in the form
MinRi J(z, w), subjectto z€ Hw)NK.

In the sequel, we shall need the following lemmas.
Lemma 4.2 ([34, Lemma 3.1]) Suppose that assumption (A1) is valid. Then, the func-
tion J is strictly differentiable at (z, w) and VJ(z, w) is given by
_— 1z - 202 - N

Vid G i) = (Vud ' G ), Vo J2G i), Vi S G )

Vol ) = (0.Lj(- %..0)). i = 1.2,

VG0 = (VoI ), VG D), VI G D) ),

VI G w) = (JIE, @, 0), Ji(F,i4,0)), i =1,2,....5,

with
JiGx,i,0) =L (- %,i,0)
and
JUx, i,0) = ((g')’ x(1) + /OlL;(t,i(r),a(r),é(t))dz
(8" (x(1)) +/(1L (v, 5(0), (), 6(0))dr ).
We have

V.h(Z, W)z = (X — @5 (X)x — Bu, x(0)).

Using the similar technique as in the proof of [15, Corollary p. 52], we obtain the
following result.

Lemma 4.3 Suppose that assumptions (A2)—(A3) are valid. Then, V,h(Z, w) is sur-
Jective.

We now return to the proof of Theorem 4.1, our main result.
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By Lemn_la 4.1, h(x, u, a, 0) is differentiable around (x, u, &, 0_), Vh is continuous
at (x,u,a,0) and

Vh(@, ), &, @) (@, 0), (x, u)) = (i — ¢x (-, ¥)x — Bu — T6, x(0) — ).

By (32), the condition (22) is satisfied. Since Lemma 4.2, the function J is Fréchet
differentiable at (x, u, &, 9_). Thus, the assumptions of Theorem 3.1 are fulfilled. The-
orem 3.1 follows that if y* = (¥}, y3,...,y;) € int R} and w* = («*,0%) €
D{F(w, y)(y*) then there exist a function z* € N(z; K) and v* = (a,v) €
R" x L4([0, 1], R™) such that

w* =V, J(Z, ) (v*) — Vyph(Z, w)*v* and
vV I W) () + 25 = V.h(E, w)*v*. (35)

It is easy to see that z* = (0, u™) for some u™ € N (u; U). Since Lemma 4.2, we have

s N
Vo @0 0" =) v @)y and VIE D) () =) VI G )y

i=1 i=l1

Combining this and the equation (35), we have

N
(6% = > JjGE w)yf) = =Vyuh(Z, 0)*(a, v) and

i=1

D VNG W)y + 2 = Voh(E 9) (@, v). (36)

i=1

Combining this and Lemmas 4.1, 4.2, we get

o =a; 0% =3 @ wyf =TT ()v()
(36) &\ (Xio) JiG@ w)yF, Yooy Ji@, w)yf + u*)
= (Vxh(Z, w)*(a, v), V,h(z, w)*(a, v)).
a*=a
0 =30 LE( X, 1), 00))yF +TT (v ()
S (@ (F)yf + Xisy fy Li(r, %), (), 6(0) e
o {=a— [ g, xt)v(0)dr
S &Y (R + X0 Ji) Li(z %), ii(r), () yide
=v() — [}, ex (T B (O)V(D)dT
S L EC), E(), 00))yf +ut = =BT (Hu().
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a*=a

0* =30 LL( %O, a(), 00)yf + TT(Hv()

Y18 (R)yf + X0y fo Li(e. (). a(0), 8(0)) yydt

s 1=a— [ ot, X@)v(0)dt

Y& (F )y = Xy [ Li(r & (). (). 6(n)) yjdr
=) + /7 gt Z(@)V()dT

S L XL (), 00))yF 4+ ut = =BT (Hv().

v e Wha([o, 1], R

0* =TT (Yw() = Y0 Ly (- X(), d(), 6())yf

of = Yy (8 (R)yF + 0oy fy Li(e. %), (). 6() yFde
& 1+ [ o, TO)v()d1 (37)
v(l) = Y5 () (D))

—0() = @u(, X)) = 20 LE( %), @(), 00)) )

—BT () =20 L (- X(). d(), 00)) yf + u*.

Putting y = —v, we obtain

o = 30 (@Y (RO))yr + X5, fo Li(t, %), (1), () yidt
— Jo @, 2Oy (1)dt

BT & 1y(h) == (FMD)y/
(V@) 4+ @x (1, Xy (@), BT (1)y(t) — u* (1), 0% (1) + TT (1) y (1))
=Y VLI(t,X(t), (1), 6(1))y},

fora.e.t € [0, 1]. This is the first assertion of theorem. Using the second conclusion of

Theorem 3.1, we also obtain the second assertion of theorem. The proof of Theorem 4.1

is complete. O
To illustrate Theorem 4.1, we provide the following example.

Example 4.1 Let X = W'2([0, 11, R?), U = L*([0, 1], R?), ® = L%([0, 1], R?),
W = R? x ©. Consider the problem MinRgr J(x,u,w)

X1 =t+4+2x1+u; +0;, x»=sinxy,

subject to
x1(0) = oy, x2(0) = a2,

where J (x, u, w) = (Jl(x, u,w), Jz(x, u, w)),

1
1
J! X, U, w =/ W+ ——— +ur +603)dt
( ) 0 (1 l—i—u% 2 1)
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and
1
T, u, w) = / (u} + u3 +63)dt.
0
Then, for i = (@)@ = (1,0.6 = (0,0), & = (3¢* — 5~ 1,0), i = (0,0)
and y = J(w, x, u) = (1, 0), we have

DEF @, 5)(y*) C {(Og2, 02011520}, ¥* = (0F. ¥}) € int RY.

In [35, Example 3.1], it was shown that assumption (A1) is satisfied. It is easy to
show that assumptions (A2)—(A3) are also satisfied. We have

Hw) = [0 = (1, 22), (1, 02) € X x U iy =20 =1 =y
a .,
—601=0,x1(0) =ay;x2 = 2arctan(tan(7)e )}

gth:[(w,z)eWxZ: w = (,0), 2= (x, ),

a = (ay,a2),0 = (01, 02), x = (x1,x2), u = (uy, uz),
X1 —2x1—t—u; — 01 =0,x100) = ay;

Xy = 2arctan (tan(%)ef)}.
It is also easy to check that
F(w) = {y —Jw,2):ze€ H(w)}
= {y = (J'(x, u, w), J2(x, u, w)):z=(x,u)€ H(w)}
C Ming;: F(w) +R2
= [1+ 61117, +00) x [[162]]%, +00)

and

1 1
F(w) = (1+/0 ef(t)dz,fo 922(t)dt)

forall w = (@, 0) € W,a = (a1, 02) € R?, 6 = (61, 62) € L*([0, 1], R?). So, the
domination property holds for F' around w and F(w, y) = F(w) N (y — Ri) admits
a local upper Lipschitzian selection at (w, y, y). We also get

gph F = {(w,y) e W x R? y = (Jl(x, u, w), Jz(x,u, w)),z = (x,u) € H(w)}.

So, we can show that F, F —HRi are tangentially regular and F are normally regular at
(w, y). Thus, all assumptions of Corollary 4.1 are satisfied. Take any y* = (¥}, y3) €
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int Ri and w* = (a*,0%) € DiF(w, y)(y*). By Corollary 4.1 there exists y =

On

, y2) € W12([0, 1], R?) such that

o = (af, a3) = (fy 201(0)dt, [ ya(0)dr)
yi(1) =0, »(1)=0

(&) +ox(t, x(@)y() =0

BTy(t)=0

0*(t) = —TT(t)y(1).

This is equivalent to «* = (0, 0) and 6* = (0, 0).
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